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Introduction

Let f : X — Y be a morphism between to topological spaces. A classical theorem
in homotopy theory says that if f is a fibration [WH][Chapter IV, Corollary 8.6] and
F := f~!(y) is a fibre of some y € Y, x € F, then we have a long exact sequence of pointed
sets

=P (Yy) = mP(Fr) - (X, 2) = o (Yiy) — g (Fa) = mp P (X x).
If the fibre F' is connected then ;P (F,x) = {2}, so we get an exact sequence of groups
- 1P (Y, y) = TP (F,x) — mP(X,2) — 7Y, y) — 1.

The above sequence is called the homotopy sequence (for f and y).
If { X, | @ €} isa family of pathwise-connected topological spaces, z, € X,, then

the canonical morphism
([ Xa [[2) = [[ 72 (Xa, 20)

acl acl

is an isomorphism for all n € N.

In [SGA1|[Exposé V] Grothendieck constructed for any locally noetherian connected
scheme X and any geometric point x — X a profinite group $*(X, 2) which is the analogue
of the topological fundamental group. In fact if X is a smooth connected complete scheme
over C then 7$*(X, ) is just the profinite completion of m;°> (X x). If f : X — S is a
separable proper morphism with geometrically connected fibres between locally noetherian
connected schemes, r — X is a geometric point with image s — S, Grothendieck shows in
[SGA1l Exposé X, Corollaire 1.4] that one has a homotopy exact sequence for the étale
fundamental group:

1 (X, 2) = wft (X, 2) — 71(S, ) — 1.
A similar case is that one can take X, Y to be two locally noetherian connected k-schemes
with k = k and suppose Y is proper over k, so if K is an algebraically closed field containing
k and if we take a K-point z = (z,y) : Spec(K) — X x; Y, then we get a canonical
morphism of topological groups

(X Yo 2) = (X ) o (Yoy).

Again Grothendieck shows in [SGATl Exposé X, Corollaire 1.7] that the canonical homo-
morphism is an isomorphism. This is called the Kiinneth formula for the étale fundamental
group. If we take K to be k itself then the Kiinneth formula is a direct consequence of
the homotopy exact sequence. If k ; K then one has to apply the following base change
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2 INTRODUCTION

theorem [SGA1l Exposé X, Corollaire 1.8] to reduce to the case when k = K. The base
change theorem states that the canonical map

TNX X, Ko % K) — 78X, z)

is an isomorphism between topological groups. Note that the base change theorem can be
thought of as a special case of the Kiinneth formula by taking Y = Spec (K), but it is not
a corollary for logical reasons.

Let X be a reduced connected scheme over a field k, x € X (k) be a rational point. If
we set N (X, z) to be the category whose objects consist of triples (P, G, p) (where P is an
FPQC G-torsor over X, (G is a finite group scheme, p € P(k) is a k-rational point lying over
x), whose morphisms are morphisms of X-schemes which are compatible with the group
action. M.Nori proved in [Nori, Part I, Chapter II, Proposition 2] that the projective limit

liin N(X.2) G exists in the category of k-group schemes (in the projective system we associate

to each index (P, G, p) the group G). Then he defined the fundamental group 7V (X, z) to

be the projective limit liLnN (X.2) G which is called Nori’s fundamental group nowadays. If

X is in addition proper over k and if k is perfect, Nori gave in [Nori, Part I, Chapter I] a
Tannakian description of his fundamental group: he defined 7 (X, z) to be the Tannakian
group of the neutral Tannakian category of Ess(X) (the essentially finite vector bundles
on X) with the fibre functor z* : V' — V|, and he showed that this definition is the
same as the one defined by the projective limit. If X is smooth instead of proper and k
is a perfect field of characteristic p > 0, H.Esnault and A.Hogadi gave another Tannakian
description of Nori’s fundamental group in [EH][Section 3 and 4]. They defined 7V (X, z)
to be the Tannakian category of finite generalized stratified bundles with the fibre functor
x* : (Vi,04,0 > 0) — Vg, and they showed that this definition coincide with the one
defined via projective limit.

If X is a smooth connected scheme over a field k£ with a rational point x € X (k), we can
consider the category of Ox-coherent Dy /,-modules which we will denote by Mod,.(Dx/x)-
Now let w, be the functor Mod.(Dx/;) — Vec; sending any Ox-coherent Dy ,-module
M to M]|,. One can check that the category Mod.(Dx/) together with w, is a neutral
Tannakian category, then we define its Tannakian group 7%%(X,z) to be the algebraic
fundamental group of (X, x).

Nori’s fundamental group and the algebraic fundamental group are all in some sense
generalizations of Grothendieck’s étale fundamental group. If X is a connected reduced
scheme over an algebraically closed field k, z € X (k), then 7¢*(X, z) is the k-points of the
pro-étale quotient of 7V (X, x). In particular if k has characteristic 0, then 7¢*(X, z) is just
the k-points of 7V (X, z). If X is a smooth connected scheme over a field k, x € X (k), then
7¢ (X, z) is the k-points of the profinite completion of 788(X, z). So it is a natural question
to ask how about the homotopy sequence and Kiinneth formula for Nori’s fundamental
group and the algebraic fundamental group. The main theme of this thesis is to answer
this question.

In Chapter 1 we collect some basic definitions, results which will be used in later
discussions. To start with, we introduce in §1 our major technical tool-Tannakian category.
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This is a very beautiful categorical characterization of the finite representations of an affine
group scheme. Most of the materials can be find in [De2] and [De3]. Since this theory has
been well developed and has very nice references, we only give a very brief introduction here
to make our thesis self-contained. Then we come to Nori’s fundamental group. This is our
major player. We start with the general definition of Nori’s fundamental group, where we

emphasize the existence of the projective limit lim N(X.2) G. In fact this is not very hard to

prove, the main point is that N(X, z) is a filtered category if X is reduced and connected.
We then come to Nori’s functor. Nori observed that giving a pointed torsor (torsor with
a fixed rational point) is the same as giving a functor satisfying certain conditions. In
§2.2 we reformulate Nori’s idea in a more categorical language-the category of pointed
torsors N (X, ) is equivalent to the category of Nori’s functors. The construction of the
equivalence is very natural, but some details are not very easy to check. Next we give a
sketch for the Tannakian description of Nori’s fundamental group both in the proper case
and in the smooth case. The main tool for the construction is of course Nori’s functor.
The general philosophy is that a torsor # : P — X over a proper base X is somehow
determined by the corresponding vector bundle 7,Op while for a smooth base X one needs
a sequence of bundles to identify it.

In Chapter 2, we discuss the homotopy sequence for Nori’s fundamental group. Part
of this work is based on the earlier work of H.Esnault, P.H.Hai , E.Viehweg in [EHV].
In [EHV][Section 2] H.Esnault, P.H.Hai , E.Viehweg, give a counterexample which shows
that homotopy sequence of Nori’s fundamental group is not always exact even for X — §
projective smooth and S projective smooth as well. And then they give a necessary and
sufficient condition for the exactness of the homotopy sequence of Nori’s fundamental group
under the assumption that S is a proper k-scheme. But unfortunately there is a gap in
the argument for the necessary and sufficient condition. In this chapter, our first goal is to
reformulate some similar conditions to make everything work. These works are contained in
Theorem 1.0.23 and Theorem 2.0.4, where we correct the mistake, improve the arguments
and make the wonderful ideas hidden in that article right and clean. The upshot is that
in Theorem 1.0.23 we don’t have to assume S to be proper, so the result applies to the
general definition of Nori’s fundamental group.

Then we make two applications of Theorem 1.0.23 and Theorem 2.0.4. We first apply
the criterion to show that the homotopy sequence for the étale quotient of Nori’s funda-
mental group is exact. The argument is independent of Grothendieck’s theory of the étale
fundamental group which was developed in [SGA1l Exposé X], so it can be seen as a new
proof of the homotopy exact sequence for the étale fundamental group (in the language of
Nori’s fundamental group). In [MS][Theorem 2.3] V.B.Mehta and S.Subramanian proved
that Kiinneth formula holds for Nori’s fundamental group if both X and Y are proper
k-schemes. In §2, we apply Theorem 2.0.4 to give a neat proof for the Kiinneth formula of
the local quotient of Nori’s fundamental group. This can be thought of as a new proof of
[MS][Proposition 2.1] which is the key point for the proof of [MS][Theorem 2.3].

In the end of this chapter, we give a counterexample to show that [MS][Theorem 2.3]
does not work if X or Y is not proper, where we take X = Al and Y = F to be a
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supersingular elliptic curve and k£ to be an algebraically closed field of characteristic 2.
This also provides another counter example to show the failure of the exactness of the
homotopy sequence for Nori’s fundamental group (in the split case).

In Chapter 3, we proved that homotopy sequence is exact for the algebraic fundamental
group in characteristic 0. The proof is very tricky. Our major tool is the criterion for
the exactness of a sequence of affine group schemes provided by the properties of the
corresponding functors. There are three conditions (a), (b), (c¢) in the criterion, we have to
check them one by one. Among them (a) and (b) are relatively easy to check while condition
(c) is very difficult. We do not prove (c) directly, instead we prove (c) for a special case:
"the generic geometric point” (Chapter 3, §2), this part arises from a cleaning work of
the letter [EJ, the main idea is from that letter. Then we come back and say that if the
homotopy sequence is exact in this special case then it is exact in general. Unfortunately,
in the way we reduce our problem to the special case we used some transcendental method.

Although we strongly believe that the homotopy sequence is also exact in characteristic
p, we could not prove it at this moment. But in the end of this chapter we obtained the
exactness for a special case—the Kiinneth formula. This is an easy consequence of Phung
Ho6 Hai’s work on 0-th Gauss-Manin for stratified bundles [Hail.
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CHAPTER 1

Preliminaries

1. Tannakian Formalism

The notion of a neutral Tannakian category can be thought of as a linearization of
the notion of a Galois category which is developped in [SGAI|[Exposé V]. It gives a
characterization of the category of finite representations of an affine group scheme. In this
section we will recall briefly some basics about neutral Tannakian categories which will
serve as the main technical tool in our following discussions. For more details one can find
in [De2| and [De3].

DEFINITION 1.0.1. Let € be a category and
®R:Ex€—=C
(X, V)~ X®Y
a functor which satisfies
(1) "A”: an associativity constraint for (€, ®) is a functorial isomorphism

Oxyvz XY ®Z) =R XeY)®~Z
which satisfies the commutative diagram for all the objets X,Y, Z,T € €

XY ®Zal) =XV (ZaT) ——=(XeY)22)aT.
o ]
Xo(Ye2)eT) ? (Xe(Y®2Z)®T
(2) 7C”: a commutativity contraint for (€, ®) is a funtorial isomorphism

oxy XY SY®X

which satisfies
Py,x 0 pxy = ldxgy.
Moreover ¢ and ¢ are compatible in the following sense: the diagram

Xo¥Y0Z) - (XeY)9Z -2 (XaY)

100 | |+

X@ZRY) = (X02)0Y 25 (ZaX)0Y

1s commutative.
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(3) 7U”: the unit: a pair (U,u) consists of an object U € € and an isomorphism
u: U — U ® U such that the functor X — U ® X induces an equivalence of
categories.

