THE CHINESE UNIVERSITY OF HONG KONG
Department of Mathematics
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Solution of Assignment 3

X(u,v) = (f(u)coswv, f(u)sinv, g(u))

X = (f (u) cosv, f (u) sinv, g’ (u)
X, = (= f(u)sinv, f(u) cosv, 0)

{X,, X,} is linearly independent since g (u) > 0.
So the image S is a surface.

(b) , , ,
Xy x X, = (—fg cosv,—fg sinv, ff)

So the equation of the normal line is
a(t) = X(u,v) +tX, x X,

= (fcosv(l — tg/),fsinv(l — tg'),g — tff/)
I R i
When t = 7’ (t) =(0,0,¢ 7 ).

So the normal lines of S pass through the z-axis.




2. Let g € S, for any yo € S
S is connected, so there is a smooth curve a(s) : [0,1] — S such that
a(0) = zo, (1) = yo
So a'(s) € Tis)S for any s.
By the assumption, all normal lines of S pass through py,

(po — a(s)) L Tos)S

< po—afs),a(s) >=0
< po— a(s),po — a(s) >'=0

So |a(s) — po| = R for some positive constant R. (R > 0 because a(s) contains not
only one point)

\xo —p0| = |Z/0 —po\ =R

So S lies on a sphere since g is arbitrary.



3. Let A= sup{|x —y|:z,y €S}
S is compact, so there are xg,yg € S such that

|$o—y0| =A

Let [ be the straight line joining xy and .
Let a(s) : (—¢,€) — S be any regular curve in S with a(0) = .
So < a(s) — yo, a(s) — yo > attains a maximum at ¢ = 0,

< a' (0),20 —yo >=0

So we have o' (0) L [.

Then T},,S L [ since « is arbitrary.

Similarly, T,,,5 L .

So [ cuts S orthogonally at at least two points.



4.

(a) Let {v1,v2} be two unit vectors such that {vi,vy,a} forms an orthonormal
basis of R? and,

V1 X V2 =a
Vo X a4 = V1
a X U1 = Vg
Let X (0,t) = rcos vy + rsin Quy + ta.

Then X (0,t) is a patametrization of S.
For any py € S, then tg =< pg,a > and |pg|* = 72 + £2.

Xy = —rsinfv; + r cos Ovy
Xi=a
Xp x Xy = rsin vy + r cos v,
= po — toa

=po— < pPo,a>a

veT,S

S<v, Xgx Xy >=0

< v, po— < pg,a>a>=0

ES<v,pyg > — < po,a><v,a>=0

So T,S ={veR®:<v,p>—<p,a><v,a>=0}

(b) The normal line of S at p is

a(s) =p+sXp x X,
=p+s(p— <p,a>a)

a(—1) =< p,a > a lies on the axis and < Xy x X;,a >=< Xy X a,a >= 0.
So the normal lines of S cut the axis orthogonally.

(c) Assume S is a connected surface whose normal lines all intersect a fixed straight
line | C R? orthogonally.
Let a be a unit direction vector of /.
Fix zg € S, for any y € S, there is a smooth regular curve 3(t) : [0,1] — S
such that 5(0) = zo, (1) = .
Let N(p) be a unit normal vector field of S.
Then by the assumption, N//(p— < p,a > a).

/

0=<p(t),N

:<5/(t)p <p,a>a>

=< B(1), B()— < B(t),a > a >

=< B(1),8(t) > — < B (t),a>< p(t),a>

:a<mm5@>—<6@ﬂ>q

So < B(t), B(t) > — < B(t),a >*= r? for some positive constant r.(r is positive
because § contains not only one point)
So S C{peR3: |p|*~ < p,a >2=r?} since y is arbitrary.



d.

(a)

For any p € S, let X : U C R? — S be a parametrization of S around p.
Then (f o X)(u,v) = | X (u,v) — po| =< X (u,v) — po, X (u,v) — py >2.
By the assumption py ¢ S, we have X (u,v) — po # 0 for all (u,v) € U.
So fo X is a smooth function near X ~1(p).

Then f is a smooth function on S.

Let a(t) : (—€,€) — S be any regular curve on S with a/(0) = p.

/

(foa)(t) =[< alt) — po.alt) — py >2]
_ < o/(t),a(t) — po >
la(t) — pol

(fea)(0)=0 & <a'(0),p—po>=0

So p € S is a critical point of f(p)

& (foa)(0) =0 for any such «

&< a'(0),p — po >= 0 for any such a

g (p - pO) 1 TpS

Let Y : U C R? — S be a parametrization of S around p.
(hoY)(u,v) =< Y(u,v),v > is a smooth function near Y ~!(p).
So h is a smooth function on S.

