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Suggested Solution of Assignment 9

1. Let f: R — [0,00) be measurable. By the 2nd principle of Littlewood (one of its version,
see Q4 of HWT7) there exists a montonically increasing sequence ¢,, of non-negative simple
functions vanishing outside (—n,n) convergent a.e. to f. Show that, if f is also integrable,
then

lim/gon:/f and lim/gon(a:—i-c)da::/f(:c—i—c)dx for all ¢ € R.

Show further that

/f(x—i—c)da::/f(:v)dac, VeeR,
" /f()\:c) do = i’/f(y) dy, YA£0.

Solution. See ThA2 and ThA3 in Chapter 7 of lecture notes. <

2. A subset Z of a linear space Y with a semi-norm (||y|| > 0Vy € Y such that || Ay|| = [A|-||y]]
and [|y1 + y2|| < |yl + vzl VA € R, Vy,y1,y2 € Y) is said to be dense if for each y in
Y and each positive r there exists z € Z such that ||y — z|| < r. Show that each of the

following subclasses is dense in L(R) with respect to the semi-norm | f|| := [|f].
Soo(R) : = {f : simple functions vanishing outside a finite interval },
Sw(R) : = {f: step functions vanishing outside a finite interval },
Coo(R) : = {f : continuous functions vanishing outside a finite interval }.

(Hint: since each of the subclasses is stable respect to lattice-operations, you need only
show that each non-negative f from L(R) can be approximated by non-negative elements
from the subclasses.)

Solution. See Theorem 1, 2 and 3 in Chapter 7 of lecture notes. <

3. Try some from a subclass and make use of Q1,2 above or Littlewood’s principles, show the
following results. Let f be an integrable function on R.

(i) Let ayp, by, be the “Fourier coefficients” of f:

ap, = /f(a;) sin nx dz, by, = /f(x) cosnx dx (n e N).
Show that lima,, = 0 = limb,, = 0.

(ii) %ir%/ |f(z) — f(x+d)|dx = 0. (Hint: each f € Cpo(R) is uniformly continuous.)
%

Solution. See ThA1 in Chapter 7 of lecture notes. <

4. Let f be a function of two variables (x,t) which is defined on the product @ = [a, b] X [c, d]
of intervals such that for each ¢, the function is measurable on [a, b]. Show that:
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(i) Suppose g € L[a,b] such that |f(z,t)| < g(z) V(x,t) € Q. Then, Yty € [c,d],

b b
lim [ f(z,t)dx :/ <lim f(x,t)) dzx,

t—to a t—to

provided that, Vz € [a, b], tlir? f(x,t) exists (Hint: For ® : R — R, ¢ty € R, tlir? D(t)
—to —to

exists if and only if lim ®(t,,) exists whenever (t,,) is a sequence converging to tg.
n
(i)
d (¢ 1 9f(x,t)
— t)dx = 2 d
[ s = [ 2R

(z,t) exists in R, Vx, t;

provided that
of
1
) ot
of

2) ’&(m,t) < G(z) on @, where G € L[a,b].

tn) — f(z,t
Hint: Let fo € [e,d] and ty — to (ty # to). Let Fy(z) = L t) {(x o) _
n — U0

f(z,t,(x)), by Mean Value Theorem, where #,(z) lies between ty and ¢,. Then

d d
|Fo(z)| < G(x) Vo (and alsoliénFn(x) = af(gt,to)) Hence/ F,(x)dx —>/ &f(gjo)d%

Solution. See ThA4 in Chapter 7 of lecture notes. <

5. Let F' € BV[0,1] N C[0,1] and be ABC in the interval [a, 1] for each a with 0 < a < 1.
Show that f is ABC on [0,1]. (Hint: Use the continuity of the indefinite integral defined
by F’, and also use the fundamental theorem of calculus applied to F. And finally pass to
the limit as (F' is continuous at 0).