The category € which satisfies the conditions "A”, ”"C”, 7U” ("ACU” for short) above is
called a ®—category (tensor category).

LEMMA 1.0.2. Let (U,u) be the unit object of a tensor category €. Then

(1) There is a unique functorial isomorphism
Ix : X=2UR®X
which satisfies

(a) ly = u;
(b) The diagrams

XY U (XeY) Xov- 2L us)XeY

e

Xoy Z-UeX)eY XY —=UeX)®Y

are commutative.
(2) If (U',u') is another unit of €, one has a unique isomorphism t : U — U’ such
that
U——UU

tl \Lt@t
U/ U’H/ U/ ® U/

18 a commutative diagram.

DEFINITION 1.0.3. A tensor category € is called rigid if

(1) for X,Y € € the functor
Hom(X,Y):T — Hom(T ® X,Y)

is representable;
(2) any X € € is reflexive, i.e. the canonical morphism

Hom(X,U)® X — U
which corresponds to the identity automorphism of Hom(X,U) induces an iso-
morphism
X — Hom(Hom(X,U),U);
(3) for all X, Xy, Y],Ys € € the canonical morphism
Hom(X, Y1) ® Hom (X5, Ys) — Hom(X; ® X», Y1 ® Ya),
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induced from
(Hom(X1,Y7) ® Hom(X», Y2)) ® (X7 ® Xo)

~(Hom(X1,Y)) ® X;) ® (Hom(X5,Ys) ® X3) S Y ® Vs

(where ev; corresponds to the identity automorphism of Hom(X;,Y;) (i = 1,2)) is
an isomorphism.

DEFINITION 1.0.4. A tensor category € is called an abelian tensor category if it is
equipped with a structure of an abelian category which makes ® a bi-additive functor.

REMARK 1.0.5. Let € be an abelian tensor category. If R := End(U) is a commutative
ring, Hom(X,Y) is naturally an R—modules for all the objets X,Y € €.

DEFINITION 1.0.6. Let k be a field. An abelian tensor category € is called k-linear if
there is an isomorphism End(U) = k, where U is the unit of €.

DEFINITION 1.0.7. A tensor functor between two tensor categories (€, ®) and (€', ®') is
a pair (F, c) which consists of a functor F' and functorial isomorphisms cxy : F(X ®Y) =
F(X)® F(Y) with the following properties:

(1) A: for all X|Y, Z € €, the diagram

FX)® (FY)®F(2) 2L FX)@ F(Y ® Z) = F(X (Y ® Z))

¢’J{ J{(lﬁ
(FX)® F(Y)®F(2) 2L FX®Y)® F(Z) > F(X®Y)® Z)
is commutative;

(2) C: for all X,Y € €, the diagram
FX®Y)—=F(X) FY)

F(W)\L J/go’

FY®X)—=F(Y)® F(X)

is commutative;

(3) U: (F(U), F(u)) = (U',«'), ou (U,u) is the unit of € and (U’,v’) is the unit of €.

PROPOSITION 1.0.8. Let (F, c) be a tensor functor between two rigid tensor categories €
and €. The canonical morphism F(Hom(X,Y)) — Hom(F(X), F(Y)) is an isomorphism
forall XY € €.

DEFINITION 1.0.9. A tensor functor (F,c) : € — €' is called a tensor equivalence if F'
is an equivalence of categories. Let (G,d) : € — € be another tensor functor. A morphism
of tensor functors (F,c) — (G,d) is a morphism of functors A : F' — G which makes the
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following diagram commutative:

Qi1 F(X;) — F(®ier Xi) |

AXiJ{ lA(Q@ieIXi)

RierG(X;) = G(@ier X;)
for I={1,2} or I =0, X; € €.

PROPOSITION 1.0.10. Let (F,c) : € — & be a tensor equivalence. There is a tensor
functor (G,d) : € — € such that Go F = idg and F oG = idy, where all the isomorphisms
of functors are tensor isomorphisms.

DEFINITION 1.0.11. Let k be a field. A neutral Tannakian category is a rigid k-linear
abelian tensor category € equipped with a k-linear exact faithful tensor functor

w : € — Vecy,
where Vecy, is the category of finite dimensional k-vector spaces.

DEFINITION 1.0.12. Let € be a neutral Tannakian category with the fibre functor
w : € — Vecy. We denote by Aut®(w) the functor from the category of k-schemes to the
category of groups which associates to each k-scheme X the group of tensor automorphisms
of the following functor

¢C—— MOd(Ox)
T +— w(T) ®k Ox.

THEOREM 1.0.13. Let € be a neutral Tannakian category with the fibre functor w : € —
Vecy,. Then

(1) Aut®(w) is representable by an affine group scheme G over k;
(2) There is a k-linear tensor equivalence h : € — Rep,(G) such that Foh = w, where
F' is the forgetful functor Rep,(G) — Vec.

THEOREM 1.0.14. Let G, G’ be affine group schemes over a field k, w, w' be the forgetful
functors Rep,(G) — Vecy, Rep,(G') — Vecy respectively. For any tensor functor T :
Rep,.(G') — Rep(G) such that wo T = W' (tensor k-linear isomorphic), there is a unique
morphism of k-group schemes f : G — G’ such that the functor w’ : Rep,(G’') — Rep,(G)
induced from f is tensor k-linear isomorphic to T

DEFINITION 1.0.15. ([De2][6.16]) Let € be a rigid abelian tensor category. For an
object X € €, the tensor category generated by X is the full sub-category of € which
consists of the sub-quotients of the direct sums of {X®"|n € Z}, where X®" for n negative
stands for Hom(X®(=) U)).

THEOREM 1.0.16. Let GG be an affine k-group scheme.
(1) G is finite over k if and only if there exists an object X € Rep,(G) such that each
object of Rep,(G) is isomorphic to a sub-quotient of X™ (n—th direct sum of X)
forn > 0.



2. NORI'S FUNDAMENTAL GROUP 5

(2) G is algebraic if and only if there is an object X € Rep,(G) such that X is a tensor
generator of Rep,(G).

DEFINITION 1.0.17. Let € be a rigid k-linear abelian tensor category, S a k-scheme. A
fibre functor of € over S is a k—linear exact tensor functor w from € to the category of
quasi-coherent sheaves on S.

THEOREM 1.0.18. Let € be a rigid k-linear abelian tensor category, S = Spec(B) a
k-scheme. Then any two fibre functors of € over S are locally isomorphic in the FPQC-
topology, i.e. there exists S’ = Spec (B') on S, faithfully flat, such that all fibre functors
wy and wy becomes isomorphic after an extension of scalars from S to S'.

THEOREM 1.0.19. (JEPS][Appendix Theorem A.1]) Let L - G % A be a sequence of
homomorphisms of affine group schemes over a field k. It induces a sequence of functors:

Rep,(A) L Rep,(G) L Rep, (L),

where Rep,(—) denotes the category of finite dimensional representations of — over k. Then
we have
(1) The group homomorphism p : G — A is faithfully flat if and only if p*Rep,(A) is
a full subcategory of Rep,(G) and closed under taking subquotients.
(2) The group homomorphism q : L — G is a closed immersion if and only if any object
of Repy(L) is a subquotient of an object of the form ¢*(V') for some V € Rep,(G).
(8) Assume that q is a closed immersion and that p is faithfully flat. Then the sequence
LLGE Ads exact if and only if the following conditions are fulfilled:
(a) For an object V € Rep,(G), ¢*V € Repy(L) is trivial if and only if V = p*U
for some U € Rep,(A)
(b) Let Wy be the mazimal trivial subobject of ¢*V in Rep,(L). Then there exists
Vo CV in Rep,(G), such that ¢*Vo = Wj.
(¢) Any W in Rep,(L) is embeddable in ¢*V for some V € Rep,(G).

2. Nori’s Fundamental Group

Nori’s fundamental group scheme is in some sense a generalization of Grothendieck’s
étale fundamental group. If X is a connected reduced locally noetherian scheme over an
algebraically closed field k£ which admits a rational point, then the étale fundamental group
is just the k-points of the pro-étale quotient of Nori’s fundamental group. In this section
will follow Nori’s influential paper [Nori] and also include some recent development [EH].
We first give the most general notion of Nori’s fundamental group for a connected reduced
scheme over a field. Then we introduce a very powerful tool-Nori’s functor—using which
we can get the Tannakian descriptions of Nori’s fundamental group for X proper and X
smooth respectively.

2.1. The General Definition.

DEFINITION 2.1.1. Let X be a scheme over a field k, x € X (k). We denote by N(X, x)
the category whose objects consist of triples (P, G, q), where P is an FPQC G-torsor
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over X, GG is a finite k-group scheme, ¢ € P(k) is a k-rational point lying over x, whose
morphisms between two objects (P, G, q) and (P',G’, ¢') are pairs (¢, h), where h : G — G’
is a homomorphism of k-group schemes and ¢ : P — P’ is an X-scheme morphism sending
q to ¢’ which is also compatible with the group actions. Note that N (X, ) is equivalent
to a small category.

DEFINITION 2.1.2. Let I be a category which is equivalent to a small category. We say
I is filtered if it satisfies the following:
(1) for any 4,5 € I there exist an object k and two morphisms k — i, k — j in [;

(2) for any two arrows u,v : j — i there exists an arrow w : k — j such that
uow =wvow in Hom(k,1).
If I admits a final object, then the above is equivalent to the following: for any two
morphisms v : j — ¢ and v : £ — ¢ in I, there are two morphisms a : l — jand b: [ — k
such that uoa =wvob.

ProrosITION 2.1.3. [Nori|[Chapter II, Lemma 1] If X is a reduced connected locally
noetherian scheme over a field k, x € X(k), then N(X,z) is a filtered category.

