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1. (a) S1 = {(x, y, x2 + y2)}
Xx = (1, 0, 2x)
Xy = (0, 1, 2y)

The first fundamental form is

g =

[
1 + 4x2 4xy

4xy 1 + 4y2

]
g−1 =

1

1 + 4x2 + 4y2

[
1 + 4y2 −4xy
−4xy 1 + 4x2

]
Then we compute the second fundamental form,

N =
Xx ×Xy

|Xx ×Xy|
=

1√
1 + 4x2 + 4y2

(−2x,−2y, 1)

Xxx = (0, 0, 2)
Xxy = (0, 0, 0)
Xyy = (0, 0, 2)

A =
2√

1 + 4x2 + 4y2

[
1 0
0 1

]
The shape operator is

S = g−1A =
2

[1 + 4x2 + 4y2]
3
2

[
1 + 4y2 −4xy
−4xy 1 + 4x2

]
The curvatures are

K = det(S) =
4

[1 + 4x2 + 4y2]2

H = tr(S) =
4(1 + 2x2 + 2y2)

[1 + 4x2 + 4y2]
3
2

For p = (0, 0, 0),

A(p) =

[
2 0
0 2

]
S(p) =

[
2 0
0 2

]
So p is an umbilical point. The principle curvature is 2 and all unit vectors in
TpS1 are the principle direction.
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(b) S2 = {(x, y, x2 − y2)}
Xx = (1, 0, 2x)
Xy = (0, 1,−2y)

The first fundamental form is

g =

[
1 + 4x2 −4xy
−4xy 1 + 4y2

]
g−1 =

1

1 + 4x2 + 4y2

[
1 + 4y2 4xy

4xy 1 + 4x2

]
Then we compute the second fundamental form,

N =
Xx ×Xy

|Xx ×Xy|
=

1√
1 + 4x2 + 4y2

(−2x, 2y, 1)

Xxx = (0, 0, 2)
Xxy = (0, 0, 0)
Xyy = (0, 0,−2)

A =
2√

1 + 4x2 + 4y2

[
1 0
0 −1

]
The shape operator is

S = g−1A =
2

[1 + 4x2 + 4y2]
3
2

[
1 + 4y2 −4xy

4xy −(1 + 4x2)

]
The curvatures are

K = det(S) = − 4

[1 + 4x2 + 4y2]2

H = tr(S) =
8(y2 − x2)

[1 + 4x2 + 4y2]
3
2

For p = (0, 0, 0),

A(p) =

[
2 0
0 −2

]
S(p) =

[
2 0
0 −2

]
The principle curvatures are {2,−2} and the principle directions are {∂x, ∂y}
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2.
X = (cosh v cosu, cosh v sinu, v)

Xu = (− cosh v sinu, cosh v cosu, 0)

Xv = (sinh v cosu, sinh v sinu, 1)

The first fundamental form is

g =

[
cosh2 v 0

0 cosh2 v

]
g−1 =

1

cosh2 v

[
1 0
0 1

]
Then we compute the second fundamental form,

N =
Xu ×Xv

|Xy ×Xv|
=

1

cosh v
(cosu, sinu,− sinh v)

Xuu = (− cosh v cosu,− cosh v sinu, 0)
Xuv = (− sinh v sinu, sinh v cosu, 0)
Xvv = (cosh v cosu, cosh v sinu, 0)

A =

[
−1 0
0 1

]
The shape operator is

S = g−1A =
1

cosh2 v

[
−1 0
0 1

]
The curvatures are

K = det(S) = − 1

cosh4 v

H = tr(S) = 0



4

3. Let X : (−π
2
, π
2
)× R→ S to be

X(u, v) = (a cosu cos v, b cosu sin v, c sinu)

Then X gives a parametrization of S \{(0, 0,+c)}. u 6= +π
2

because Xv(+
π
2
, v) = 0.

Xu = (−a sinu cos v,−b sinu sin v, c cosu)

Xv = (−a cosu sin v, b cosu cos v, 0)

The first fundamental form is

g =

[
(a2 cos2 v + b2 sin2 v) sin2 u+ c2 cos2 u (a2 − b2) sinu cosu sin v cos v

(a2 − b2) sinu cosu sin v cos v (a2 sin2 v + b2 cos2 v) cos2 u

]

g−1 =
1

[a2b2 sin2 u+ c2(a2 sin2 v + b2 cos2 v) cos2 u] cos2 u

·
[

(a2 sin2 v + b2 cos2 v) cos2 u −(a2 − b2) sinu cosu sin v cos v
−(a2 − b2) sinu cosu sin v cos v (a2 cos2 v + b2 sin2 v) sin2 u+ c2 cos2 u

