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Solution of Assignment 4

The first fundamental form is

C[1+42* day
T day 1+ 4y

. 1 [1 +4y?  —day }

I Tl a2 142 | —day  1+42?

Then we compute the second fundamental form,
X, x X, 1

N | X x X, \/1+4x2+4y2( 2z, =2y, 1)
Xz = (0,0,2)
Xy = (0,0,0)
Xy = (0,0,2)

2 [1 0]
A=
V1+4r2+4y2 [0 1
The shape operator is
S—glA— 2 1+4y? —day
1+ 422 +4y2]% —dry 1+ 422

The curvatures are

K =det(5) =

[1+ 422 + 4y?]?
4(1 + 222 + 29?)
[1+ 422 + 447)2

H=tr(S)=

So p is an umbilical point. The principle curvature is 2 and all unit vectors in
T,5: are the principle direction.



(b) So={(z,y,2% —y*)}
X, = (1,0,2z)

= (
X, = (0,1, -2y)

The first fundamental form is

B [1 + 4% —day }

—dxy 1+ 492
. 1 1+ 4y day
g 14422 +4y2 | 4oy 1+4a?
Then we compute the second fundamental form,
X, x X 1
N= 2222 (—22,2y,1)
[ Xo x Xyl /1442 + 4y?
Xz = (0,0,2)
Xzy = (0,0,0)
Xyy =1(0,0,-2)
2
A {1 0 }
V1+4a2 + 492 [0 —1
The shape operator is
2 42 —4
S=g A= 3{14—3/ xy2
[1+ 422 + 4923 | 4oy —(1+427)

The curvatures are

=det(S) = —
K et(5) (14 422 + 492?)?
2 .2
H=1tr(S)= 8ly” —2) .
1+ 422 + 4y?)2
For p = (0,0,0),

e -

Sp) = B _02]

The principle curvatures are {2, —2} and the principle directions are {0,, 0, }



X = (coshv cosu, coshvsinu, v)
X, = (— coshwsinu, cosh v cosu, 0)

X, = (sinhwvcosu,sinhvsinwu, 1)

The first fundamental form is

cosh? v 0
0 cosh? v

L1 1o
9 "~ cosh®v |0 1

Then we compute the second fundamental form,
X, X X, 1

N pu— pu—

| X, x X, coshw

Xyu = (— cosh v cosu, — cosh vsinu, 0)

Xy = (—sinh v sinu, sinh v cos u, 0)

Xyw = (cosh v cos u, coshvsinu, 0)

=3

The shape operator is

1 -1 0
R
5=9 A_coshzv{o 1]

(cosu, sinu, — sinh v)

The curvatures are

H=tr(S)=0



3. Let X : (—%,5) x R — S to be
X(u,v) = (acosucosv,bcosusinv, csinu)
Then X gives a parametrization of S\ {(0,0,+c)}. u # +7 because X, (+5,v) = 0.
X, = (—asinucosv, —bsin usinv, ccosu)
X, = (—acosusinv,bcosucosv,0)
The first fundamental form is

_ [(a? cos® v + b?*sin® v) sin® u + ¢® cos? u  (a® — b?) sin u cos usin v cos v
g (a* — b?) sin u cos u sin v cos v (a®sin® v + b cos? v) cos? u

1 1
g = ) )
[a2b?sin” u + ¢%(a? sin” v + b% cos? v) cos? u| cos? u

(a?sin? v + b% cos® v) cos? u —(a? — b*) sinu cos u sin v cos v
—(a® — b?*)sinucosusinvcosv (a®cos?v + b?sin®v) sin® u + % cos? u

Then we compute the second fundamental form,

N X, x X, (bc cosu cos v, accos usin v, absin u)
| Xy X X, Va2b?sin® u + c2(a? sin v + b2 cos? v) cos? u

Xuu = (—acosucosv, —bcosusinv, —csinu)
Xuw = (asinusinv, —bsinu cos v, 0)