PRrROOF. It is enough to see that for any two morphisms
(¢i hi) + (P, Gispi) — (Q, H,q) € N(X, z)
where i = 1,2, the triple (P, X P, G1 X g Ga, p1 X4p2) is an object in our category N (X, z).
First note that the triple (P} X x P2, G1 X Ga,p1 Xg p2) is in N(X, z) and that one has
two closed imbeddings:
Pl XQPQ‘—>P1 ><ng
and
G1 Xa GQ — G1 Xk GQ.
Furthermore, the action of Gy X, G2 on P; X x P, induces an action of Gy XgGa on Py X P.
In fact one can check easily that the following morphism
(P1 XQ PQ) Xk (G1 Xa Gg) — (P1 XQ Pz) Xx (Pl XQ PQ)
which is induced by the isomorphism
(P1 Xx P2) Xk (G1 Xk GQ) - (P1 Xx P2) Xx (Pl Xx Pz)
is an isomorphism itself. Now let Y be the quotient of P, xg P, by G X G,
q: P1 XQ P2 — Y

be the quotient map. Then there is a canonical finite morphism of schemes 7 : ¥ — X
(because X is invariant under the action of Gy X G2). Consider the following commutative
diagram:

o

(Pl XQ Pg) Xk (Gl Xa Gg) —_— (P1 XQ P2) Xx (P1 XQ PQ) .

qOPTl\L \quq

Y Y xxY
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Since ¢ is finite faithfully flat, the vertical arrows in the above diagram are all finite and
faithfully flat, so A is also faithfully flat. But A is a closed immersion, thus it must be an
isomorphism. Hence the finite morphism 7 : ¥ — X is a monomorphism in the category
of schemes. Thus it has to be a closed immersion. Now look at the following diagram

P XQPQC—>P1 XXPQ.
p |
Y : X
Since P; X P, is the fibre of the neutral element of G under the following map

Pixx P27 0%y Q 5 Q% G2 G,

so it must be both open and closed in P; X x P5. But the map P; X x P, — X is finite flat, so
Y, as the image of P, xo P under P, x x P, — X is both open and closed. As X is connected
and reduced we have Y — X is an isomorphism. Now we have ¢ : P, xg P» — Y = X is
finite flat and the map

(Pl XQ Pg) Xk (G1 Xa Gg) — (Pl XQ Pg) Xx (Pl XQ Pg)
is an isomorphism, so the triple

(P1 XQ PQ,GI Xy G27p1 qug) S N(X,ZL')

g

LEMMA 2.1.4. Let I be a filtered category, X be a scheme. Let Aff(X) be the category
of affine schemes over X (i.e. the category of affine morphisms to X ) and F : I — Aff(X)
be a functor. Then the projective limait

lim £(i
iel
exists in the category of affine schemes over X.

REMARK. This lemma is a very standard fact in scheme theory, the proof is quite easy,
we will leave it to the reader.

THEOREM 2.1.5. [Nori][Chapter II, Proposition 2] Let X be a reduced connected locally
noetherian scheme over a field k, v € X (k). Then there exists a triple ()?;,WN(X, x),T),
where ™™ (X, x) is a profinite k-group scheme, X, is a 7N(X, z)-torsor in FPQC topology
over X, T € )?;(k:) is a rational point lying above x, which satisfies for any (P,G,q) €
N(X,x) there exists a unique morphism

(6, h) : (Xo, 7 (X, 2),7) — (P,G,q),

where h : ©™V(X,2) — G is homomorphism of k-group schemes and ¢ : )?; — P s a
morphism of X-schemes sending T to q which is also compatible with the group actions.
The group scheme ™ (X, z) is usually called the Nori’s fundamental group.
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PROOF. We have two functors
Fx : N(X,z) — Aff(X), (P,G,q) — P

and
wx : N(X,z) — Aff(Spec (k)), (P,G,q) — G.
By the lemma above we have two projective limits

X, = lim  Fy(i) and  V(X, )= lim  7x (i)
1EN(X,z) 1EN(X,z)

)?; is an affine scheme over X which admits a rational k-point T obtained by the universality
of the projective limit. 7V(X, z) is an affine scheme over k, but it also carries a structure
of an affine group scheme over k. This follows from the following simple formula:

Im 7y (i) xp lm 7x(i) = lim (7x(2) xp 7x(2)).
1EN(X,z) 1EN(X,z) 1EN(X,z)

This canonical isomorphism defines for us the multiplication of lim _ (X)X (1):

@ WX(i) Xk m Wx(i> — h£1 Wx(i).
iEN(X,) iEN(X,z) iEN(X,x)
Furthermore with this group scheme structure 7™ (X, z) becomes a projective limit of these
mx(1),1 € N(X,z) in the category of affine group schemes.
Now the triple (X,, 7" (X, ), %) has the property that for any i := (P, G, q) € N(X, z)

there is a map .

(63, i) = (Xo, 7V(X,2), %) — (P, G, q)
defined by seeing i = (P,G,q) € N(X,z) as an index. To see that the map (¢;, h;) is
unique we suppose there is another map

(1) : (X, 7N(X,2),2) — (P.G,q).
Considering the construction of 7¥(X, ) in terms of Hopf-algebras, it is clear that there
is an index j := (P',G',¢') € N(X,x) such that h factors the canonical map

hj: (X, 1) — G

Thus we get a commutative diagram

(X, 7N(X, @), )

(v,9)

(P, G'.q)

(P,G,q)

But by the very definition of a projective limit, we know that (¢, g) o (¢;, hj) = (¢4, hi).
Thus (¢;, hi) = (¢, h). This completes the proof. O

PRrOPOSITION 2.1.6. [Nori][Chapter II, Proposition 4] Let X be a connected reduced
locally notherian scheme over a field k, z,y € X (k). Then 7™¥(X,x) is an inner twist
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of #™¥(X,y) and they are isomorphic (non-canonically) after pulling back to the algebraic
closure of k.

ProprosITION 2.1.7. [Nori|[Chapter II, Proposition 5]Let X be a connected locally
noetherian scheme separable over a field k, x € X(k). If k C [ is a separable algebraic
extension, then the canonical map

V(X xp Lo g 1) — 7V (X, 1) xp 1
1s an isomorphism of l-group schemes.

PROPOSITION 2.1.8. [Nori][Chapter II, Proposition 6]Let f : X — S be a proper
separable surjective morphism between two connected reduced locally noetherian schemes
over a field k with geometrically connected fibres, s € S(k), x € X(k) such that f(z) = s.
Then the induced map

™ (X, z) — 7N(8S, s)

18 surjective.

PROOF. We only have to show that for any (P,G,q) € N(S,s) which corresponds to
a surjection 7V(S,s) — G remains a surjection after composing with the canonical map
V(X x) — 7N(9, s).

Let H be the image of the composition 7V(X,z) — 7™(S,s) — G. This map gives us
via Theorem 2.1.5 a morphism

(P',H,q) — f*(P,G.q) € N(X, ).

Let V be the 0-th direct image of the structure map P’ — X. Then by the conditions we
have imposed on f, there is a vector bundle W on S such that f*W = V. One checks
readily that W is a sheaf of Og-algebras and it carries an action from H which makes it
a H-torsor. Thus if we write P, := Spec (W) then we get an object (P, H,q1) € N(S,s)
and a morphism
(P1,H,q1) — (P,G,q) € N(S,s)

extending the inclusion H C G. So by Theorem 2.1.5 we get a morphism 7V (S,s) — H
which factors the surjection 7V (S, s) — G. This implies H C G is actually an isomorphism.

g

2.2. Nori’s Functor.

DEFINITION 2.2.1. Let X be a scheme over a field k, x : S — X be a k-morphism. We
will use P(X,z) to denote the category whose objects consist of triples (P, G, ¢q), where P
is an FPQC G-torsor over X, G is an affine k-group scheme, p : S — P is a k-morphism
which after composing with the projection P — X is x, whose morphisms between two
objects (P,G,q) and (P',G’, ') are pairs (¢, h), where h : G — G’ is a homomorphism of
k-group schemes and ¢ : P — P’ is an X-scheme morphism sending ¢ to ¢’ which is also
compatible with the group actions.

DEFINITION 2.2.2. Let X and S be schemes over a field k, z : S — X be a k-morphism.
We will use F/(X, z) to denote the category whose objects are triples (Fib, G, 1), where G
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is an affine k-group scheme,
Fib : Rep,(G) — Coh(X)

is a fibre functor (faithful exact k-linear tensor functor), ¢ is an isomorphism of tensor
functors between z* oFib : Rep,(G) — Coh(S) and the composition of the forgetful functor
with the canonical pull-back functor, as is indicated in the following 2-commutative diagram

Rep;, (&) — Coh(X) ,
Vecy Coh(S)

whose morphisms between two objects (Fib, G,v) and (Fib’, G’, ') are pairs (¢, h), where
h : G — G’ is morphisms of k-group schemes, ¢ is an isomorphism of tensor functors
making the diagram

Rep,,(G')
&b’\\
h* Coh(X)
i
Repk(G)

2-commutative and is compatible with ¢) and v’ in the obvious way.

THEOREM 2.2.3. [Nori|[Chapter I, Proposition 2.9] There is a natural equivalence be-
tween P(X,x) and F(X,x).

ProoF. We will set up two functors
A:P(X,z)— F(X,z) and V:F(X,z) = P(X,x)
and then prove that they are quasi-inverse to each other.

Given (P,G,q) € P(X,z), by lemma 1.31 below we know that for any V' € Rep,(G)
the scheme P x“ Ay (Ay := Spec (Sym,(V))) is a vector bundle of rank dimy, V', and this
operation is functorial in V. So we have defined a functor

Fib : Rep,(G) — Coh(X)  sending V — P x% Ay.
Now we pull back the vector bundle P x% Ay along z : S — X. Then we get
Yy S xx Px%Ay 28 x,Gx%Ay =28 x; Ay,

where the first isomorphism is given by the section p : S — P and the second isomorphism
is canonical. This gives us the desired isomorphism of functors ¢ from x* o Fib to the
composition of the forgetful functor with the pull-back functor. If we have a morphism

(0.h): (P,G.q) = (P",G'.q) € P(X, ),
then for any V' € Rep,(G), ¢ induces a morphism
P x% Ay — P' x%Ay.
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This gives the desired isomorphism of functors which makes the diagram
Rep, (G)
&b;
h* Coh(X)

i

Repk(G)

commutative. And one can check that this isomorphism is also compatible with 1 and 1.
So we get the functor A.

Now suppose we have a triple (Fib, G,v¢) € F(X, ). Let k[G] € Rep,(G) be the right
regular representation. Then Fib(k[G]) is a coherent sheaf on X. By [De2][2.8] Fib(k[G])
is a vector bundle. Since Fib is tensor functor we get a ring structure on Fib(k[G]) by
defining the multiplication as

Fib(k[G]) ®o, Fib(k[G]) — Fib(k[G]) := Fib(k[G] @4 k|G| — k[G]),
the unit as
Fib(k) — Fib(k[G]) := Fib(k — k[G)).
Since Fib(k[G]) is a vector bundle, P := Spec, (Fib(k[G])) is finite faithfully flat X-
scheme. Because the right regular representation of k[G] comes from the left translation
of G and the map

G X Gy — Gy x;, Gy (,y) = (z,2y)
is G-invariant (where G; = Gy = G3 = G4 = G as k-group schemes but G, is equipped
with the trivial G-action while the others are equipped with the left translation), so we
can apply Fib(—) to the corresponding map

k[Gy) X1, k[Ga] = E[G1] xx k[G)
and get
Fib(k[Gs]) @0, Fib(k[G4]) = Fib(k[G1]) @0 Fib(k[Ga]).
As k[G3] is equipped with the trivial G-action, Spec,  (Fib(k[G)])) = G x; X. So if we
apply Spec o, (—) to the above isomorphism, we will get an isomorphism of X-schemes
Px,G= PxxP.

