MATH 3230 ALGEBRA T
l__e_c:\'wre, 7

Factorzation in (ommutative NAQAs
.

AS \:e.{"or'e.,R 1¢ &‘WA)/S A Commutatiue h'r\3 with \/m%'ty '\_‘-‘/—‘-O_

._D_Qf_ : Let a,\ae R. We Sy o divides b <Au\ouo\ \7 a\L)
’\’G AceR x. b= ac |a thi Crse, a is colled a
M (or '('Mfor‘) O‘Q \c and \a is ealed a w\vn\'l'i?\e_ a& o

\’\Ie— Wit A)(L when A does ot A\'v'\o\e_ L
\'E A=bc and nether b nor ¢ is A unk of R, then we

Say L (%V\A c) $ a propec tactor- dQ o




l.D;ei'- Two  elements a,LeR ave colled associatos in R (densted
\oy A~\>> i‘(: a\‘o and l::\a,

R_m_\(_-.s'- D_r\(\'\s A(’F‘MS an e_c‘uRVa\e,nc,O_ \"Q-\a:\';on on R
‘2_) l{ R s an \‘r\hﬂr‘ﬂ\ Aoma\.in,’l"/\er\ a~\b ﬁ% Hue R”(um@
s X. a=\>w_
He(‘e_ Come "'Wo (m‘)of“t/u\t C-OV\U/"TS'.
.I_)_e—&" \...e—‘t o+t a~ae R w\":G\-\ W et a wnit. We sy ‘(Jnas'(_
\. & is ireduwcible “\'Q t Aas o propec tactors .
2. a s ¥rimz. '& VL,C.G_R, m\\oc. == a—\\: o a.\c._
EX&MP\G . \a Z, icceduskle = prime_

il \\r\ -Zé , 2 1s \Dv'\ma Luct notl irf‘e.ch_'\L\,Q, Gnce 2=2-4%
(So Lor 3@(\@(:\\ Commutative ﬁna.)s, "‘;w‘\m# IrmAu\c_i\o\e_”_)




h? \n ‘kar‘ms ‘-& Fﬁr\ci‘Dm\ TA%\S, we (f\o-VQ_

D alb & <b> = <a>
2) a~b it <> =<b>

D weR & <us =r
4) aeR prime <> & - prime. 1 deal
5) For an ictuard domain D,
~eD s irreducl r(Q > T wmoximal arv\or\3 the propec

J Vw\n(,‘\?ou\ 1deals .
PL: For D), nate that alb © beda> & <b>< G,
2) ‘('D“OVJS ‘GY'OW\ b /' 3) ‘\' 4"\> ‘("D\\OW '('YOM Ac%nﬂ'\'or\s 4 ?mv, FC_SV\»\K,

Chow )



To val ‘5), S\»-?Pose.. a€DL s trred we bl —T\neﬂ
<a>§_<\=,> <D & \o\ a ond aX b
&S dceD st. a=bc c‘— C & Dx
= Lel
o o> 1 X al amor\3 )?v’\nc,\?a\ ideals.
Conuu‘se\rl Swppose R Xl amar\3 ?\;\I\C,'\Pa\ deals.
£ a=be , then <adpa<db>ED  and o> = <> <D
For e formec case mox'\max\'\‘t')/ '\mr\{e_s either Lo =<\=>
o <L>=.D . \'{' <l9>=_.D ,'('\"\U\ \Dé 'Dx ar\A W are Aor\l )
\'G <0\>=<\=> , then oa~b = ceB( And We are. denl,

Sim\\af at.r'aSn«\U\tS “f?\7’ "?‘DF‘ o \a‘&z_r CasSe #F
av\\7 f\au. were Wwe need D Le «n iv\tn.a.rm\ domeain



frop | Suppose. that D 1 v U-ﬂ | 4 . Uh \
—=F M.F \S AN YA\ gy oMaon . en eve ime_
1S ‘;(rech'tLLL . 7 F

2. D s a PID, then pime = irreducide .
i&= 1. Let aC D be. & fr‘wu.. Suﬂoose- that a=bc.
Thea alb o alc. " Disa domain
alb = b=ar = a= arc % re=l > ce®

g‘m’-\nf\y, a\c_ = be Rx. Hence a 1s ereducibla.

