2019 Spring Real Analysis 1

Suggested Solution of Assignment 4

* (Montone Convergence Lemmas for measures) Let m : M — [0, +0c] be a measure, where
M is an arbitrary o-algebra. Show that

(a) if E, 1 E (with each E, € M Vn), i.e. E = Unen Bn and E, € Epyq Vn, then
m(En) T m(E);
(b) if E, | E (with cach E, € M ¥n), ie. E = Mpen Bn and E, O Epyq Vn, then

m(E,) | m(E) provided that m(Ey) < +oo for some ng. Provide a counter-example
if the added condition is dropped.

Solution. (a) Clearly {m(E,)}>°, isincreasing. Let By = Ey, B, = E,\E,,—1 forn > 2.
Then {B,}5°, is a collection of pairwise disjoint sets in M such that Uf:;l B, = Ey
for all N. Hence, by the countable additivity of m,

m(E) =m(| ] En) =m(| ] Bn)
Oon—l n—lN
= m(By) = Jim_ > m(By)
n=1 n=1
= i, m(Ew)

(b) Clearly {m(E),)}5, is decreasing. Without loss of generality, we may assume that
m(E1) < 4oo. Define A, = E; \ E,. Then A, C A,y and ;2 A, = Ep \
(MaZ1 £n) = E1\ E. By (a),

m(E1 \ E) = lim m(4,) = nl;rlgo m(Ey\ Ep). (1)

n—oo

Since m(FE1) < 400, we have m(E), m(E,) < +oo, and hence
m(Ey\ E) =m(E1) —m(E) and m(E;\ E,) =m(E1) —m(E,).
This together with (1) implies that

m(Ey) —m(E) =m(E,) — lim m(E,),

n—o0

and hence lim m(E,) = m(E).

n—oo
A counter-example is given by taking (M, m) as the Lebesgue measure and E
[n,00) € M. Then clearly E,, | () and m(0) = 0 while m(E,,) = oo for all n.

2. Let p:=>"",a;xg, (each a; € R and E; € M) be a “simple function”.

(a) Show by MI that range(y) is a finite set (and so one can list all its non-zero values
b1,...,by for some N, unless ¢ is the zero-function); show that

N
o= ijchfl(bj) where ¢ (b)) := {2 : p(z) = b;}
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and
N
p= Z bjXy-1(b;,) where by = 0.
j=0
canonical
(Both representations can be referred as { normal representation of ¢.)
standard

N N
(b) Define /cp = Z bym(p (b)) = Z bym(p~(b;)) (with the convention that 0-00 =
Jj=1 J=0

0) whenever ¢ € Sy or ¢ € ST (meaning that the simple function ¢ is supported by
a set of finite measure or ¢ > 0). Show that if ¢ =" | a;xg, with each a; € R and
m(E;) < +oo, then [ ¢ =>"" | a;m(E;) provided that E;’s are pairwise disjoint (the
added condition can be dropped; see Q3 below).

Solution. (a) We prove by induction on m that ¢ = > """, a;Xg, has #(range(y)) < cc.
Here #(A) denotes the cardinality of A.

For m = 1, ¢ = a1xE,, and hence #(range(yp)) < 2 < oco. Suppose the statement
is true for m = k. For m =k + 1, let ¢ = Zle a;Xg,;- By induction assumption,
range(y)) = {b1,...,bn} for some N < co. Since ¢ =9 + ary1XE,,,, we have

range(y) C {b1,...,bn,b1 + ags1,...bN + ag1},

so that #(range(p)) < 2N < oo. Thus the statement is true by MIL.