One checks readily that this map composing with the second projection P X x P — P gives
an action of G on P. So P equipped with this action is an FPQC G-torsor over X. As 1
is an isomorphism of tensor functors so it induces an isomorphism

2*Fib(k[G]) = k[G] ®; Og
as sheaves of Og-algebras. Taking spectrum on both sides we get an isomorphism

kaSiPxXS.
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The identity point of G x; S gives us an S-point p : S — P lifting x : S — X. Now
suppose we have a morphism

(¢, h) : (Fib,G,v) — (Fib',G",¢") € F(X, ).
We have canonical morphisms of O x-algebras
Fib/(k[G']) = Fib(k[G']) — Fib(k[G]),

where the first arrow is induced by ¢ and the second k[G'] is equipped with the action of
G induced by h. These morphisms will induce a morphism of X-schemes ¢ : P — P'. It
is very easy to see that ¢ is compatible with the actions, and since ¢ is compatible with 1
and 1)’ we also see that ¢ sends p +— p’. This gives the functor V.

One can check that A and V are quasi-inverse to each other. So we have the equivalence
of categories. O

REMARK. Let (P,G,q) € P(X,xz), (Fib,G,v) := A(P,G,q) € F(X,z). The fibre
functor Fib is usually called Nori’s functor in the literature.

PROPOSITION 2.2.4 (Definition-Proposition). Let X be a scheme, G be a group scheme
over X, P be a right G-torsor in FPQC-topology, F/X be an affine X-scheme with a
G-action, then there exists an affine X -scheme P x¢ F and a morphism of X -schemes
Px F — PxYF which can be regarded as the quotient of P x F' (as FPQC-sheaves) under
the G-action: g x (p,x) — (pg, g 'x). This P x F is called the contracted product of P

and F'.

PROOF. In the following we set P, = P, = P. Let ¢ : P, X P, X F — P} X P, X F' be
the P, x Py-map sending (p, pg, f) to (p,pg,g ' f). It is not hard to check ¢ satisfies the
cocycle condition, thus the P—scheme P x F can be descent to an affine X-scheme P x¢ F
and we have a cartesian diagram:

PxF -2~ pxGp.

L

P X

Now consider the following map
p:PxPxF—PxF sending (p,pg, f) — (g, g f).
If we regard the X-scheme P x F' as the descent of the P-scheme
pro: P X P X F — P,

then it is easily seen that p is compatible with the descent data on both sides. Thus p
descends to an X-scheme morphism ¢ : P x F' — P x“ F making the following diagram:

PxPxF-—'=pPxF "'>p

Prlsl l/\
7 Y

PxF PxGF X
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commutative. But the diagram

PXxPxF-—t~PxF

mﬁ &

PxF—2 s~ pxGF

is already commutative as one can see this by pulling the diagram back along A : P X F' —
P x% F. This implies ¢ = X (because p is FPQC). So the left square of the commutative
diagram

pri

PxPxF-"'>=pPxF ">p

Pmsl l/\
A Y

PxF Px¢F - >X
is cartesian (because it is the case for the left square and the composition of the two
squares). This implies A is the FPQC-quotient. O

LEMMA 2.2.5. Let G be a group scheme over a field k, P be a right G-torsor in FPQC-
topology over an k-scheme X, V € Repy(G), Ay = Spec (Sym,(V)), then P x% Ay is a
dim V' dimensional vector space over X.

PROOF. In the proof of the above proposition we set F'= Ay x; X, G/X = G x; X. If
we know ¢ : Py X Po X F' — Py x Py x F' is induced from an automorphism of V®;Op, « p, then
we can descent V ®;Op to a locally free O x —module £ and the symmetric O x-algebra of it
can be identified with P x& Ay in the category of X-schemes. Then by definition P x& Ay
is a vector bundle of dimg V" over X. So, now our task is to prove ¢ is induced from an
automorphism of the k—vector space V. Let F), be the X —scheme Spec(Sy+S;+---+.5,),
where S; are the homogenous components of Sym, (Ox ®; V). Then for each n we have
natural closed immersion i,, making the following diagram commutative:

PLxPyx F, "= Pyx P, x F,

] Ji

P1><P2XFT>P2><P1XF

This tells us the automorphism of Sym,, (Ox ®; V') induced by ¢ is a homogenous map,
thus there exists an automorphism of V ®j Op,«p, as Op,x p,—modules which induces ¢.
This concludes the proof. U

2.3. Nori’s Fundamental Group on a Proper Base. In this subsection we assume
X is a proper reduced connected scheme over a perfect field k. All the results in this section
are taken from [Nori][Chapter II, §2].

DEFINITION 2.3.1. A vector bundle V on X is called finite if there are two polynomials
f(X),9(X) € N(X) (i.e. polynomials with non-negative integer coefficients) such that

f(X) # g(X) but f(V) = g(V).
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LEMMA 2.3.2. Let V' be a vector bundle on X, S(V') be the set of all isomorphic classes
of the indecomposable components of V"™ for n € N, then V is finite if and only if S(V)
s a finite set.

REMARK. In the proof of this lemma one needs Krull-Remak-Schmidt theorem for
coherent sheaves. So it is crucial that the base X is proper. Note that if a vector bundle
V' can be written as a direct sum V = M @& N of coherent sheaves then M and N are
automatically vector bundles, so we can apply the theorem here.

COROLLARY 2.3.3. The category of finite vector bundles is stable under taking finite
direct sums, direct summands, finite tensor products, duals. More specifically we have for
any two vector bundles Vi and Vo on X

(1) Vi, Vy is finite = Vi @ Vo, Vi @ Vo, VI are finite;

(2) Vi ® Vs is finite = Vi is finite.

PROOF. The proofs of the items of (1) are quite similar, we take V; ® V5 as an example.
Since S(V1) and S(V3) are all finite, we can take all isomorphic classes of the indecomposable
components of Fy ® Ey for all F; € S(V;) and Ey € S(V,). This set is finite by Krull-
Remak-Schmidt theorem. And one can see easily that this set is precisely S(V; @ V3).

For (2) one just has to observe that S(V;) C S(V; @& V3). O

LEMMA 2.3.4. If X s a proper smooth geometrically connected curve over k, then a
finite vector bundle on X s semistable of degree 0.

DEFINITION 2.3.5. Let X be a proper connected reduced scheme over a perfect field
k. A vector bundle V' on X is called semi-stable of degree 0 if for any proper smooth
geometrically connected curve and any morphism f : Y — X which is birational onto
its image the pull-back f*V is semi-stable of degree 0. Since any complete curve is also
projective so it makes sense to talk about semi-stable bundles on X by just assuming X
proper (not projective).

COROLLARY 2.3.6. A finite vector bundle on X is always semi-stable of degree 0.

PROPOSITION 2.3.7. The full subcategory SS(X) C Coh(X) of the category of coherent
sheaves on X which consists of semi-stable vector bunldes of degree 0 as objects is an abelian
category.

PRrROOF. First note that the claim is true if X is a proper smooth connected curve. So
if V. — W is an injective map of semi-stable vector bundles of degree 0 over X then it is
enough to show that both the kernel and cokernel are vector bundles. But each two closed
points of X are contained in a integral closed sub-scheme of dimension 1 in X, and each
integral closed sub-scheme of dimension 1 is the image of some proper smooth connected
curve f : Y — X with f birational. So the map V' — W has constant rank after restricting
to each closed point. This tells us that the kernel and cokernel of V' — W are all vector
bundles. U
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REMARK. This proposition is not true if X is not proper. For example if X is affine,
then the only connected closed sub-schemes which are proper over k are the closed points.
This implies for any map f : Y — X with Y a proper smooth connected curve, the image
is just a closed point. So all vector bundles on X are semi-stable of degree 0. But all the
vector bundles certainly does not form an abelian category in general. So the properness
is crucial here.

DEFINITION 2.3.8. We use Ess(X) to denote the full sub category of SS(X) consists
of objects which are subquotients of finite vector bundles. Objects in Ess(X) are called
essentially finite vector bundles.

PROPOSITION 2.3.9. Ess(X) is a k-linear abelian tensor category. If X admits a k-
rational point x then End(Ox) = k and we have a canonical fibre functor V w— V|, so
then Ess(X) equipped with this fibre functor is a neutral Tannakian category.

PROOF. Ess(X) is obviously an abelian category and is k-linear. The fact that it is
also a tensor category is from Corollary 1.34. If X admits a k-rational point then it is
geometrically connected, so End(Ox) =I'(X,Ox) = k. So Ess(X) is a neutral Tannakian
category. [

LEMMA 2.3.10. Let = € X(k) be a rational point. Let P — X be a G-torsor in
FPQC-topology with G a finite group scheme over k. By 1.2.2 there exists a fibre func-
tor Rep,(G) — Coh(X). This functor factors through the inclusion Ess(X) C Coh(X).
Conversely, if V € Ess(X), then there exists a G-torsor P — X in FPQC-topology with
G a finite group scheme over k such that V is in the essential image of the induced fibre
functor.

REMARK. The first part of this lemma is basically from the fact that any finite rep-
resentation is embeddable into a direct sum of regular representations. The second part
of this lemma is from the fact that V is a subquotient of finite vector bundles so the sub

Tannakian category generated by this object is represented by a finite group scheme over
k.

THEOREM 2.3.11. Let X be a proper reduced connected scheme over a perfect field k.
x € X(k) be a k-rational point. N(X,z) be the category of pointed torsors as in 1.2.1.
Then for each object i = (P,G,p) € N(X,x) there exists a functor Rep,(G) — Ess(X) and
a 2-commutative diagram

Rep.(G) Ess(X) .

~.

Vecy,
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Since the correspondence is functorial (1.2.2) we can pass to the 2-direct limit and get a
2-commutative diagram

N . .
Repk(” (X7 1;)) - l£>ni€

N(X,.’E) Repk<G’L) ESS(X) .

\/

Vecy,

Then the horizontal arrow in the above diagram is a tensor equivalence. Furthermore, the
above diagram corresponds via 1.2.2 to the universal triple (X,, 7V (X, x),Z) which we have
discussed in 1.2.1.