Xy = (—acosucosv, —bcosusinv,0)

B abe [1 0 }
Va2b? sin® u 4 ¢2(a? sin® v + b2 cos? v) cos? u [V cos® u

The shape operator is

S=g'A
B abe
[a2b? sin® u + ¢2(a? sin® v + b2 cos? v) cos? u)2 cos? u
(a?sin® v + b% cos? v) cos® u —(a* — b*) sinu cos® usin v cos v

—(a? — b?)sinucosusinvcosv [(a?cos? v + b?sin® v) sin® u + 2 cos? u] cos? u



The curvatures are

K = det(S)
_ det(A)
~ det(g)

a2b? sin® u + c2(a? sin® v + b2 cos? v) cos? u
1
[a2b2 sin? u + c2(a? sin® v + b2 cos? v) cos? u] cos? u
a’b*c?

[a2b2 sin? u + ¢2(a? sin? v + b2 cos? v) cos? u)?

a’b?c? cos® u

H =1tr(S)

abc{(a?sin? v + b% cos? v) cos? u + [(a? cos? v + b% sin® v) sin® u + ¢? cos? u) cos® u}

: ; 3
[a2b? sin? u + c2(a? sin® v + b2 cos? v) cos? u2 cos? u

abc{a?sin® v + b? cos? v + (a? cos? v + b? sin® v) sin u + ¢ cos? u}
3
2

[a2b? sin® u + ¢2(a? sin® v + b2 cos? v) cos? u]
Let f(u,v) be the function in the denominator of the expressions of K and H, then

f(u,v) = a*b*sin® u + ¢*(a*sin® v + b* cos® v) cos® u
= a?b*(1 — cos® u) + c*[a*(1 — cos? v) + b* cos® v] cos® u
?c? cos® ucos® v + b*c? cos® u cos® v

= a’b* + a*(c® — V) cos® u + ¢*(b* — a*) cos® ucos® v

= a?b® — a*b? cos® u + a’P cos’u — a

By the assumption a > b > ¢ > 0, then f attains its minimum when
cos?u = cos’v = 1
and foin = b2 >0

So K attains its maximum at (+a,0,0).

[claim: H attains its maximum at (4a,0,0)]

abc{a?sin® v + b? cos? v + (a® cos? v + b? sin? v) sin® u + c? cos? u}
3
3

H =
[a2b2 sin? u + ¢2(a? sin? v + b2 cos? v) cos? u]

abc{a?(1 — cos? v) + b? cos® v + [a® cos® v + b?(1 — cos? v)](1 — cos? u) + ¢® cos® u}

f3

change everything into cos

abc{a® + b* + (c* — b*) cos* u + (b* — a®) cos® ucos® v}
f3
_abe a®+b% 4 (2 — b?) cos® u + (b — a®) cos® ucos® v

WV f




abc
Since 7 attains its maximum at (+a,0,0), we only need to show that the second
term also attains its maximum at (4a,0,0).
b+

At (+4a,0,0), cos®> u = cos? v = 1, the second term is ———
- b2c?

a? + b* + (2 — b?) cos®> u + (b — a?) cos> ucos?v _ b* + ¢?

<
f b2
a? + b + (¢ — b*) cos® u + (b* — a?) cos*ucos’v _ b? + 2
a?b? 4+ a?(c® — b?) cos? u + c2(b? — a?) cos? ucos?v —  b2c?

s{a® + b + (¢ — b?) cos® u + (b* — a®) cos® u cos® v}b*c?
< A{a®b* + a*(c¢* — b*) cos® u + *(b* — a?) cos® ucos® v}(b* + ¢*)
{a®b*c® + b + b2 ( — b?) cos® u + b2 (b* — a?) cos® ucos® v}
< A{a®b*c® + a®b* + a*(* — b)) (c® + b?) cos® u + A (b? — a?)(c* + b*) cos® ucos® v}