2. Suppose thek a s an ireducble i a PID B.
By 5) in prev. prop., &> & o taemal ideal in D
\n \po«*?c.m\am, da> (5 o prma Tdeal
and henct. a s prime. n B H



Exenle
Z1{F5 \i= { a+tbl-5 \A,\oéz.g \S an '\«\"\'2_3\"&\ domain as 1t s
A sm\ov{r\3 #* T
However, 3 35 ivreduclle (welll see how to now s \a’u.—-)
e 3|9 <=GiE)(a-F5) ¢ 3y (@slF)

= 3cZ[E| i wat prime
HCAUL n 3%%\ , even ‘Gor 1f\'te_6f‘o~\ domains ,”.\v-re_a\wa\e\.t %@ rv'\mz'.,



UED

QC_&_’ Aﬁ Y M\ Aomo\:f\ D i« called a wnigue &ac_fongf-ﬂgn domain
%
(UFD)
\. EVW7 AéD\(DxU foj) S o~ ?Y"Og\vxct o‘Q (rr‘e_a\v\c'i‘o\ns (Ex'\S'\'e_Au._>

2. gw?\boSL C,C,---C == o\.Az--- o\m acl Yo ‘%Ad'ov{'Za\t\‘or\g s& A

nCo treducibles . Then Nn=m MA VLF to A t‘cor-Ae_n‘n} o'e
factors , C53 ~ c‘; ‘Q’Dr 1= \, . (Ut\la‘uu\essB

B._fﬁ“-"-F\Q ° Z s a UFD
. -ZY_E} it ot a UFD: 2-35 = é’: Q"'I‘—S)(\- \\T5>

(Laﬂef', wll cee that 2,3 l‘i\FE are weeduables 1A Z[J-'El)
Bmk In a DFD , reducible = prime.



Our 3“\\ is to show Tthat every PID i w UFD.
Le_ww\o\ LQ,‘(_ D LL o P\D \._et.

o> La> < ..
LC AN AS(JA’\A:I\S c\/\a'-f\ '-& icke-ﬁk \n b Then EY\&Z-Q
. La;d>=<a.> YV iz n

Rmk : —T\f\.lS Fr‘ovzrt7 1S Cﬂ‘“.ZA "Hf\L ASC.OJ\A'"'\3 c\'\a'lr\ CondXions ‘(‘or
?ﬁnci?a\ \deals (ACCPT-), anc 1S sat st ed \97 a UFD(N\I\)IZ)
,P_‘(_-, : NO’YL that 1= Ui <42 6 an ideal in D.

gtﬂ(ﬂ_ FD S A P\D, -S.-': <L> ‘var fome Leb
B\/:t; Le-x_ = \,e <a,\> 'cbvl‘ Soml NCE Z+ .

So for i3n, <boo<Kad> =a<a><T=<b>
= <La;>=<a.> Y isn,




[ Thw. Every PID is o LFD.

_F_ﬁ : (Ex'\sfer\a) et aeD\(Dxu YO\})
§\,\r?°se_ 't\l\at A % Nnst. an :ﬁ‘LAde\L _(-\f\zn
A= a,b‘

where a, b, e D\Bulel). So we have
L A> i’ <d|>_

I‘G o (or b) s an irreduclle , we  stop. Othenwise
a, = azb-z

N\r\m o\z,\:,_é. D\\(DXU&"J). So we \r\nu{_
<Aa> §E <a> %;— <axy,



Cor\'\'tnu.'\n3 "‘\(\Q_ Same ?mc.e_ss, wNe w‘.\\ e_'d'\ne_r 62’t an
'\TY‘QAU\O'\U\L A A‘\V'\A'\'f\g a or oa S"ﬁc‘\’\y aSCMchr\j chain

o Heals o> g K> g <adg .
The ka\t&r condition 1S '\M\eos.s'\L\L \,7 te ACCPL

\"\cnc.L, -f-or ry Y= D\(D*UfOSB which 8 nst 'u"‘eAWC-"L’b‘/
Jon rcedualde p €D st

o= \"‘D"
A3a"\n we \naue o> g <Lb>.
W L, s not ircedicille, then Tan irreducld f;e'D
st. b = Y,_L;. (g0 that a= E.fz‘oz)
= (o> g <b> g <b.>