REMARK. The above theorem follows easily from the above lemma and the universality

of the triple (X,, 7V (X,x),Z). It gives a Tannakian description of 7% (X, x). But unfor-
tunately, there are two crucial points where properness is used. So it is a very interesting
question to ask about the Tannakian description of 7% (X, ) for non-proper X. In the
next subsection we will discuss the Tannakian description of V(X x) for X smooth which
was developed by H.Esnault and A.Hogadi.

2.4. Nori’s Fundamental Group on a Smooth Base. In this subsection we assume
X is a smooth connected scheme over a perfect field k of characteristic p > 0. All the results
in this section are taken from [EH].

DEFINITION 2.4.1. For i € N, we have the relative Frobenius ¢; : X — X0+ starting
with X = X Let t € N. A t-stratified bundle (E®, ¢ i € N) consists of a sequence of
vector bundles £ on X and a sequence of Oy )-isomorphisms

0;: BW — ¢r B
for all > 1 and for ¢ = 0,
00 : {10 EY — ¢{_, BT

is an Oy (-n-isomorphism, where ¢,y : X9 — X© is the composition of relative
Frobenius and similarly for ¢(_; ).

DEFINITION 2.4.2. Let ¢ € N, Strat(X,¢) be the category whose objects consist of
t-stratified bundles, whose morphisms between two objects

Hom((EW,¢" i € N), (F¥ 9 i € N))

is the set of morphisms E® — F® for i € N which are compatible with ¢® and 7 in
a natural way. Because of the faithful flatness of the relative Frobenius, one has a fully
faithful imbedding Strat(X,t) C Strat(X,t + 1). Now taking the 2-direct limit in the
category of categories, one gets a new category Strat(X, o) := lim Strat(X, t).
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CONSTRUCTION 2.4.3. Let z € X(k), (P,G,p) € N(X,z). We want to construct out
of (P,G,p) a k-linear tensor functor ng making diagram

Rep.(G) 1 Strat(X, 0o)
k %
Vecy,

2-commutative, where w, is the functor sending (E®,c® i € N) — E©|, and F is the
forgetful functor.

Now for each X with i € N, by (1.2.2) we have a triple (Fib @ G0 0y e F(XO )
corresponding to the triple (P®, G® p@) € N(X® 7). Since GO is a finite group scheme
over a perfect field k, we have the followmg decomposmon.

1— G’éi) — GW - G’é? — 1
and this exact sequence splits into a semi-direct product by a canonical section
960 =G — GO,
We will denote by (Flbet : é?, wé?) the triple corresponding to (P} P Get ,pW) e N(XO ).

For any V € Repk(G) we define B = Fib(o)(V) Because we have canonical isomor-
phisms ¢ ;1) : Get =Gy (1) , V can be regarded as an object in Repk(G ) for all i € Z
via the section () : G — G Hence we can definie for i > 0 E®) = Flb(Z (V). Since the
diagram

) i+1
Py —— P

.

X(Z) — X(i+1)
is cartesian, we get isomorphisms
o BO = ¢*pH) - e N\ {0}.

For : = 0 we know that there is a large enough nature number ¢ such that the relative
Frobenius G=Y — G(© = @G factors through ¢ : Gg — G. Thus we get an isomorphism

$t_10) B = 67, o FibO (V) = Fibg‘“(V) >~ Fibl) (V) 2 Fib) (V) = ¢7_, V.

In this way we get a t—stratiﬁed bundle (E®, ¢ i € N) out of the triple (P, G,p) and V €
Repi(G). One can check that the assomatlon is functorlal with respect to V' € Repi(G).
One can also check easily that we have the 2-commutative diagram as claimed above, so
we have defined the functor 7g.
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Note that our construction of 7 is functorial with respect to (P, G, p), so taking 2-direct
limit in the 2-category of categories we get a functor n and a 2-commutative diagram

lilglieN(X,x) Rep,(G) ! Strat(X, c0) .
Vecy,

THEOREM 2.4.4. (Esnault and Hogadi). Let X be a smooth connected scheme over
a perfect field k of positive characteristic with a rational point v € X, t € N. Then
the categories Strat(X,t), Strat(X, o) together with the fibre functor (E® 0@ i € N) -
E©)|, are neutral Tannakian categories. The functor n defined above is a fully faithful
imbedding of tensor k—linear categories. If we set Stratﬁn(X) to be the full subcategory
of Strat(X,00) whose objects consists of those whose Tannakian groups are finite, then
Stratﬁ“(X) 1s the essential image of n. In other words n induces an equivalence between
iy REPR(Gi) and Strat™(X).

REMARK. In [EH], they define 728°°(X x) to be the Tannakian group of Strat(X, co).
Since Strat™(X) as a subcateogry of Strat(X, o) is stable under subquotient, so we get a
surjection 8°°( X, z) — 7V (X, ). So 7V (X, z) is the profinite quotient of 7&>(X x).
Now we get a Tannakian description of 7% (X, z) under the smoothness assumption of X/k.

3. The Algebraic Fundamental Group

The algebraic fundamental group for a smooth geometrically connected scheme X over
a field £ is defined to be the Tannakian group of the neutral Tannakian category of Ox-
coherent D-modules over X /k. But before we proceed any further we have to make sense
of the tensor and internal Hom structures in the category of Ox-coherent D-modules. To
do this we have to split our problem to two cases—characteristic 0 and characteristic p.
In characteristic 0 the category of D-modules is equivalent to the category of integrable
connections so we can do our job there. In characteristic p, by a theorem of Katz, the
category of Ox-coherent D-modules is equivalent to the category of stratified bundles, so
we will just concentrate on stratified bundles in characteristic p.

DEFINITION 3.0.5. Let f : X — S be a morphism of schemes. Then we have the
diagonal map A : X «— X xg X. This gives us an exact sequence of Ox-modules:

0—-7— A_lOXXSX — Ox — 0.
We call the sheaf P ¢ := A7 Oxx ox /Z™" the sheaf of principal parts of order n of X/S.
We will regard fPT}(/S as an Ox-module using the first projection pr; : X xg X — X. We
call
@Z’ff;é/s(OX) = j'COWLOX(JDSL(/Sa Ox)
the sheaf of differential operators of order < n of X/S. Homo, (P%/,5, Ox) can also be
seen as a subsheaf of End-10,(Ox) consisting of sections which factor through the map



3. THE ALGEBRAIC FUNDAMENTAL GROUP 19

Ox — T}/S defined by the second projection pro : X xg X — X. One has canonical
inclusions Di f f;é/s(OX) C Dif f;;“Sl(OX), one can take direct limit in the category of
Ox-modules:

Dif fxss(Ox) = lm Dif fy,4(Ox).

neN
Dif fx;s(Ox) is an Ox-module which also carries an Ox-algebra structure (non-commutative).

DEeFINITION 3.0.6. Let f : X — S be a morphism of schemes, E' be sheaf of Ox-
modules. A D-module structure on E is a left Ox-algebra homomorphism

V: DfoX/S(OX) — 8ndf_1OS(E).
We will use Mod,.(Dx/s) to denote the category of all Ox-coherent D-modules over X/S.

LEMMA 3.0.7. Let f : X — S be a morphism of schemes, D € Diff,4(Ox) a
differential operator with n > 0. Then for any section a € T'(X,0x), the function
D, € Endj-1(04)0y) defined by

D,(t) := D(at) — aD(t) Vitel(X,0x)
is a differential operator of order < mn — 1.

LEMMA 3.0.8. Let f : X — S be a morphism of schemes, U C X an open subset, D be a
section of the sheaf Dif fy,5(Ox) on U, (E,V) be a D-module, t € I'(U, E), a € I'(U, Ox),

then we have the following Leibniz’s rule:
V(D)(at) = aV (D) + V(D,)(t).

REMARK 3.0.9. The proof of the above lemma is immediate from the definition. But
it is quite handy if one wants to prove something using induction on the order of the
differential operators. For example, one can show that if (£, V) is a differential operator
over X/S, then V factors though the natural inclusion Dif fx/s(E) C Ends-104(E), where
Dif fx)s(F) is defined similarly as Dif fx/s(Ox): one takes the tensor product P s®ox E
via the second projection Ox — P /s and views the tensor product as an Ox-module via
the first projection, then one defines Dif fy s(E) := Homo, (P s ®oy E, E), now one
passes to the limit and defines Dif fx/s(E).

PRrROPOSITION 3.0.10. Let X be a scheme locally of finite type over a field k, E be a
coherent sheaf on X . If E carries a structure of a D-module over X/k then E is necessarily
a vector bundle.

DEFINITION 3.0.11. Let f : X — S be a morphism of schemes, Dery,s(Ox) be the
sheaf of derivations of Ox, E a sheaf of Ox-module on X. An integrable connection V on
E is an Ox-linear map

V :Derxs(Ox) — End-104(F)
satisfying the following conditions:
(1) V(D)(fs) = fV(D)(S) + D(f)S (Vf €eOx,D e ‘DeTX/S<Ox), s € E)
(2) V([D1, D)) = [V(Dy),V(Ds)] (VD1, Dy € Derx s(Ox), s € E).
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REMARK 3.0.12. There is a tensor structure in the category of integrable connections
over X/S. Given (E,Vg) and (F, Vr) we can define an integrable connection

vE@OXF . @67’){/5(0){) — Sndf—los(E ®OX F)
as follows: for any e € £, f € F' and D € Dery;s(Ox),
e® fr—Vg(D)e)® f+ex Ve (D)(f).

We can also define for each two integrable connections (E,Vg) and (F,Vp) an inte-
grable connection

ngomox(E,F) . @67‘){/5(0){) — Endf_1os(ﬂ-fomox (E,F))
as follows: for any D € Derx,s(Ox), ¢ € Homo, (E, F) and e € E, we have
(Vatomo (1.7 (D)(9))(€) = Ve(D)(6(e)) = d(Vr(D)(e)).

Note that if X is locally noetherian then the above definition gives an internal Hom functor
in the category of coherent sheaves with integrable connections.

The neutral object in this category is of the form (Ox,V) where V is the natural
inclusion

V :Derx/s(Ox) — Ends-104(Ox)
sending a derivation to itself (viewing as an f~'Og-linear endomorphism of Ox).
Furthermore, one can also define the wedge product of an integrable connections (E, V)
with ifself
Viene : Derx s(Ox) — Ends-104(E N E)
as follows: for any e € E, f € E and D € Derx,s(Ox),
eNfr—Ve(D)e)ANf+eANVe(D)(f).
This is well defined as one can check that for any e € F,
ale®e) — Vg(D)(ae) AN e+ ae AN Vg(D)(e)
=a(Vg(D)(e) N\e+eAVEg(D)(e)) + D(a)e ANe
= 0.

