
Normal subgps
Motivation 2 : left coset = right coset .
Def . A subgp Hof G is normal iff SH =Hg A SEG

.

ie
.
each left coset is a right coset .

Notation E subset
.

c subgp .

A normal subgp

Rink
. TFA E

ell Stk Hs Fs EG
SHE Hg Hg EG

H Hgs GH tg EG

④ gHgt= H tg GG

(51 SHH EN tg EG

67 HE gHgt VS GG
.

Motivation 2 : Natural gp structure on the set of left coset Gin
,

right coset tha .

Condition *I .
Cath cbHI=abH

F. The definition depends on the choice of representatives .

Need to check that It is well-defined .



Thin
.
The subgp H of G is normal riff
K) (att ) CBH ) = ab H is well - defined .

Pf. ⇒ If a H-- a' H
,
bH= b'H

,

then

a'= ah
,
,
b'= bha

,
Ths

a'b' H = ah
, bhatt

.

We have ah
, bhz = ( ab ) ( b

- ' h
.
b 1h .

.

Since 11=5' Hb
,

b-
' h . b C- H .

and (b
-' h

, b) ha EH.

So ab H-- a'b' H .

⇐
. Set b-- S . Then

tf hi
,

ah , b th ab H
.

He .

b-' h
.
BE H .

So H is normal . CI

Them
.
let HOG

.

Then txt defines a natural gp structure on Glu.
Rank

.
Here GH th G.

Pf. Associativity on .br/H follows from associativity on G

Identity H .

inverse : The inverse of all is a" H .

( check that it is well defined)
Det . GIN is called the quotient subgp.



Examples .

① Every subgp of an abelian gp is normal .
② An 8 Sn

③ ca> O Dn
,

where a E Dn
'

is the rotation by 2%
④ Slu O Glen

⑤ 6=53
,

a = (127
,

Then La> OX G

Motivation 3
.
kernel of a homomorphism

Bop . let ol : G → G
' be a gp him then

d) of ( Lak Ia !
H of Catt olla-51 .

131 HCG
,

⇒ 0cm c G
'

(4) H'EG
'
⇒ of

-'
ch
'

) L G
.

Def . Ker 4=4-449--1969 I 0/191=1a ' }

Boop . 01 is injective iff larch - IIa }
Pf . ⇒ trivial

⇐ If olla, = okay , then
Ia ' = local cha'T = local ok a' -1k dead -4
So aah = Ia and a- a

'

.
Thus injective I



Pnp .
Ker cob 09

.

Pf . We already know that Keri LG is a sbgp .
let a GG

,
be Ker of, then

ofCaba-Y = olla, 0lb) Oka - 1)= oka, La' ofcaste 1a '

so a bat C- kerf . A

Hop . let Ho G . Then 2 : G → Glu
,

g t GH

is a gp horn with Ker Cath
.

Pf . a cab) = a bit
11

Tica, add =@HIGH)

so I is a gp hour
.

Ry def , Ker cat- H .

I
.

Thus normal subgp = Ker of gp horn .