Let B(t) : (—e,€) — S be any regular curve on S with 5(0) = p.

(hoB) (t) =< B(t),v >
=< B (t),v >

(hop)(0)=0 & <fF(0),v>=0
So p € S is a critical point of h(p)

& (ho ) (0) =0 for any such 3

&< f(0),v >= 0 for any such 3
SovlT,S



6. Let X :[0,27) x [0,27) — R? be
X(0,¢) =< cosp(a+rcosb),singp(a+rcosh),rsing >

Then X is a parametrization of S and X is bijective.
Xy =< —rcos¢sinf, —rsin¢sinf,rcost >

Xy =< —sin¢(a + rcosf),cos p(a+ rcosf),0 >
|X9’2 = 7’2, ’X¢|2 = (CL + T’COSH)2, < X@,X¢ >=0
So the area of S is

2m 2w
Area = / / \/|X9|2|X¢|2— < Xy, X¢ >2d¢d9
0 0

27 2
= / / r(a + 7 cos 0)dpdb
o Jo
27

= / (2war 4 27mr? cos 0)df
0

= 47lar



7. Let a be a regular value of F'.
Then S = F~!(a) is a regular surface and VF # 0 on S.
Let p € S, let a(t) : (—¢,€) — S be any regular curve on S with «(0) = p.

a(t)yc S
(Foa)(t)=a
(Foa)(0)=0

<VF(p),a' (0)>=0

So VF(p) L T,S since such « is arbitrary.
Fis a smooth function and VF # 0 on S.
S VF
o
[VE|

Then S is orientable.

defines a smooth unit normal vector field on S.




8. X, =< cosv,sinv,0 >, X, =< —usinv,ucosv,b >
|1 0
Juo =10 2 4 02
the area of the surface is

area:/27T /3 \/mdudv
o J1
:/OQW/lg\/mdudv
/Ozwé[ux/mij?lnm—l-\/m\ jdv
7 [3VOF T = VIH B + B (3 + VO 1) — B In(1 + v+ 02)]
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10.

10

:v2—|—y2+z2:ax
LAY 2 2 _ (22
(= 5P+t + 2= (5)

So S is the sphere centered at (§,0,0) with radius .
Similarly, Sy is the sphere centered at (0, g,O) with radius % and 93 is the
sphere centered at (0,0, §) with radius .

Since S7 and Sy are spheres,

2 a
Nl = a(x_ §ayaz)
2 b
Ny = g(%y— 572)

are unit normal vector fields of S; and Ss.
Let p = (20, Y0, 20) € S1 NSy, then p satisfies

2 2 2 _
Ty + Yy + 25 = axg

x5+ 5 + 25 = byo

So we have
azxg = byo

Then we compute the angle between S; and S5,

4 a b
< Ni(p), N2(p) > = %(333 — 5% + Y5 — 5 Yo + 25)

4 a b

= %(37(2) R §$0 — éyo)
4 a b

= E(afﬁo T oto~ §y0)
2

= J(axo — byo)

=0

So S7 meets S5 orthogonally.
Similarly, S, S, and S3 all meet orthogonally.



11

11. Let ¢ : S; — R3 be
_(rYv:z
Qb(ZL‘,y,Z) - (a7 b? C)
Then we need to show that ¢ is a bijective differentiable map between S; and .S5.

(a) Show that ¢(S;) C Ss
Let ($,y72) € Slv then

CP+ErP+E)7 =1
o,y 2)]| = 1

So ¢(x,y,z) € Sa.
(b) Show that ¢ is injective

P(x1,y1,21) = d(22, Y2, 22)
1 Y1 Z21y X2 Y2 22
(a7 b’ c>_(a’ b’ c)
(21,91, 21) = (T2, Y2, 22)
So ¢ is injective.
(c) Show that ¢ is surjective
For any (7,7,%Z) € So, Z2 + 2 + 22 = 1.
Let (x,y, 2) = (a7, by, cZ), then

So (x,y,2) € S1 and ¢(z,y,2) = (7,7, 2).
This means ¢ is surjective.
(d) Show that ¢ is differentiable
For any p € 51, let X : U — S be parametrization of S; around p.
So ¢po X : R? — R? is smooth since X is smooth from R? to R? and ¢ is smooth
from R3 to R3.
So ¢ is a differentiable map from S; to Ss.