ProrosiTiON 3.0.13. If f : X — S is smooth, then an integrable connection is equiv-
alent to an f~'Og-linear map V : E — E ®o, QU ¢ satisfying:

(1) V(fs)=fV(s)+s@df Vf € Ox,s € E.
(2) If V1 denotes the map
Vl B ®0X Q}X/S — F ®OX Q?X/S
sending s @ w — s @ dw — V(s) Aw for all s € E,w € Q%{/S} then VoV, = 0.

ProprosiTION 3.0.14. If f : X — S is smooth, and S is a scheme over Q, then the

category of integrable connections over X /S is equivalent to the category of D-modules over
X/5S.
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REMARK. The idea of the proof of the above proposition is quite simple. This is just
because in characteristic 0 the differential operators of order < 1 generate the whole ring
of differential operators as a non-commutative left O x-algebra.

THEOREM 3.0.15. Let X be a smooth scheme over a field k of characteristic 0, then
Mod.(Dx i) is a rigid k-linear abelian tensor category. If X is connected and v € X (k)
then Mod.(Dx 1) equipped with the functor E — E|, from Mod.(Dx/;) to Vecy is a neutral
Tannakian category whose Tannakian group (X, ) is called the algebraic fundamental
group.

PRroOOF. This follows immediately from Remark 1.54, Proposition 1.52 and Proposition
1.56. U

DEFINITION 3.0.16. Let f: X — S be a morphism of schemes, S is a scheme over [F,,.
For i € N, we have the relative Frobenius ¢; : X — X0+ gtarting with X = X. A
stratified bundle (E®, s i € N) consists of a sequence of coherent sheaves E®) on X
and a sequence of Oy -isomorphisms

0;: BY — ¢rpitl)

for all i € N. Now we obtained a category Strat(X/S) whose objects consist of stratified
bundles, whose morphisms between two objects

Hom((EW,s" i € N), (FY 7 i € N))

is the set of morphisms E® — F® for i € N which are compatible with ¢ and 7 in a
natural way. We denote by Strat,(X/S) the full subcategory of Strat(X/S) consisting of
objects (E®, 0@ i € N) where E® are vector bundles.

REMARK 3.0.17. There is an obvious tensor structure on Strat(X/S). We can also
define the Hom object for two objects in Strat(X/S). If X is locally noetherian then
this defines the internal Hom functor in Strat(X/S). The identity object is of the form
(E® 0@ i € N) where E® = Ox for all i € N and ¢ are all identities.

THEOREM 3.0.18. [Gies|[Theorem 1.3] Let f : X — S be a smooth morphism of
schemes, S is a scheme over F,. Then there is an equivalence of categories between
Strat,(X/S) and the full subcategory Mod,(Dx/s) of Mod.(Dx/s) consisting of D-modules
of the form (E,V) where E is a vector bundle.

Proor. We will set up two functors:
F : Mod.(Dx/s) — Strat,(X/S) and G : Strat,(X/S) — Mod.(Dx/s)

which are quasi-inverse to each other.

The construction of F' is proceeded by induction. Suppose we have an object (E,V) €
Mod,(Dx/s). We set E® to be the subsheaf of abelian groups of E consisting of sections
which are annihilated by all V(D) where D is a differential operator order < p’ and
D(1) = 0. Since the action of differential operators of order < p’ on E commutates with
the action of Oy via the relative Frobenius, £® carries a structure of an O y-module.
Suppose E® is a vector bundle, we want to show that E¢*tY is also a vector bundle and
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there is an isomorphism o; : E® — ¢f B¢+, We first define a connection V¥ on E® over
X@ /S and then use Cartier descent. V@ can be defined as follows: Let U be an open
affine of U which admits local coordinates (z1,zg, -+ ,2,). and let D =Y f,(0/0xy) be
a derivation over U/S and D’ be a differential operator of degree < p’ so that

2

D'(f") = (D(f))""

Such an operator could be given by

o ol
R
k P
If D" is another operator of degree < p satisfying D'(f*') = (D(f))”', then D' — D" is
in the ring generated by operators of degree < p'. Thus if we set V(D)(s) := V(D')(s)

then this V@ is well defined. Since Y, fF x ; ?!xz commutes with all monomials D; with

11| < p, so V(D)(s) is a section of E®, and hence V(D) € &nds-10,(EY). Now let
f% € Oy then we write f for the image of f® under the relative Frobenius Oy — Ox.
Then we have:

VO(D)(fPs) = V(D')(fs)
= fV(D')(s) + V(D)(s)
= [OV(D)(s) + (D(fD))s,
where the last equation comes from
Di(g) = D'(fg) — fD'(9)
= Dy(f)+9¢D'(f) - fD'(g)
= [Dy(1) +gD'(f) — fD'(9)
= f9D'(1) = fD'(g9) + gD'(f) = fD'(g)
= gD(f%).

It is not hard to check that VW (DP) = (V@ (D))?, and that the sheaf of all sections
annihilated by V® is precisely E*D. Now one can apply Cartier descent and get the
functor F.

Conversely, if we have an object (E®,c® i € N) € Strat,(X/S). If U C X is an open
affine where sy,---,s, € (U, E®) give a trivialization of E®. Then any section s € E

can be written as
s=> fupilsi)
k

where ¢; is the canonical imbedding E® — E© . If D is a differential operator of order
< p*, then we set

V(D)(s) = Z D(fr)pi(sk)-
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Since the operation of D on Ox commutates with the action of Oy via the relative
Frobenius Oy — Ox, the construction above does not depend on the choice of the basis.
One can check that the above construction really gives us a D-module structure on E(©).
This defines G. Now it is not hard to check that F' and G are quasi-inverse to each
other. O

PROPOSITION 3.0.19. Let X be a smooth scheme over a field k of characteristic p > 0.
Then Strat,(X/k) = Strat(X/k).

THEOREM 3.0.20. Let X be a smooth connected scheme over a field k of characteristic
p >0,z € X(k). Then Strat(X/k) is a k-linear rigid abelian tensor category and the
functor
(ED, 6" i € N) s EO),
is a fibre functor. So Strat(X/k) equipped with this fibre functor is a neutral Tannakian
category whose Tannakian group is denoted by 7*9(X,x). This group scheme is called the
algebraic fundamental group.






CHAPTER 2

The Homotopy Sequence for Nori’s Fundamental Group

In this chapter we will study the Homotopy sequence for Nori’s fundamental group.
The question is the following: If we have a separable proper morphism X — S with
geometrically connected fibres between two reduced connected locally noetherian schemes
over a field k, x € X(k), s € S(k), f(x) = s, then by functoriality of Nori’s fundamental
group we get a sequence of maps in the category of k-group schemes:

™ (X, ) — 7V (X, z) — 7V (S, s) — 1.

We have already known from Chapter 1 §2 that the above sequence is exact on the right,
so the question is whether or not it is exact in the middle. We are not trying to show the
arrow at the very left is injective because that is already false for étale fundamental group
and the topological fundamental group, that is a place for the higher homotopy groups.

1. The general criterion

In this section, we will give a necessary sufficient condition for the exactness of the
homotopy sequence for the general base (i.e. we will not assume the base scheme is proper
or smooth). And then we will apply the necessary sufficient condition to the étale quotient
of Nori’s fundamental group and get the exactness of the homotopy sequence there. This
is can thought as a different proof of the exactness of the étale fundamental group.

DEFINITION 1.0.21. Let X be a reduced connected scheme over a field k, z € X (k) be
a rational point. We call a triple (P, G, p) € N(X, x) a G-saturated torsor if the canonical
map 7V (X, z) — G is surjective.

REMARK. Here we are using the terminology in [EHV][Definition 3.2], where they
defined a G-saturated bundle to be a pointed torsor (P, G,p) € N(X,x) with the property
that Op(P) = k. Nori has proved in [Nori|[Part I, Chapter II, Proposition 3] that if X
is (in addition) proper then the two definitions above are equivalent, where he called a
G-saturated torsor "reduced” [Nori][Part I, Chapter II, Definition 3.

DEFINITION 1.0.22. Let f : X — S be a map of schemes, F be a sheaf of Ox-modules,
s : Spec (k(s)) < S a point, then we get a Cartesian diagram:
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We say J satisfies base change at s if the canonical map
S [ F — g t°F

is surjective. Note that if f is proper, S is locally noetherian, ¥ is coherent and flat over S
then J satisfies base change at s if and only if the above canonical map is an isomorphism
(see [Hart][Chapter 111, Theorem 12.11}).

THEOREM 1.0.23. (H.Esnault, P.H.Hai , E.Viehweg) Let f : X — S be a separable
proper morphism with geometrically connected fibres between two reduced connected locally
noetherian schemes over a perfect field k. We suppose further that S is irreducible. Let
x € X(k), se€ S(k) and assume f(x) =s. Then the following conditions are equivalent:

(1) the sequence
(X, 1) — V(X z) — 7V(S,5) — 1

18 exact;

(2) for any G-saturated torsor (P, G, p) with structure map 7 : P — X, m.Op satisfies
base change at s and the image of the composition ™™ (X,,x) — 7™ (X, 2) — G is
a normal subgroup of G;

(3) for any G-saturated torsor (P, G, p) with structure map 7 : P — X, m.Op satisfies
base change at s and there is a G'-saturated torsor @’ : P' — S together with a
morphism (P, G) LN (P',G") satisfy that the 0-induced map (7.Opr)s — (fmOp)s
18 an isomorphism.

PrROOF. 7(1) = (2)” If the homotopy sequence is exact then clearly the image of
N (X,, ) — 7V (X, z) — G (which is denoted by H) is normal in G. The exactness also
gives us a commutative diagram

VX, z) —=7N(S,s) .

| |

G G/H
This commutative diagram gives us a G/H-saturated torsor (P',G/H,p’) over S and a
morphism in N (X, x):
A (P,G,p) — (P'xs X,G/H,p' xs X) = (P/H,G/H,p).
Let W’ be the push forward of the structure sheaf of P’ to S, V := n1,0Op, W := f*W’. Let
A*: W — V be the map induced by A. If we pull-back A\* to X, then we get a morphism in
the category of essentially finite vector bundles because V|x, (resp.W|x,) is the 0-th direct

image of the structure sheaf of the torsor P x y X, (resp.P’ xg X;). From [Nori|[Part I,
Chapter I, Proposition 2.9], this \* corresponds, via Tannakian duality, to the morphism

K[G) Xeo®) = K[GT = k[G/H] — k|G

in the category of Rep, (7" (X, z)). Hence W/|x, is the maximal trivial subbundle of V|x..
But H°(X,,V]x,) @ Ox, C V|x, is the maximal trivial sub embedding (see lemma 2.3
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below), thus the canonical map
Wix, = H'(Xs, Wlx,) ® Ox, — H*(X,, Vlx,) @ Ox,

is an isomorphism. But note that the above map factors W|x, — f*f.V|x.. This implies
[*fVlix, — H°(X,,V]x,) @ Ox, is an isomorphism, so base change is satisfied.