Con‘ﬁ'\vﬁvxg, we oet loa> < <b> < <L¢>§;

whidh st Termineke, by ACCPL, say &t <k

So  a= r.\>z--- ‘bh\on [CPY Q-ac,’(arizdc?m into {rreduncibles
<Un?a€uu\zsg 'H PP = A = 1.‘&,_---%m e tno Foctorizetions

ot aéb\(ﬁ‘u&}) nto irreduncillas (LWLOG assume m> h),

= \>.\ g O LRl £

Bk trrediclles are phmes in & D,

o P\ ]G Aor some je{i,.my

Up to o permdtaion we Con asume =)

Then %‘= r\u\ wihere U e Dx.



So [ S G SR S
= Pav Pr = Wigu " P

New '\’*\“‘%*"‘E"‘ = PZ\‘%;) Tor some. éeiz,...,mj (ol w sinea
P ¢ nst & watt ). Uf to o \aumu’ta’tlon W Can atumt (=2,
Then 42 = qu')_ ’Gbr Some uzé'Dx. So

Pa-- Pn= Y2PaFa " Im

=2 P PaT Yaga Em.
Cor\-t:nu'mj this procass , we end wp vt 9+= BsUs for i=\,.n
ond = U, UaGan " Gm

But then we must have wm=n ca cl,é D. #



RW\\<S D \n "Fact e \mwe_ ?noVQA
ACCPL =5 existence , and

" Evime_ = '\r\"ZAV\O'\L\ILh = unia(uw_nes&

So a\focbe_’d/\ex we lhouve
An .lr\‘te_o)r‘o\\ doman O s a UFD "c@‘

(i) ACCPL 4o\ds and
C'ﬁ} ! F\rime. = '\rr'zAU\c;\L\o_“.

Exordles Stnce Z, FI<I e PDs, they are UFDs.




EMC“AZ__M AOMA:M\S
Mb're CXO'MP\QS O‘Q UFD.S ae %’\\I% \@ ﬂ'\C. "Fb“owfr\o-s'

DC& Ar\ EU\C\\AM\ noyryw\ On  o&~n \r\tg_p‘)\‘a\ Ao"\a.ur\ b \S N ;\Af\d on

N .D\YOE m— Z>o a‘t\&(yv\
\. VO‘/EG-D with \04‘0/ a%,l’éb 4. a_\:%*\,

W\f\z—"e.. 94"“1\2—(‘ =0 O©Or NG—) < N(L) - divisen 3

a\jor\f‘r\m
2. ValeD\IY, N@® < NG@L).
AV\ Euﬁc&\éu.an éow\a—h\ S an in‘ﬁexy‘m\ domain N/ an Tuclidean noem.




ELXamr\\"(QS o z N/ N<¢3==\ﬂ\
FBY W NEY = deq T

“_Pﬁf_ E\Iexy twcidean domain s a PID, and henc. o DED

P{' . Avigon A\ aovrth P S, W G 4
y 7/ o "M, on (X2~ ¢ e~erked an €\ement
AN Al SR



G amssian inkeners
Comtidar ZTiT = {asbi | abezZ
FOr- 0% = atbi € ZT1 , debne N = o+ Lz.
"Erzr_ /AR equipped W/ N 15 an Buclidern domain.
\D_i - Sinee ZUV s & Su\oﬁnj in €, & & an ntegral domain.
Notw that owto = NOI=1 & NEO= NN Ve
Se Ve,gro, NEOSNENE=Np).
Now let o= a+ai B= btbi#o
Let ‘o==N@= b2 b >o. Wt NF= C,+ Cat .