]
Then we compute the second fundamental form,

N =
Xu ×Xv

|Xy ×Xv|
= − (bc cosu cos v, ac cosu sin v, ab sinu)√

a2b2 sin2 u+ c2(a2 sin2 v + b2 cos2 v) cos2 u

Xuu = (−a cosu cos v,−b cosu sin v,−c sinu)

Xuv = (a sinu sin v,−b sinu cos v, 0)

Xvv = (−a cosu cos v,−b cosu sin v, 0)

A =
abc√

a2b2 sin2 u+ c2(a2 sin2 v + b2 cos2 v) cos2 u

[
1 0
0 cos2 u

]

The shape operator is

S = g−1A

=
abc

[a2b2 sin2 u+ c2(a2 sin2 v + b2 cos2 v) cos2 u]
3
2 cos2 u

·
[

(a2 sin2 v + b2 cos2 v) cos2 u −(a2 − b2) sinu cos3 u sin v cos v
−(a2 − b2) sinu cosu sin v cos v [(a2 cos2 v + b2 sin2 v) sin2 u+ c2 cos2 u] cos2 u

]
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The curvatures are

K = det(S)

=
det(A)

det(g)

=
a2b2c2 cos2 u

a2b2 sin2 u+ c2(a2 sin2 v + b2 cos2 v) cos2 u

· 1

[a2b2 sin2 u+ c2(a2 sin2 v + b2 cos2 v) cos2 u] cos2 u

=
a2b2c2

[a2b2 sin2 u+ c2(a2 sin2 v + b2 cos2 v) cos2 u]2

H = tr(S)

=
abc{(a2 sin2 v + b2 cos2 v) cos2 u+ [(a2 cos2 v + b2 sin2 v) sin2 u+ c2 cos2 u] cos2 u}

[a2b2 sin2 u+ c2(a2 sin2 v + b2 cos2 v) cos2 u]
3
2 cos2 u

=
abc{a2 sin2 v + b2 cos2 v + (a2 cos2 v + b2 sin2 v) sin2 u+ c2 cos2 u}

[a2b2 sin2 u+ c2(a2 sin2 v + b2 cos2 v) cos2 u]
3
2

Let f(u, v) be the function in the denominator of the expressions of K and H, then

f(u, v) = a2b2 sin2 u+ c2(a2 sin2 v + b2 cos2 v) cos2 u

= a2b2(1− cos2 u) + c2[a2(1− cos2 v) + b2 cos2 v] cos2 u

= a2b2 − a2b2 cos2 u+ a2c2 cos2 u− a2c2 cos2 u cos2 v + b2c2 cos2 u cos2 v

= a2b2 + a2(c2 − b2) cos2 u+ c2(b2 − a2) cos2 u cos2 v

By the assumption a > b > c > 0, then f attains its minimum when

cos2 u = cos2 v = 1

and fmin = b2c2 > 0
So K attains its maximum at (+a, 0, 0).

[claim: H attains its maximum at (+a, 0, 0)]

H =
abc{a2 sin2 v + b2 cos2 v + (a2 cos2 v + b2 sin2 v) sin2 u+ c2 cos2 u}

[a2b2 sin2 u+ c2(a2 sin2 v + b2 cos2 v) cos2 u]
3
2

=
abc{a2(1− cos2 v) + b2 cos2 v + [a2 cos2 v + b2(1− cos2 v)](1− cos2 u) + c2 cos2 u}

f
3
2

change everything into cos

=
abc{a2 + b2 + (c2 − b2) cos2 u+ (b2 − a2) cos2 u cos2 v}

f
3
2

=
abc√
f
· a

2 + b2 + (c2 − b2) cos2 u+ (b2 − a2) cos2 u cos2 v

f
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Since
abc√
f

attains its maximum at (+a, 0, 0), we only need to show that the second

term also attains its maximum at (+a, 0, 0).

At (+a, 0, 0), cos2 u = cos2 v = 1, the second term is
b2 + c2

b2c2
.

a2 + b2 + (c2 − b2) cos2 u+ (b2 − a2) cos2 u cos2 v

f
≤ b2 + c2

b2c2

⇔ a2 + b2 + (c2 − b2) cos2 u+ (b2 − a2) cos2 u cos2 v

a2b2 + a2(c2 − b2) cos2 u+ c2(b2 − a2) cos2 u cos2 v
≤ b2 + c2

b2c2

⇔{a2 + b2 + (c2 − b2) cos2 u+ (b2 − a2) cos2 u cos2 v}b2c2

≤ {a2b2 + a2(c2 − b2) cos2 u+ c2(b2 − a2) cos2 u cos2 v}(b2 + c2)

⇔{a2b2c2 + b4c2 + b2c2(c2 − b2) cos2 u+ b2c2(b2 − a2) cos2 u cos2 v}
≤ {a2b2c2 + a2b4 + a2(c2 − b2)(c2 + b2) cos2 u+ c2(b2 − a2)(c2 + b2) cos2 u cos2 v}

