MATH 4030 Differential Geometry
Homework 2
due 20/9/2015 (Tue) at 5PM

Problems
(to be handed in)

Unless otherwise stated, we use I, .JJ to denote connected open intervals in R.

1. Consider the logarithmic spiral o : R — R? given by
a(t) = (ae® cost, ae’ sint)

with a > 0, b < 0. Compute the arc length function S : R — R from ¢y € R. Reparametrize this
curve by arc length and study its trace.

2. Let a: I — R? be a regular curve (not necessarily parametrized by arc length). Prove that

ka(t) = Mlt)’d det(a’(£), o”(#)).

3. Consider the catenary given by a : R — R? where a(t) = (¢, cosht), compute the curvature ke (t).

4. Let a : T — R? be a curve p.b.a.l. and ¢ : R? — R? be a rigid motion. Show that 3 = poa :
I — R? is a curve p.b.a.l. and that

g (s) = ko(s)  if ¢ is orientation-preserving
PY¥ T —ka(s) if ¢ is orientation-reversing

5. Let a : I = (—a,a) — R? be a curve p.b.a.l. for some a > 0. Suppose that ke (s) = ko(—s) for
each s € (—a,a). Prove that the trace of a is symmetric relative to the normal line of o at s = 0.

Suggested Exercises
(no need to hand in)

1. Let a: I — R? be a plane curve with [a,b] C I. Suppose P = {a =ty <t} <ty < --- <t, = b}
is a partition of [a, b]. Define

Lh(a,P) = 3" lalt;) - altiy)|
i=1
to be the length of the polygonal line. Prove that for every € > 0, there exists § > 0 such that
b
‘LZ(a,P) - / /() dt‘ <e

whenever |P| := maxi<j<y, [t; — ti—1| < d. Hint: use mean value theorems. Moreover, show that

L2(a) = sup{L’(a, P) | P is a partition of [a, b]}.



. Let a : I — R3 be a regular curve. Show that |a(t)| is a nonzero constant if and only if
(a(t),d/(t)) =0 for all t € I.

. Show that the tangent lines to the regular curve a(t) = (3t, 3t?, 2t3) make a constant angle with
the line £ = {y = 0,2z = z}.

. A circular disk of radius 1 in the xy-plane rolls without slipping along the x-axis. The figure
described by a point of the circumference of the disk is called a cycloid (see Figure 1(a)). Find
a curve a : I — R? whose trace is the cycloid. Determine the value of t € I at which « is not
regular. Moreover, compute the arc length of the cycloid corresponding to a complete rotation
of the disk.

. Let a: (0,7) — R? be given by
. t
a(t) = (sint, cost 4 log tan 5),

where ¢ is the angle the y-axis make with the vector o/(t). The trace of « is called the tractriz
(see Figure 1(b)). Show that « is regular except at ¢ = 7/2. Moreover, prove that the length
of the segment of the tangent of the tractrix between the point of tangency and the y-axis is
constantly equal to 1.

(a) The cycloid (b) The tractrix

Figure 1
. Let o : I — R? be a regular curve such that all the normal lines pass through a fixed point
p € R2. Prove that the trace () is contained in a circle of some radius r > 0 centered at p.

. Let o : I — R? be a regular curve such that all the tangent lines pass through a fixed point
p € R2. Prove that the trace a(I) is contained in a straight line passing through p. What if o is
not regular?