B), division ﬁ\aor'cﬂ«m n 2 =3 06"1"r‘/r2 e
c. = \o +
st g =% ‘ L

c. = %Jo-l- ~ wihere \f‘\\é >

Then Q(F = ce\a + I, whhece %== Ft i, o= s Cal,

ﬂ\.r\A N(To) = r‘z* f",_z < E; < Lz'-'—‘ N(fF’ ) :
\_e‘t. = o{— 1F . Then < = 1? + Wwhere ete~ r=o
or  NE)<N(P. $

__D\L"(F-Cc‘mnt> \._e.’(, \D be an odd t»:me_ " z.—r\*\cn Ha,beZL
<k P=¢3+ L= '\-FG FE\(Moal 4)



f&_ - (=) %‘('rnij\\t‘GomArA (c,b camnst be bsth euven or bsth odd)
(&) Suppose thot p=l (nod 4)
Now Zg i epdic 4 4\G-0=1Z;)
=3 anez)‘: with mltplictive ordac 4.
So n=-| (od @, e, \>\ n+\ in Z

\n Z07,
F\ N+l =(nei) (n-3D.

This imr\\'e_s that P s redualle in Z[ﬂ §3 CQ_ \9)( nti.

Hene  p=(a+bidc+d) n ZE] NG@ ) /'/4(«4:)
\N‘/\u-e, o+t bi , C+di are nst wuns, go o Lz/ = Az>l
@ ?). = Lo?-&- L"}(c}-&- A;> ‘i X € ZC;_.S S « wa

- 2 & NE)=1 since N
= P = o+l = ¢+ d” H 'S muttiplicative .



Anct\er zxd—ﬂ\a‘o\&___
C.OV\S'\A@( Z[ﬁ}"" {.“"‘ EFB\U\;L €Z &.—(\'\.\5 (S an zv\J(ij\ domenin.
For- o = a-&-\o,ITSGZ[\l:—S], \et N(o() = o 5\:_ Then
g N =0 & «=o
N ()= N6 N 4 o, peZLFS1
No Y’z-3= ;= QJ«I—T‘D(\-J—“S)J in 2 TFE\
NS{&L 't\f\é-t O(GZ[J‘_S__& S wntt &= N(°‘>='\ = o ==X\ .
3 i trvedealle : Suppose 3= hee both 8 are non-wats.
©F £
Then "\=N(?>)=N(°<)N(F) = NEO=NE) =3,
Bmt Az+5‘oz=5 ‘e-\a.s no so\\,d.'\'on.s [¥a) -Z_ (aLEBCMAS)‘e\-J

ne s-o\v:'\':ens) .

g‘M’-\ﬂf\)', 2, \ilTS ore A\\ \'.rre.alu\c.ilekﬂ.s/ and 34 |1 [-T.
So ZU‘\S-\S % Nnol a UFD.




A thcorem ok Causs
Let D be o UFD. Concdor the penomial a,j DG,
Dd For o= ataxr..xt ax € DB we debine the Conkant
& § (donoted by o) t\e qed(ao,a, -, 8D (wlidh 7 well-
debined o to muldplication by watts),

f ) C_A.“,QA fv{mtﬁd(_ I‘G C_C—;) f\./\' ‘

‘_Qmmox (C—_\auxis/ \_e.ww\a-) _r\/\p_ Ym.g\v\c.‘t DSY two ?\&m‘\'t.\vz_ 'fv\7rhom% o\& NN
PV cemoins \)dm'rh'vz..

"

_?_Q_ et 0= Aot ax 4.+ a,x , Q(x)= bot b ...+ b_x
\oe_ Pv'\mlﬁve. A -Dcxl _



Let p be an ivediald in D.
s sk g Bl & % i<r & pka
plb; e §<s 4 phks
Now +the Lo«.%((_?uﬂ, oj‘r X n RGY =469 900 s ~yiven L>,
e abrect ot ooy oy s (et ot A b2
dvicle by p A;;'ﬁ“‘ A.uus\\:\:\o, P B
=  PX Ceus. #

_\-_-ei"i\_‘ﬂ'_ \_¢t = LQ— ~ '%6\6‘ O{' 1«;\9'(:&«5 o% ~D, and ‘G(*)ebtxl._mzn
(i) ‘G(X) s irreduclle in DB = 6 1§ also trreducilde in FL-.

A T pramitive in DIA & iredueile 0 FIY = 46) T imedcMa tn DA,



Ei: (1) gv\.ﬁ:oic that ‘G(x} ebixl ‘Qa\-CforS nto \oww A(gm ?0\7“‘,,“;,\\5
in FL - §f=9h . q.khe FIx\.