”(2) = (3)” Let H C G be the image of the composition 7V (X, z) — 7V (X, z) — G.
Since it is normal we get a G/H-torsor P/H on X. If W is the push-forward of the
structure sheaf of P/H to X and V := 7,0p, then we know from our assumption that W
and V satisfy base change at s. Let A : W — V be the imbedding induced P — P/H,
then we have the following commutative diagram of sheaves on Xj:

f*f*W X i) HO<XS7 W
J/f*f*k iHO(XS,/\lxs) lx\lxs
FfV]x, — = H(X,,V

x,) ®k Ox, W

X

x,) ®, Ox, ——=V

X

By base change aq,as are isomorphisms. Since |y, corresponds via Tannakian duality
to k|G — k[G] (in the category Rep,(m™(X,,z))), W]y, is imbedded as the maximal
trivial subbundle of V|x,. Hence ay and H°(X,, A|x,) are isomorphisms. So f*f.\ is also
an isomorphism. In particular

(fid)a : (fW)a = (fiV)a

is an isomorphism. Let » € N be the rank of W. For any point t € S, since
H(X, Wlx,) @ Ox, — W],

is always an imbedding (lemma 2.3), we have dimy(H°(X;, W|x,)) < r. But on the other
hand, since W satisfies base change at s, r = dimy(H°(X,, W]x,)) reaches the minimal
dimension (the dimension at the generic point), so by semi-continuity theorem we have

dimk(HO(Xt,W\Xt)) 2 dlmk(Ho(Xs,W Xs)) =T.

This implies H%(X;, W|x,) has constant dimension r, and hence W satisfies base change
all over S. So f.W a vector bundle. Since f*f.,IW — W is injective after restricting to
all the points of X, we have it is an embedding as a subbundle (i.e. injective and locally
split). But since aj,as are isomorphisms, we have f*f,/W' — W is an isomorphism. Now
we can check easily that Spec (f.W) — S with the canonical G/H-action induced from
P/H is an FPQC-torsor which satisfies all our conditions in (3).

7(3) = (1)” Let N be the image of Ker(7"(f)) in G (where 7VV(f) is the map
¥ (X,x) — 7N(S,s)), N’ be the kernel of G — G’, and H C G be the image of the
composition 7 (X, z) — 7V (X,z) — G. We also write W := 7.Op and V := 7,0p.
We first note that the -induced map f*W|x, — V|x, corresponds to k[G/N'] — k[G]
in Rep, (7 (X,,z)). But from base change of V and the fact that the §-induced map
W, — (f«V), is an isomorphism we know that f*W|y, — V|x. should be the same as
H°(X,,V|x.) ®, Ox, — V|x. as subobjects. Thus the canonical imbedding k[G/N'] —
k[G/H] should be an isomorphism. Hence N’ = H as subgroups. But since we have
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H C N C N',so H= N as well. Because the equality holds for all G-saturated torsor
(P,G,p), we have (X, z) — Ker(rV(f)) is surjective. This completes the proof. d

LEMMA 1.0.24. If X is a reduced connected proper scheme over a perfect field k with a
rational point © € X (k), then for any essentially finite vector bundle V' on X the canonical
morphism I'(X, V) @, Ox — V imbeds I'(X, V) ® Ox as the mazimal trivial subbundle of
V.

PROOF. Let Ess(X) be the category of essentially finite vector bunldes, w, : Ess(X) —
Vecy, be the fibre functor. Then applying w, to the canonical morphism I'(X, V) ®; Ox —
V we get Homp, (Ox,V) = I'(X,V) — V, ®oy, k = w,(V). But note that we have
Homo, (Ox, V) = Hom,~ (x4 (k, w.(V)) where k stands for the dim 1 vector space with
trivial 7% (X, x) action. One checks readily that under these isomorphisms we get exactly
the canonical injection Hom ~(x ,)(k,w,(V)) — w,(V) sending any morphism & — w, (V)
to the image of 1 € k. Since this map imbeds Hom~ (x ,)(k,w,(V)) as the maximal trivial
sub of w, (V). Using Tannakian duality we get our result. O

1.1. Application to the étale quotient.

DEFINITION 1.1.1. Let X be a connected reduced locally noetherian scheme over a
perfect field k& which admits a rational point z € X (k). Let N (X, x) be the full subcate-
gory of N(X,x) whose objects consist of those (P, G, p) with G finite étale. We define the
étale quotient of 7V (X, x) to be 7 (X, z) := lim " (. We have an obvious surjection:

) Nt (X,
V(X z) - %X, 2).

LEMMA 1.1.2. Let X be a connected reduced scheme over a perfect field k which admits
a rational point x € X(k). Let (P,G,p) be an étale torsor over (X,x). This torsor is
G-saturated if and only if P is connected.

PROOF. Since P has a rational point so connectedness is equivalent to geometrical
connectedness, and also the formation of Nori’s fundamental group is compatible with
separable field extensions, thus we can reduce to the case when k is algebraically closed.

"=—" Let’s take () C P to be the connected component of P containing p. Now G
is an abstract group we can write the action p : P x;, G — P as [[, P — P where each
component in the direct union is mapped to P via a unique element in G. Since P is an
G-torsor we have the following cartesian diagram:

[[oP—2-P.

-]

P X
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If we let H C G be the maximal subgroup of G which fix ), then we can see by definition
that Q x;, H C P x; G is the intersection of p~1(Q) and (id“)~*(Q). Thus the square

[1,Q —"~Q
lidH i
Q@ X

is cartesian. Hence () is an H-torsor. But from the assumption the imbedding H — G
should be surjective. This tells us H = G. But then the map of G-torsors ) C P should
also be an isomorphism. So P is connected.

"«—=" Let (P',G',p') — (P,G, p) be any morphism in N(X,z). Since P — X is étale,
we know P’ — P is finite flat. Thus the image must be both open and closed, and hence it
must be the whole of P. But if we pull-back the surjective map P’ — P via x € X (k), we
will get the group homorphism G’ — G. Thus this homorphism must be surjective. Since
(P',G',p') is taken arbitrarily, it actually shows that (P, G, p) is G-saturated. O

THEOREM 1.1.3. Let f : X — S be a separable proper morphism with geometrically
connected fibres between two reduced connected locally noetherian schemes over a perfect
field k. Let x € X(k), s € S(k) and assume f(z) = s. Then the homotopy sequence:

(X, ) — 74X, z2) — 795, 5) — 1

15 exact.

PrOOF. Without loss of generality one may assume k = k [Nori|[Part I, Chapter II,
Proposition 5]. Now let (P, G, p) be a G-saturated étale torsor over X, 7 : P — X be the

structure map V := 7,Op. Let P 2, @ = S be the stein factorization of the proper map

P x LS. Since f om is proper separable w is finite étale. Thus ¢ is proper separable
surjective with geometrically connected fibres. But then the pull back ¢, : P, — Q)5 along
the rational point s — S is also proper separable surjective with geometrically connected
fibres. Hence Og, — (¢5)«Op, is an isomorphism. This tells us base change is satisfied for
P at s.

The action P X, G — P induces a map V' — V ®; k[G]. Push it to S we get f.V —
[V ®x k[G]. Thus there is an action of G on () which makes ¢ G-equivariant. If we pull
back the map P — @ xg X along the rational point € X(k), we get a G-equivariant
map t : G — G’ (where the identity point e of G comes from p and G’ is a G-set with a
distinguished point ¢). One checks readily that H := t~!(q) is the stabilizer of ¢(e), hence
a subgroup of G. Now let h € H be an element. Considering the S-isomorphism @) — @
induced by h. Evidently h sends ¢ to ¢, and since () is a connected finite étale cover of S,
the S-isomorphism induced by h must be the identity. Hence H acts trivially on () and in
particular it also acts trivially on G’. So for any x € G, we have t(e)rha™! = t(x)ha™! =
t(x)x™! = t(zz™') = t(e). As a consequence, H is a normal subgroup of G. But since
t: G — @G is faithfully flat, we actually know that G’ is the quotient of G by H (and t is
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the quotient map). Thus we get a commutative diagram:

Px,G—>PxyxP.

| |

Qx, G —L~QxsQ

Let r be the degree of the connected finite étale cover w : () — S. Then one sees easily
that both Q X, G" and Q) x g @ are finite étale of degree r. This shows that the Q-morphism
p is finite étale of degree 1, and hence an isomorphism. Now w : () — S has a structure
of a G’-torsor which satisfies all the conditions in (3) of our main theorem. So we can use
the same argument we have used in ”(3) = (1)” to conclude our theorem. O

2. The proper case

Under the properness assumption for the base S, the necessary sufficient condition for
the exactness of the homotopy sequence is a kind of neat:

THEOREM 2.0.4. (H.Esnault, P.H.Hai , E.Viehweg) Let f : X — S be a proper separable
morphism with geometrically connected fibres between two reduced connected proper schemes
over a perfect field k, x € X (k), s € S(k), f(x) = s. Assume further that S is irreducible.
Then the homotopy sequence

(X, 1) — 7V (X, z) — 7S, 5) — 1

is exact if and only if for any G-saturated torsor (P,G,p) € N(X,x) with structure map
m: P — X,V :=mx.0p satisfies base change at s and f.V is essentially finite.

PROOF. 7 <" Since f.V satisfies base change, the canonical map f*f.V — V is of

the form

['(Xs, Vix,) ®, Ox, = Vx,
after restricting to the fibre X,. Because f*f,V — V is a map of essentially finite vector
bundles, the kernel of it is also a vector bundle. But the kernel is trivial on X, so the
kernel itself is trivial. Thus f*f.V C V is a subobject in the category of essentially finite
vector bundles on X and it becomes the maximal trivial suboject after restricting to Xj.
Now let G’ be the Tannakian group of the sub Tannakian category of Ess(S) generated by
f+V. The imbedding f*f.,V — V gives us a surjection A : G — G’. Let H be the kernel
of A\. Then f*f.,V — V corresponds via Tannakian duality to an inclusion M C k[G]
in Rep,(G). Note that since M comes from an object in Rep,(G’) via A : G — G', so
M C k[G] factors through the inclusion k[G]"” C k[G]. On the other hand, since we have
a surjection 7V (S, s) — G’, by [Nori][Chapter I, Proposition 3.11] we have a G’-saturated
torsor (P',G',p') € N(S,s) with a map

0:(P,G.p)— f(P,.G.p)
in N(X,z) extending A\. Let V' := 7,Op/, 7’ : P — S. Then since P — P' = P/H is
faithfully flat, f*VV" C V is a subbundle, and this subbundle corresponds via Tannakian
duality to the inclusion k[G]” C k[G]. But clearly f*V’' C V factors f*f,V — V, so
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k[G)" C k[G] factors M C k[G], which means k[G]” = M. So we have V' = f,V. Now
the triple (P’, G, p’) satisfies all our conditions in Theorem 1.0.23 (3), so we get the exact
sequence.

