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1. We need to show that S is totally umbilical, thus by the lecture notes S is contained
in a plane or a sphere.
For any p € S, let {k1, K2}, {v1,v2} be the corresponding eigenvalues, eigenvectors
of the shape operator and {v;, v} forms an orthonormal basis of 7),S. The aim is
to show that k; = Ka.

casel

case?2

Ki=kKo=0
Then p is an umbilical point.
They are not both zero, i.e,
KT+ K2 # 0
For any unit vector v € T,,S, v = v; cos 0 + vy sin 0 for some 0.
Let a(t) : (—e,€) = S be a geodesic with a(0) = p and o' (0) = v. We have

a’(t) = Da’(t)O/ (t)
= (Do/(t)a/(t»T + (Da'(t)a/(t))l
:< D /(t)Oé/(t>,N > N + Vo/(t)a/<t)

/

=< o/ (t),—dN(a'(t)) > +0
Thus at t = 0,

"

o’ (0) =< a'(0), —dN(a/(0)) >
=< vy cosf + vysin @, —dN (vy cos§ + vy sin 0) >
=< v1 €08l + vgsin 6, K vy cos O + Kovo sinf >

= K1 OS2 0 + Ko sin? 6

By the assumption, x; and 4y are not both zero. So o (0) = 0 has at most four
roots in [0,2n]. For the other 6, a”(0) # 0 and ' (t) =< Da/(t)o/(t), N >N
by the previous computation. Let {T,, N,, B,} be the Frenet frame of o as a
space curve, then N, is parallel to N. By choosing the direction of N, we may
assume N, = N.

Since all geodesics are plane curves, so 7 = 0,

!

N.(t) = —kT, — 7By = —ka! (1)

«

So we have
dN(v) = dN,(v)
— N(0)
= —Kv

Which means
—dN (vy cos @ + vy sin @) = k(vy cos € + vy sin @)
K101 €Os 0 + Kovg sin @ = Ky cosf + Kvy sin

for almost all . Then we have k; = ko



2. Suppose NOT. Then there are o and 8 which are simple closed geodesics in S satisfy
anp=¢

Since S' is topologically a sphere, o and (8 divide S into three parts D, Dy and X
where Dy, D, are topologically disks and X is topologically a cylinder.
Applying Gauss-Bonnet theorem to X,

/KdA:l://igdS:l:/ligdSZQﬂ'X(Z) =0
by a B

/KdA:O
s

This is a contraction to X > 0.



3. (a)

(b)

[K > 0]

From the assumption that X is closed, we have that it is compact without
boundary.

By Q5(b) in hwb, we know that there must be a point p; € 3 such that

K(p1) >0

[K < 0]

By the assumption that 3 is not homeomorphic to a sphere, we have y(X) =
2-29<2-2=0.

By the Gauss-Bonnet theorem,

/ KdA=2mx(¥) <0
2

So there must be a point py € ¥ such that

K(p2) <0

[K = 0]

W.L.O.G, we may assume X is connected. Otherwise, we consider each con-
nected component of ¥ in (a) and (b).

Let ~(t) be any path joining p; and ps, then K(y(t)) is a smooth function on
t. By the intermediate value theorem, there is a point p3 € X such that

K(p3) =0



X(u,v) = ((24 cosu) cos v, (2 + cosu) sin v, sin u)
X, = (—sinucosv, —sinusin v, cos u)
Xy = (—(24 cosu)sinw, (2 4 cosu) cos v, 0)

The first fundamental form is

|1 0
95 = o (2 + cosu)?

Use the formula of Q3 in hwb,

%= e |(vra). * (vra)

B 1 ( 0 ) N —2(2 4 cosu)sinu
21/(2+cosu)? | \VEG/, (2+cosu)? )
1
S S
2(2+cosu)[ cos )
_ cosu
2+ cosu

So the integration is

/ KdA = / / st - (2 + cosu)dudv
2 + cosu)

27 2

= / / cos ududv
0 0

=0



5. Let a, B, v be arc-length parametrization of pyq, qr, rpo.
Since poq, rpo are meridians and gr lies on the equator, «, [, v are all geodesics.
Let V be the path of the parallel transport of v. Then V(a(py)) = v = a'(po).

Vya =0
Via)=ao
Via(g) = o'(g)

Since ', V are both parallel vector fields on 8 and B'(q) L V(q), we have

/

V() = =)

Similarly to pog, on rpg
V(v)=—v

So the angle between the final position of v and the initial vector v is 6.



