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1. Show that QQ is not finitely generated.

Solution. e We prove by contradiction. Suppose Q is finitely generated.
e Letxy,zo,...,x, be asetof generators of Q.
e Foreach:=1,2,...,n, write x; = Z—j where p;, q; are integers and g; is nonzero.
e Let () be a nonzero integer divisible by each of the ¢;’s (e.g. let Q = ¢1q2 - - - ¢)-
e Consider i € Q.
e More explicitly, there are integers k1, ko, . . . , k,, such that

1 P1 D2 Pn
— =k ke 4 4 k2
20Q) ¢ 0 In

e Multiplying both sides by (), we get

% = kip (9> + kapo (Q) + o+ kpn (Q) :
q1 q2 Qn

e Note that the RHS is an integer while the LHS is not, hence a contradiction.

e We conclude that (Q is not finitely generated.

2. Find the maximum possible order for some element of Zg X Ziy X Zoy

Solution. 120 = l.c.m(8, 10, 24) <

3. Are the groups Zg X Z1g X Zoy and Zy X Zyo X 24 isomorphic?

Solution. No, they do not have the same kind of decomposition as in the fundamental
Theorem of finitely generated abelian groups. Zg X Zig X Zs4 1s isomorphic to Zg X Zg X
Zig X 7.3 X Z5. But on the other hand Z4 X Zi15 X Z4 1s isomorphic to Zy X Zy X Zig X i X L.

<



4. Let Uy be a group of integers less than 24 and relatively prime to 24 with multiplication
modulo 24. Find a product of cyclic groups which is isomorphic to Us,. Can you find a
corresponding group isomorphism?

Solution. Note that Usy = {41, £5,+7, £11} and it s a finitely generated abelian group
of order 8. By the fundamental Theorem of finitely generated abelian groups, it is iso-
morphic to one of the following three groups:

ZB,Z4 X ZQ,ZQ X ZQ X ZQ.

U,y is isomorphic to 4Zy X Zo X Zs as each element in Uy, is of order 2.

One possible answer is: Define f : Usy — Zo X Zg X Zg by
f(l) = (07070)7 f(_1> - (1’ L, 1)7 f(5) - (1’ 070)7 f<_5) - (07 L, 1)7
f(7) - (Ov 1’0)7 f<_7) - (1707 1)7 f(ll) - (17 170)7 f(_ll) - (07 0, 1)'

<

5. For a finite group G, let dy(G) be the number of elements having order 2 in G. Let (G, +)
be a finite abelain group, and let S = ) _. x. Show that if dy(G) # 1, then S = O¢.

Solution. Let Gy = {z € G|2z = 0g}. Note that it is abelain finite subgroup of G
(Closed: Vx,y € Go,2(x+y) =z+y+z+y =x+x+y+y = 0c+0g = Og, identity:
0 € Gy as 2(0g) = Og, inverse: Va € Go,2r = 0g = —2z = 0g = —x € G1.). Every
nonzero element of G5 has order 2, so by the fundamental Theorem of finitely generated
abelian groups,

for some non-negative integer k.

Consider the involution ¢ : G — G given by 1(x) = —xz. The fixed points of ¢ - i.e., the
elements x € G such that ((z) = x — are precisely the elements of G5. Thus the elements
of G\ G2 occur in pairs of distinct elements z, —z, so ZZJCGG\G2 x = 0. In other words,

S:E T = E Z.
zelG zeGo

We are reduced to the case Gy = ZX.
When k = 0, Go = {0¢}. In this case, dy(G) = 0 and

S:Zx:Zx: Z x = 0¢g.

zeCG z€G2 ze{0g}

When k = 1, Gy = Z,. In this case, do(G) = 1.



When k > 2, dy(G) > 3, so we wish to show S = 0.

For each 1 < i < k, half of the elements of Z’; have th coordinate 0 € Zs; the other half
have ith coordinate 1 € Zj,. So the sum of the ith coordinates of the elements of Z~ is
28 /2 = 2k=1 = () € Zy, since k > 2. Every coordinate of S equals Og, so S = 0.
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