⇔(b4c2 − a2b4) + (c2 − b2)(b2c2 − a2b2 − a2c2) cos2 u+ (b2 − a2)(−c4) cos2 u cos2 v ≤ 0

By the assumption a > b > c > 0, we have (c2 − b2)(b2c2 − a2b2 − a2c2) > 0 and
(b2 − a2)(−c4) > 0, so

(b4c2 − a2b4) + (c2 − b2)(b2c2 − a2b2 − a2c2) cos2 u+ (b2 − a2)(−c4) cos2 u cos2 v
≤ (b4c2 − a2b4) + (c2 − b2)(b2c2 − a2b2 − a2c2) + (b2 − a2)(−c4)
= b4c2 − a2b4 + b2c4 − b4c2 − a2b2c2 + a2b4 − a2c4 + a2b2c2 − b2c4 + a2c4

= 0
′ =′ holds if and only if cos2 u = cos2 v = 1.
This completes the proof.
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4. Let v1 = (1, 0, 0), v2 = (0, 1, 0). Then span{v1, v2} = TpS1 for any p ∈ S1.

df(v1) = fx = (− sinx, cosx, 0)

df(v2) = fy = (0, 0, 1)

So we have
< df(vi), df(vj) >= δij =< vi, vj >

Then by the definition, f is a local isometry.
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5. Let X : U → S1 be a parametrization of S1.
Then f ◦X : U → S2 is a parametrization of S2 except at a set of measure zero.
By the assumption that f is an isometry, so

< ∂i(f ◦X), ∂j(f ◦X) >=< df(Xi), df(Xj) >=< Xi, Xj >

Then
√
det(g1) =

√
det(g2) where g1, g2 are the first fundamental forms of S1, S2.

Area(S1) =

∫
U

√
det(g1)dA

=

∫
U

√
det(g2)dA

= Area(S2) + 0

= Area(S2)
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6.
X(x, y) = (x, y, f(x, y))

Xx = (1, 0, fx)

Xy = (0, 1, fy)

The first fundamental form is

g =

[
1 + f 2

x fxfy
fxfy 1 + f 2

y

]
g−1 =

1

1 + f 2
x + f 2

y

[
1 + f 2

y −fxfy
−fxfy 1 + f 2

x

]

Then we compute the second fundamental form,

N =
Xx ×Xy

|Xx ×Xy|
=

1√
1 + f 2

x + f 2
y

(−fx,−fy, 1)

Xxx = (0, 0, fxx)
Xxy = (0, 0, fxy)
Xyy = (0, 0, fyy)

A =
1√

1 + f 2
x + f 2

y

[
fxx fxy
fxy fyy

]
The mean curvature is

H = tr(g−1A)

=
(1 + f 2

x)fyy − 2fxfyfxy + (1 + f 2
y )fxx

[1 + f 2
x + f 2

y ]
3
2

So
H = 0⇔ (1 + f 2

x)fyy − 2fxfyfxy + (1 + f 2
y )fxx = 0
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7. Let X : (0,∞)× (0, π)→ S1 be

X(r, θ) = (0, r sin θ, r cos θ)

Xr = (0, sin θ, cos θ)

Xθ = (0, r cos θ,−r sin θ)

g1 =

[
1 0
0 r2

]
Let Y : (0,∞)× (0, π)→ S2 be

Y (r, θ) = (
r√
2

cos(
√

2θ),
r√
2

sin(
√

2θ),
r√
2

)

Yr = (
1√
2

cos(
√

2θ),
1√
2

sin(
√

2θ),
1√
2

)

Yθ = (−r sin(
√

2θ), r cos(
√

2θ), 0)

g2 =

[
1 0
0 r2

]
Then we have f = Y ◦X−1 : S1 → S2 is a differentiable map and

df(Xr) = Yr

df(Xθ) = Yθ

Since g1 = g2, f is a local isometry.
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8. (a) Let G = {f : S → S
∣∣f, f−1are both differentiable, f is a local isometry}.

1. Obviously, the identity map is in G.
2. Let f ∈ G, then f−1 exists and is differentiable. Let v1, v2 ∈ TpS,

< (d(f−1))(v1), (d(f−1))(v2) > =< df(d(f−1)(v1)), df(d(f−1)(v2)) >

=< v1, v2 >

So f−1 is also a local isometry.
3. Let f, g ∈ G, then for any v1, v2 ∈ TpS

< (d(f ◦ g))(v1), (d(f ◦ g))(v2) > =< df(dg(v1)), df(dg(v2)) >

=< dg(v1), dg(v2) >

=< v1, v2 >

So f ◦ g ∈ G since (f ◦ g)−1 = g−1 ◦ f−1 exists.
4. By the definition of composition, (f ◦ g) ◦ h = f ◦ (g ◦ h).
So G is a group under composition.

(b) The isometry group is span{rotation, reflection} under composition.