Solution. Since F € BV|[0,1], F’ exists a.e. and F’ € L£[0,1]. Let x € (0,1] and n € N.
Since F' € ABC[1/n, 1], it follows from the Fundamental Theorem of Calculus that

xr
F(x)—F(1/n) = F for all sufficiently large n.
1/n
Note that [F'X[; /4| < [F'| on [0,1] and F’ € £[0, 1]. Hence, by Dominated Convergence
xr x

Theorem, lim F' = F'. As F is continuous at 0, we have

F(l‘)—F(O):/OxF, for all z € [0, 1].

Now the second part of the Fundamental Theorem of Calculus yields that F' € ABCJ0, 1].
<

6. Show that ABCJa,b] is stable with respect to linear operations and multiplication (also
quotient f/g if g is bounded away from zero by a positive constant). Show the validity of
“integration by parts”.
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Solution. It suffices to show that ABCJa, b] is stable under multiplication. Suppose f, g €
ABCJa,b]. Then f, g are continuous on [a, b] and there exist M, N > 0 such that | f(z)] < M
and |g(z)| < N for all z € [a,b]. Let € > 0 be given. Choose 6 > 0 to be the constant that
corresponds to ¢/(M + N) in the definition of f,g € ABCla,b]. Now, if {(z;,v;)}, is a
finite collection of non-overlapping intervals in [a, b] such that Y " | |x; — yi| < d, then

n

S I @a)g(@) — Fu)gw)l <D (f@)llgla:) — gyl + o)l f (x:) — £ (i)

i=1 =1
n n
< MZ lg(x:) — g(yi)| + NZ | f(2i) — f(yi)l
=1 =1
g E
M- N — e
<MuyrNtY N TE

Hence fg € ABCla,b].

Next we show the validity of “integration by parts”. Suppose f,g € ABCJa,b]. Then
fg € ABC]la, b] by above. In particular, f’, ¢, (fg)’ exist a.e. and [, ¢, (fg)" € L]a,b]. By
the product rule of differentiation, we have

(f9)'(z) = f'(z)g(z) + f(z)g' () for a.e. z € [a, b].

Before we take the integration, we need to check that the integrands are integrable. Indeed,
f'g,fg € L[a,b] since

[1ra<n [if1<oc ad [irg)<nr [1g) <.

Now, by the Fundamental Theorem of Calculus,

/ab flg+ /ab fg' = /ab(fg)’ = (fg)‘:
Z—/abfg’~

T X
7. (Two runners’ lemma). Let f,g be integrable on [a,b] such that / f= / g for each
x € [a,b]. Show that f =g a.e. ‘ ‘

That is b
/ f'g=(f9)

<

Solution. Without loss of generality, we can assume that g = 0.

Let G C (a,b) be an open set. By the structure theorem, G = (J7~ | I, where {I,}52, is
a countable collection of disjoint open intervals. Write I,, = (ay, by,). Then, for N € N,

o E) £ )

Note that |fX, v <|fl, If] € Lla,b] and lim fX; v = fXq. Hence, by Dominated
Un:l In N—o00 Un:l I,

Convergence Theorem,
/af - Nlinoo/fxuﬁ_lfn =0
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Let B C (a,b) be a closed set. Then (a,b) \ B is open. Hence

usz[ff—A;MBfZO—OZQ

For each n € N, let C,, = {z € (a,b) : f(z) > 1/n}. Let F, be a closed set such that
F,, C C, and m(Cy, \ Fy,) < 1/n. By above,

0—/}f>/n = Lom(F)

so that m(F,) = 0. Hence m(Cy,) < m(F,) +m(Cy \ F)) < 1/n. Since C,, is increasing,
we have

m({z € (a,b) : f(z) > 0}) = Uc = lim m(Cy) =0,
n=1

Similarly m({z € (a,b) : f(x) < 0}) = 0. Therefore f =0 a.e. on (a,b), and thus f =0
a.e. on [a,b|. |



