THE CHINESE UNIVERSITY OF HONG KONG
Department of Mathematics
MATH4030 Differential Geometry
Solution of Assignment 5

X(u,v) = (f(v)cosu, f(v)sinu, g(v))
w = (—f(v)sinu, f(v)cosu,0)
X, = (f'(v) cosu, f'(v)sinu, g (v))

The first fundamental form is
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We have the formula Fi?j = %gkl(&-gﬂ + 0,94 — 019ij)-
To compute I'},, we can treat it as a vector, i.e.
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LX)y > =< Lxm), v > + < X0, Ly >

dt dt
=< Da/(t)X(t),Y(t) >+ < X(1),Dy Y (t) >
=< (Dy X)) + (DX (), Y (t) >
+ < X(1), (DY (1) + (Do Y (1)) >
=< (DyyX (1), Y (t) >+ < X( ), (DY ()" >
=< VypX®),Y([t) >+ < X(t),Vy,Y(t) >

Given two parallel vectors fields X (¢), Y (¢), we have
VanX(t) =VypY(t) =0

By the previous computation,

d d d
S X(),X(H) >= = < Y(1),Y(t) >= — < X(1),Y(t) >=
9§ X)X >= 4 <y 7 () >= T <x().v(1) >=0
Hence | X (¢)|,|Y (t)], < X(t),Y(t) > are some constants. The angle between X (¢)
XY
and Y (t) is cos™! =2 2 ) Shich is a constant.
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3. The Gauss equation akrfj —O;T% + 2T, — kaff;j = g (A Ay — ArAy) is a

ij— pk
constraint on the first fundament form and the second fundamental form of a surface

in R3.
Puti=j=1k=1[0=2, we have
1
det (Aij) = ﬁ (821?1 - 81F%2 + F11)11)2;2 - FZ{QF;%I)

By the assumption,
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det(A) -1

_ 1 _ 1 _ _ _
(a) By Q3, K = —5;A(log\) = —5A(log 1) = 0. But detlg) ~ 1 —1#0.

So there is no surface with such g;; and A;;.
(b) Assume cosu # 0, the only non-zero term in 0yg;; is 0i1ga2 = —2sinucosu.

Thus 1

Iz, = m(—Z sinucosu) = —tanu
1
I, = 5(2 sinwu cosu) = sinwu cosu
Hence

O Agy — O Agy + Thy Ay — Th Apy = cos® usinu +tanu (i =j=2k=1)

So g;; and A;; do not satisfy the Gauss equation. It means there is no surface
with such Gij and AU



5. (a) "<"Given that p is a local maximum of f(z) = |z — po|* for z € S.
Hence we have for any a(t) : (—e, e) — S with a(0) = p and |a'(0)| = 1,
f(a(t)) attains a maximum at t = 0,

d /
0= T t:of(a(t)) =2<a(0),p—po>
d2 1" / 2
0> p7e) tzof(a(t)) =2<a (0),p—po > +2[a (0)]

So we have
(p—po) L T,S,p—po=cN(p) forsome non-zero constant c

< (0),p—po >< —1

Let {k1,ko} and {v1,v2} be the corresponding eigenvalues and eigenvectors of
the shape operator, i.e.

Let a;(t) : (—¢,€) = S with a;(0) = p and «,(0) = v;.

ki =< —dN(UZ'),’UZ‘ >

=< —dN(a;(0)), a;(0) >
)

=< =V N, a;(0) >
=< N, o, (0) >

1 1"
= - <p—po,(0)>

The Gauss curvature at p
K =kiks =[5 <p—po,a;(0) >< p—po,a5(0) >] > 5 >0

7=" Given that K > 0, let {k1,k2} and {vy,vs} be the corresponding eigen-
values and eigenvectors of the shape operator where {vy,v2} is an orthonormal
basis of 1,5 and N to be chosen such that k; > ky > 0.

1
Let po = p+ aN(p) where a > . is a positive constant and g(z) = |z — po|

defined on S. ’
Let B(t) : (—¢,€) = S with £(0) = p and |5(0)] = 1. So 5(0) = (cosf)v; +
(sin @)y for some 6.

LI b)) =2 < 8(0),p—po >

dt lt=0
=2 < §(0),—aN(p) >
=0



2
|, o) =2< 8 0.0~ > +205 O)P

)
=2 < (°(0),—aN(p) > +2
= —2a < B(0), —dN(B'(0)) > +2
= —2a < (cos @)vy + (sin6)vy, —dN ((cos §)vy + (sinf)vy) > +2
—2a < (cos@)vy + (sin 0)vg, (cos @) kyvy + (sin O)kavy > +2

—2al(cos? 0)ky + (sin® 0)ky) + 2

S —20,]62 +2
1

< —2—k 2
P

=0

So g(x) attains a local maximum at p = 0 since (3 is arbitrary.

(b) Suppose S is compact without boundary. So there is a point p € S such that
Ip|? is a global maximum.
By the previous result, K (p) > 0, this is a contraction to the assumption.



X(u,v) = (ucosv,usinv,logu)
X, = (cosv,sinv, —)
u
X, = (—usinv,ucosv,0)
1+5 0
9ij = 0 u2

By Q3, the Gauss curvature is

teal(ore) (7))

X(u,v) = (ucosv,usinv,v)
X, = (cosv,sinwv,0)

X, = (—usinv,ucosv, 1)

1o
Yi= 10 14w

By Q3, the Gauss curvature is

= mllTuz K¢10Tu>+ (%)}

[+ wP?
=K

So they have the same Gauss curvature. But X o X! is not an isometry since they
have the different first fundamental forms.



7. From Q1 of hw4, we know that the Gauss curvature of {z = 2? — y*} is

4
K=— <0
[1+ 422 + 4y?]?

The Gauss curvature of a round sphere is positive and the Gauss curvature of a
cylinder is zero.

By the Gauss Egregium Theorem, the Gaussian curvature of a surface is invariant
by local isometries. So they are not locally isometric.