B)l c\e.aurb\3 o\e,nom'\n-tar'sl we ‘e\auz_

af = 3.‘3\, for some deD 4 %.,Q\‘ebtxl
We con it {_: C_'.I:', 3|= Cu%z:{‘F c_;e\z
v ere. c.,c./;::e'D and $,3,,&1 Gre ?v;m;'f:\le_ ' D=1
Then def = C.Czcyex,__To&:rj Corkents on lboth sides, we
hove de ~cc, . \'\znc,o__ FueD sx. c.C, = nwdc.
= f=uc ay&z, \n ‘,a«-t:w\am, £ 75 reduada A DFD.

G £ s rzch_'«\,\g.A— gﬁm'rt"\vt in Dl = 3%,& W/ %3&3&<J«3{
s4. ‘9’92\ = + % redecle W FOxL. 3



" TL_M_(Q\&V\SS> \‘(’ Y s P UFD,*\‘\M\ -DY_"-.S S A UFD

P (Bxistence) Let o#=fe DB, I degf =0, then feD\{ol. She
b S a UFD, ether —erx o £ factornzes nts - ?r'oAV\ct.
of trreducibes . But trreducHes ia D ooce tereducidles o DT
So asswnr Acg-(:>/\ WAt 'Q' as c_({)‘&‘ w\\a_«{ ‘Q‘, 'S F"M'\T"JQ.
K cuflices to showw Hhot -Q\ Lactors inte o \smAV\d(_ & icreduclda,
Let F Le & &S o!%' é‘ua‘tw\‘ts ﬂQ D. Re_aaﬁé- £, e FU<T.

Sace TlxY 6 o PID and hence &« UFD

T =9 - %n
rhare %‘,.-_,1,\ ore irmeduneilds 1n FOAL.



A = &\,
N A 15 = "E‘. F\

nare o#a{,\o; PP\ ‘:‘- S ev‘\mﬂ:aa N 'D(?‘-S
%7 C-l.\> n *\'\_Q. A.\:oue_ \emmos/ ?.; 1S \‘rNA\/\C\Lko. N -Dtxl
MO\J \9{3 = agf,... r,\ w\v\a.re_ \:>=T‘-i \"i, A= T‘-i A
Stince ‘Q‘| and Pi-- Pn re ?winr\'&\'ve, CL7 C:\awxs.s L@Nno\), ‘o)/
‘bs\gtnj Corntant , we 30:&

-§| = U\F‘ e .\Dn h[\,\m_ nwe -Dx
\‘\@\UL ‘f‘ \S o ?NAM‘& & irreduclles  in D],

(.Uh;‘kVUUV—SSB LCt, O*{ € b["j \ce— a non—lwnd . \'G Az.j{ =0, 't\\o.n
Waigquneness Pllows o the fact thett D % ~ OFD.
So assume 4\&3 T =\



\{_ C\-“Cr‘)\'" Vr\-:'-e = O\l'“é‘sﬂ“r-- 1m

rre two facto Rz ations °‘(‘ ] w/ <., % A, ..,4,€D
ond a\c_j ?-\ , é&.a.j 1& >/\/ "t\r\&n

¢ e )~
Now D a UFD = r=s and <~ 3 (“f to \"—rw&t’-ﬁ’n)
So Pr =g Vté'bx :
%7 () o&' ALOUL \e.wvvs/ P;’Q 4— 1;3 e ;rmAu.c'xL(zS "~ FE{S

wp to

Now FL) & o UFD = n=m and pi~q; i FBQ (rutw;&ot;ov)
e, Tog,b;eD\BY sk, a;p=biy;

Stne P ,1; oce .‘ﬁw\'-'tiue. P 'Ya\;'m; orlanls 4-36:\«\ showus Wt
Pi~q: in DL 4



“ _C_‘;r_ \‘% _D 18 o \)Fblf\’\;ﬂ 'D[x.,..-,x,,"_s T a UFb
?i : Note that b[x, ,___/X,\_S = 'D[x‘,___lxﬂ_".g[xh‘&. n

Rm\( HON@\/U ’D[X‘/___IY,\—_S 1L nst « P\D S\'D(' N=2 S~
Hhe deal <7<\,.-., XA 1§ not Fﬁf\c'\‘:a\.



