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Hard problems in Chapter 3

3.1-18

Just choose € = §, then we can find a natural number K > 0 such that |z, —z| <

€ = 5. This will implies
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x—§<xn<x—|—§ — §<xn<2x

3.2-12

Note that 0 < ¢ <1 = lim (£)" = 0. Then
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3.2-17
(a). Example, z,, = 1, then lim =1

(b). Example, z, = Y>;_, +. We have proofed that (z,) is divergent. And
from following

Tn41 1 1
|—— -1 <
T (n+ Dz, n+1

which implies
lim Entl — ¢
Ty

3.2-23
We can use the following identify.

la —bl+a+b

max{a,b} = 5



Since (2,,), (yn) are all convergent, we know (x,, — y,) is also convergent, and
hence (|z,, — yn|) is convergent. Hence, we know

(max{wn, yn}) = (lxn SR y)

also converges.

Similarly, from the identify

b—la—0>
min{a, b} = wa

we know v, is convergent.

3.3-5

First, we know yo = /p+y1 > /p = y1. We will show that y,1 > y, for all
n by Mathematical Induction. Clearly this is true for n = 1. Now let’s assume
we have the conclusion holds for n = k — 1, i.e., yx > yx—1, then we have

Yk+1 = VP +yr > VD + Ykt = Uk

So the conclusion is true for n = k. So we get (y,) is an increasing sequence.
Hence, we have

1—-+1+4p 14+ v1+4+4p
VP Yn = Ynt1 > Yo = D+yn >y = - <Yn < -5
So we can apply Monotone Convergence Theorem to get y = lim y,, exists. Take

limit at both side, we will have

1+1+4p
y=Vrty = y=—",--"—

2
We can rule out y = 2= +22 VQIH” since it is negative.
3.3-11
Note that
11 11
K2 " k(k-1) k-1 k
We have
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Hence, x,, is bounded above by 2. (z,) is increasing is clear since x4 — z, =

ﬁ > 0. So z, is convergent.



3.4-14

We will try to find this subsequence by induction. First, we can find a natural
number nq with s —1 < z,,, < s by the definition of supremum. Now suppose
we have find nq < --- < ng such that s — % <ap, <sforall 1 <l <k, since
s ¢ {z, : n € N}, we know M = max{s — %le,xg,...,xnk} < s. Hence
by the definition of supremum, we can find ngy; with x,, . > M. Clearly we
have ng11 > ng by the choice of M. Then by Mathematical induction, we can
find n1 < ng < ... such that s — % < &, < s. This will clearly show that this
subsequence satisfies

lim z,, =s
k— o0

3.4-15

Clearly, x,, € I,, C I; will imply (x,) is a bounded sequence. So we can apply
Bolzano-Weierstrass Theorem to get a subsequence (., ) which is convergent.
Suppose & = lim x,,, , then we will show that x € I,, for all n. Indeed, for a fixed
n, we know that x,, will satisfy a,, < x,, < b, for all n; > n. Hence, the limit

also satisfies a,, < x,, < by, which implies z € I,, for all n.

3.5-12
First it is easy to find x,, > 0 by Mathematical induction. We just note that

1 1 |$n_1 —.I‘n‘ < 1| |
= - = —|Ty — Ty
242, 24an1| (CFazn)2+az._) 4 !

|[Tnt1 — @

So (z,,) is a contractive sequence. Take limit at both side and suppose z =
lim x,,, then we have

1
x = 7T — 2 =—1++/2 rule out the negative root since z, > 0
x