Since range(y) is a finite set, we can list all its non-zero values by, ...,by for some
N, and write by = 0. Then clearly

N
Y= Z bjX=1(y)-
i=0

(b) Let ¢ = Y1 | aixg, with a; € R, E; pairwise disjoint and m(E;) < +oo for each i.
Without loss of generality, we may assume that a; # 0 Vi. Let o = Z;V:1 biXp-1(b;)
be its canonical representation. Then

U Eizgp_l(bj) forj=1,...,N,

1:a;=b;

and hence

j=1 Jj=1  ia;=b;
N n

Y Y wmE) = Yt
Jj=1li:a;=b; =1

<

3. Let p, ¥ € Sy with their canonical presentations ¢ = Eévzo bjiXp-1(p;) and ¥ = Z]szo CEXy—1(
Show that [ (¢ + 1) = [ ¢+ [ ¥

cr)*
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Solution. Let B; := ¢ 1(b;) and Cy := 1 1(cx). Since {Cy,...Ch} is a partition of R,
we have 224:0 xc, = 1. Then

N N M
p = ijXBj = ij(Z XCyp - XB;) = Z bixB;ncy, = Z bjXB;NCy-
=0 j=0 k=0

(4.k) (4,k)#(0,0)
Similarly
N M N
,(Z) = ZCkXCk = ch(z XBj : XCk) = Z Ck‘XBjﬁCk'
k=0 k=0 7=0 (5,k)#(0,0)

Note that {B; N Cy : (j, k) # (0,0)} are pairwise disjoint and m(B; N Cy) < +oo. In
particular ¢ 4+ = Z(m);é(o,o)(bj + ¢x)xB;nc, € So- Using Q2 twice, we have

/((P +9)= > (bj+e)m(B;nCy)

(4,k)#(0,0)
= Z b‘ (Bj NCk) + Z ckm(Bj N Cy)
(4,k)#(0,0) (4,k)#(0,0)

~ [+ [v

* (3rd: P.70, Q21)
(a) Let D and E be measurable sets and f a function with domain D U E. Show that f
is measurable if and only if its restrictions to D and E are measurable.

(b) Let f be a function with measurable domain D. Show that f is measurable if and
only if the function g defined by g(x) = f(x) for z € D and g(x) = 0 for = ¢ D is
measurable.

Solution. (a) (=): Suppose f is measurable. Then {x € DU E : f(z) > «} is measur-
able for any a € R. Fix o« € R. Then

{reD: f}D )>a}={x e DUE: f(z) >a}ND

which is measurable. Similarly {z € E : f‘ 5(7) > a} is measurable. Since o € R is
arbitrary, we have that f ‘ pand f ‘  are measurable.
(«): It follows immediately from the following equation:

{reDUE: f(z)>a}={xeD: f‘D )>alU{zreE: f‘E ) > a}.
(b) (=): Suppose f is measurable. Then

{reD: f(x)>a} if >0,

{xZQ(x)>O‘}:{{$ED:]P(I)>O{}UDC if a <0,

which is measurable in either cases. Hence g is measurable.

(«<): The converse follows immediately from (a) since f = g’ pp and D is measurable.

<
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5% (3rd: P.71, Q22)

(a)

Let f be an extended real-valued function with measurable domain D, and let D =
{z: f(x) = o0}, Dy ={z: f(x) = —oo}. Then f is measurable if and only if D; and
Dy are measurable and the restriction of f to D\ (D; U D3) is measurable.

Prove that the product of two measurable extended real-valued function is measur-
able.

If f and g are measurable extended real-valued functions and « is a fixed number,
then f 4+ g is measurable if we define f + g to be a whenever it is of the form oo — oo
or —oo + 00.

Let f and g be measurable extended real-valued functions that are finite almost
everywhere. Then f + g is measurable no matter how it is defined at points where it
has the form oo — oco.

Solution. (a) (=-): Suppose f is measurable. Then D; and Ds are measurable as usual.

Hence D \ (D1 U D») is measurable, and so is f‘D\(DluDQ) by 4(a).