(b — a®?) + (¢ — V) (b’ — a®b? — a*c?) cos* u + (b* — a?)(—c*) cos? ucos® v < 0

By the assumption a > b > ¢ > 0, we have (¢? — b?)(b*c* — a®b? — a*c?) > 0 and
(b* — a?)(—c*) > 0, so

(b — a®bt) + (2 — b)) (b*® — a®b? — a>c?) cos? u + (b — a?)(—c*) cos? u cos® v
S (b4c2 _ a2b4) + (02 o b?)(b262 _ a2b2 _ a262) + (62 _ a2)(_c4)

— b4C2 . a2b4 + b2C4 _ b4C2 o a2b262 + a2b4 - a204 + a2b202 o b2c4 + 6L2C4

=0

" =" holds if and only if cos? u = cos?v = 1.

This completes the proof.



4. Let vy = (1,0,0),v9 = (0,1,0). Then span{vy,v2} = T,,5; for any p € S;.

df (v1) = fr = (—sinz, cosz, 0)
df<v2) = fy = (07 07 1)

So we have
< df(vz), df(U]) >= 5ij =< v, vV >

Then by the definition, f is a local isometry.



5. Let X : U — 57 be a parametrization of S;.
Then fo X : U — 95 is a parametrization of Sy except at a set of measure zero.
By the assumption that f is an isometry, so

< 0i(f 0 X),0;(f 0o X) >=< df (X;), df (X) >=< X;, X; >

Then \/ det(g1) = \/ det(gy) where gy, g2 are the first fundamental forms of Sy, Ss.

Area(Sl):/U\/det(gl)dA
:/U\/det(gg)dA

= Area(S3) + 0
= Area(Ss)



X(z,y) = (z,y, f(2,y))

Xz = (17 07 fm)
Xy = (07 1, fy)
The first fundamental form is
— |:1 + fx2 f:vfy :|
fofy 1+ f]
g—l — 1 |:1+f; _f:t:fy:|
L+ 24 f2 |~fufy 1+ 52

Then we compute the second fundamental form,
X, x X 1
|X:c><Xy| \/1+f:5+fy

me - (07 07 fmx)
X

Ty — (0707 flfy)
Xyy = (O, 0>fyy)
w/l—f-fa?'f‘f; f:ry fyy

The mean curvature is

H =tr(g A)
(L + ) Fyy = 2fafyfay + (L4 f)) frn
1+ f2+ £

So
H=0% 1+ )y = 2fofyfoy + A+ f) for =0



7. Let X : (0,00) x (0,7) — S} be
X(r,0) = (0,7siné,rcosf)

X, = (0,sin#, cos )
Xo = (0,7cosf, —rsinb)

1 0
f= [0 7"2}
Let Y : (0,00) x (0,7) — Sy be
Y(r,0) = (E cos(V/26), 7 sin(v/26), E)
1 1 . 1
Y, = (E cos(V/260), 7 sin(v/26), —2)
Yy = (—rsin(v/20), 7 cos(v/26), 0)
1 0
92 = [0 7"2}

Then we have f =Y o X! : S; — S, is a differentiable map and
df(X,) =Y,

df (Xg) =Yy

Since g = ¢2, f is a local isometry.

10



8.

(a) Let G={f:5— S

11

f, ftare both differentiable, fis a local isometry}.
1. Obviously, the identity map is in G.
2. Let f € G, then f~! exists and is differentiable. Let vy, vy € T),5,

< (A7) (1), (d(f 7)) (v2) > =< df (d(f 1) (v1)), df (d(f 1) (v2)) >

=< V1,V >

So f~!is also a local isometry.
3. Let f,g € G, then for any vy, v € T),S

< (d(f o g))(v1), (d(f o g))(v2) > =< df (dg(v1)), df (dg(v2)) >
=<dg(v1),dg(vq) >
=< V1,Vy >

So fog € Gsince (fog) ™t =g to f! exists.
4. By the definition of composition, (f og)oh = fo(goh).
So G is a group under composition.

(b) The isometry group is span{rotation, reflection} under composition.