(«): Suppose D; and Dy are measurable and f } D\( is measurable. Then, for

a € R,

D1UD2)

{z: f(z) >a} =Dy U{x: f‘D\(DluDz) > a}
which is measurable. Thus f is measurable.
Let f and g be measurable extended real-valued functions defined on D. Let Dy =
{fg =00} and Dy = {fg = —oo}. Then
Dy ={f=00,9>0}U{f=—00,9<0}U{f>0,9=00}U{f<0,9=—00},

which is measurable. Similarly, Dy is measurable. By (a), it suffices to show that
h:= fg‘D\(DluD2) is measurable. Let o € R. If o > 0, then

{z:h(z) >a} ={z: f‘D\{f::I:oo} -g!D\{gzioo} > al,

which is measurable; if a < 0, then
{z:h(z) >a}={z: f(z)=0}U{x : g(x) = 0}U{z: f‘D\{f:ioo}'g‘D\{g:ioo} > al,

which is also measurable. Thus h is measurable.
Therefore fg is measurable.

Let f and g are measurable extended real-valued functions and « is a fixed number.
Define f + g to be a whenever it is of the form co — co or —oo 4+ co. Then

Dy {f+g =00} = {f €Rg = s} U{f =g = 00} U{f = 00,9 € R}
is measurable, and so is Dy := {f + g = —o0}. By (a), it suffices to show that
h:=(f +g)‘D\(D1UD2) is measurable. Let 5 € R. If 8 > «, then
{w:h@) > B} = {2+ [l p\ (posoey + 91D\ (gmroey > B
which is measurable; if § < «, then
{z:h(z) > B} ={f =00, = -0} U{f =—00,9 = +oc0}
ULz flpypesoey T 9Dy ggmtoey = B

which is also measurable. Thus h is measurable.
Therefore f + g is measurable.
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(d) Let f and g be measurable extended real-valued functions that are finite a.e. Then
the sets D1, Dy, {x : h(z) > [} can be written as unions of sets as in (c), possibly
with an additional set of measure zero. Thus these sets are measurable and f + g is
measurable.

<

6.* Let ¢ € Sp and E € M. Define [, ¢ := [ ¢ xg. Show that ¢ — [, ¢ is linear:
[ersv=afe+s[ v vovesiadaser
E E E

Solution. Clearly, if ¢ € Sp and E € M, then ¢ - xg € Sp. Using the result in Q3, we
have

/E(go—i—w)2/(90'XE+¢'XE)Z/SD'XE+/¢'XE=/E<P+/E¢, Vi, eSp.

It remains to show that
/agpza/gp, VeSS and a € R.

Let o € R and ¢ € &y with canonical representation ¢ = Zj‘vzo bjXy-1(;)- Then ap =
Zé\fzo abjxs;, and hence, by Q2(b),

N N
/0490 = jz%abjm(Bj) = Oéjz(:)bjm(Bj) = 04/%

7% Let ¢ € Sp. Show that A — fA  is a linear “signed” measure on M.

Solution. Clearly [, = 0. It remains to show that if {A,}72; is a sequence of pairwise

disjoint, measurable sets, then
(e.)
/ p=> / ¢
U')?Lozl An n=1 An

Let ¢ € Sy have a canonical representation ¢ = Ejvzl bjxB,, where B;j := ¢~ 1(b;) satisfies
m(Bj) < +oo. Then ¢ - xy= 4, = Z;VZI biX(B,nU>_, A,) 18 also a simple function in Sy
with -
m(BjﬂUAn)gm(Bj)<+oo, j=1,...,N.
n=1

Since {4, }5° ; are pairwise disjoint, it follows from Q2(b) that

N o)
/OO ‘P:/SD'XU;’;IAn:ijm(BjmUAn)
Un=14n j=1 n=1

n=1
N o0 oo N
ZZ (BjNAn) =) bym(B;NAy)
n=1 n=1 j=1

i/ XAn:§A7L90
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Note that we can interchange the summation on the second line since

Zm(Bj N An) = ’I’)’L(Bj N U An) < +00.
n=1

n=1