” =" By Theorem 1.0.23 we have a G'-saturated torsor (P',G’,p’) € N(S,s) and a
morphism

0:(P,G,p)— f*(P,G,p)e NX,z)

such that the induced map V] — (f.V)s is an isomorphism, where V' := 7.Op/ and
7' . P’ — S is the structure map. Because V satisfies base change at s, there is a
neighborhood s € U such that f,V is a vector bundle on U and the adjunction map
f*f.V — V is a sub bundle (locally split) on f~}(U). But f*V’ — V is a sub vector
bundle and f*V’ — V factors through the adjunction map, so f*V’' — f*f,V is a sub
vector bundle on f~1(U). Since V! = (f.V)s, f*V' — f*f.V is an isomorphism on f~(U).
Hence the injective map V' — f.V is also an isomorphism on U. Now by [?][Théoréme
7.7.6] there is a coherent sheaf Q on S such that

f (V] f7V7) = Homo,y (2, Os).
Since locally Homo,(Q, Og) is contained in a vector bundle and we have
LVIV C f(V/ V') = Homo,(Q, Os),

so if there is ¢ € S\ U such that (f.V/V’), # 0, then we can choose an open affine
t € Spec (A) C S such that

(L V/V)|spec(a) € @Ai7
=0

where A; is a rank 1 free A-module for all 0 < ¢ < n. Notice that since S is integral
Spec (A) is non-empty, so A is an integral ring. This implies f,V/V’ is non-zero at the
generic point which contradicts to the fact that f,V/V’ has support in S\U. So V' — f,V
is an isomorphism on S. But V' is certainly essentially finite. This completes the proof. [

2.1. Application to the Kiinneth formula.

DEFINITION 2.1.1. Let X be a reduced connected scheme over a field £ with a rational
point x € X (k). Let N¥(X,z) be the full subcategory of N(X,z) whose objects consist
of pointed torsors with finite local groups. This category is also filtered so we can write
(X, z) = @NF(XI) G. If X is also proper and k is perfect, then 7¥(X, x) is the
Tannakian group of the full subcategory of the category of essentially finite vector bundles
Ess(X) consisting of F-trivial bundles, i.e. vector bunldes which are trivial after pull back

along some relative Frobenius ¢ : X (=1 — X with t € N.

COROLLARY 2.1.2. Let X andY be two reduced connected proper schemes over a perfect
field k. Let x € X(k), y € Y(k). Then the canonical map

T (X %, Y, (2,)) = 7 (X, 2) x, 7 (Y. y)

s an isomorphism of k-group schemes.
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Proor. We will use the obvious analogues of Theorem 2.0.4 to prove this theorem.
Note that after replacing 7V (X, x) by 7f' (X, z), "torsor” by ”local torsor” (torsors whose
groups are local), essentially finite vector bundle by F-trivial vector bundle, Theorem 1.0.23
and Theorem 2.0.4 are still true.

To prove this corollary we only need to show that the sequence

L= 7" (Viy) = 7(X 5, Y, (2,y)) = 7 (X,2) — 1

is exact. So we have to check that for any G-saturated local torsor (P,G,p) € NF'(X, x),
V = m.0p (r : P — X is the structure map) satisfies base change at z and f.V is an
F-trivial vector bundle.

Now suppose that V' is trivialized by

X5, YY) = (X <, V)Y = X %, Y.

Consider the following commutative diagram

Y s X0 Y —2 x (-1

\L‘ﬁ(—t)xjd l‘b(—t}
f

X

Let W be the pull back of V via X9 x, Y — X x,, Y. Since W has trivial fibres along the
projection ps : X9 %, Y — Y and XY is proper separable and geometrically connected
scheme, so there exists a vector bundle on £ on Y such that p5 = W, so V' has constant
fibres along f : X X; Y — X. Consequently base change is satisfied for V' along f (at any
point of X). On the other hand we have the following trivial cartesian diagram

y

Yy —X XkY

p2

X %, Y Y ,
lpl \Lb
X —%— Spec (k)

where a and b are structure maps. Because of base change we have a*b,E = p;,ps*E. This
implies p; W = p1,p2* E is a trivial vector bundle. But since ¢y : X (=1 — X is faithfully
flat, so we have a canonical isomorphism

pl*W - pl*(¢(—t) X /Ld>*v = Qb?,t)f*v
Thus ¢Z‘_ " f«V is a trivial vector bundle. By definition f,V is F-trivial. O

REMARKS 2.1.3. (1) Here we didn’t assume X or Y is irreducible, this is because we
have only used the sufficiency part of Theorem 2.0.4 in which only the citation of Theorem
1.0.23 used the irreduciblity. But the irreduciblity in Theorem 1.0.23 is only used for
extending base change at one point to base change at all points. Since in the above proof
we have already showed that base change holds for all F-trivial bundles at all points, so
we don’t need the irreduciblity.

(2) This corollary gives another way to see [MS][Proposition 2.1] which is the key point
in the proof of the Kiinneth formula for Nori’s fundamental group. But unfortunately, for
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the full proof of of Kiinneth formula we have to use the same trick employed in [MS] to
reduce the problem for 7V to the problem for 7. At the moment, I can not find any easy
way to reduce the problem to 7" using our language here.

3. The smooth case

We have seen in Chapter 1 §2.3 that there is a Tannakian description of Nori’s funda-
mental group if we assume the base is smooth. In this section we will use this Tannakian
description to give more criterion to determine the exactness of Nori’s fundamental group.
It turns out that the exactness of the homotopy sequence of Nori’s fundamental group is
equivalent to the constancy of the image of the following canonical map

™ (X, 2) — 7V (X, 1)
when s varies in S. So as a consequence if all fibres X have trivial Nori’s fundamental
group then the sequence is exact, this is just [Nori][Part I, Chapter II, Proposition 9].
We will also apply the criterion to the special case when the morphism f : X — S is
a projection from a product (i.e.X =T x; S and f is the second projection), where the

exactness becomes the Kiinneth formula. The criterion for homotopy sequence tells us that
Kiinneth formula holds if and only if the canonical map of group schemes

(T, t) — 7V (T xS, (t, 5))

is constant when s varies in S, but this is true if both .S and T are proper smooth, this gives
another proof of [MS|[Proposition 2.1]. In the end we will show that if we take S = Al
and T" to be a supersingular elliptic curve then the canonical map

(T, t) — 7V (T x3 S, (t, 5))

may not be constant.
The notion of ”fibrewise constancy” was first brought to my mind from Vikram Mehta
through a discussion on Kiinneth formula. I thank him for this very helpful discussion.

PROPOSITION 3.0.4. If S is a connected scheme smooth over a field k = k of positive
characteristic, f : X — S is a smooth proper morphism with geometrically connected fibres,
se€ S(k), x € X(k) such that f(z) = s, then the homotopy sequence

(X, 1) — 7V (X, z) — V(S 5) — 1

is exact if and only if for any G-saturated torsor (P,G,p) € N(X,x) with structure map
m: P — X, m,0p satisfies base change at s and there is a neighborhood U of s and an
object (W, 75,4 > 0) € Strat™(U/k) which satisfies
(1) Wo = fum.Op|u;
(2) there is an imbedding f*(W;, 7,1 > 0) C (V;, 04,0 > 0)| -1y such that f*Wy —
Volg-1wy is the canonical map f*f.m.Op — m,Op restricting to f~'(U), where
(Vi, 04,1 > 0) € Strat™(X) s the stratified object corresponding to (P,G).

PROOF. "=" According to [EPS][Appendix A.1 (iii) (a)(b)], there is an object (W;, 0;,7 >

0) € Strat™(S/k) which satisfies
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(1) there is an imbedding f*(W;, 7,7 > 0) C (V;, 04,7 > 0);
(2) if we restrict the imbedding f*Wy — V; to X, then it gives the maximal trivial
subbundle of Vy|x,.

In other words f*Wj|x, is equal to H°( Xy, Vp|x.)®xOx, as subbundles of V;|x, (see Chapter
2, 1.0.24). Thus the composition of maps

FWolx., — £ f:Volx. — H*(Xs, Volx.) ®k Ox.

is an isomorphism. So each arrow is an isomorphism. Thus f,Vj has base change at s, so
it is a vector bundle in a neighborhood U of s, and the map Wy — f.V} is an isomorphism
on U. Hence the stratified sheaf (W;, 0;,7 > 0)|y/ satisfies our conditions.

7<«=" Let G’ be the Tannakian group of the Tannakian category generated by (W;, 7;,i >
0) € Strat™(U) with fibre functor s*. Then we get a surjection G — G’ because of the
embedding condition (2). Moreover one has the following commutative diagram

N (Xg, 1) —= 7N (Y U),2) —= 7N (U,s) —=1,

| | |

H G G’ 1

where H denotes the image of 7V (X,,z) in G. Now let V be an object in Rep,(G")
corresponding to (W;, 7;,4 > 0). Then by our condition (2) we have an imbedding V' — k[G]
in Rep,(G). Again by condition (2) together with base change we have V = k[G]? as
subojects of k[G] in Rep, (7" (X, z)) (see also Chapter 2, 1.0.24). But if we denote the
kernel of G — G’ by N then we have V C k[G]V (since V was in Rep,(G’)). Thus the
canonical inclusion k[G]" C k[G]¥ is an isomorphism. This shows H = N. So the image
H is a normal subgroup of G. This together with base change at s implies the exactness
(Chapter 2, 1.0.23). O

DEFINITION 3.0.5. Let f : X — S be a smooth map between two geometrically con-
nected smooth schemes over a field k = k of positive characteristic with geometrically
connected fibres, z € X(k), s € S(k) and f(z) = s. Let (P,G,p) € N(X,z) with structure
map 7 : P — X. In the following we will make precise the meaning that the image of
7V (X,,2) — 7V (X, z) — G is constant when s varies in S.

If s’ is another k-point in S and 2’ € f~!(s'),p’ € 7~ (2'), and if there is a k-linear
tensor isomorphism between the fibre functors z* to z’* from Strat™(X) to Vec, then
there are isomorphisms 7V (X,z) = 7V(X,2/), 7V (S,s) = 7V (S, s') and G = G which
are induced by the chosen isomorphism between the fibre functors x* and z'* (because by
definition we have 7V (X, z) := Aut®(z*), 7V (S, s) := Aut®(s*), and there is a canonical
functor Rep,(G) — Strat™(X) induced from (P,G,p) (see Chapter 1 §2.2)). So we get
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two commutative diagrams:

™(X,, 1) — 1V (X, 1) —=¥(5,s) V(X 1) —= 7V (X, ') .

| o,

NV ( Xy, 2') — V(X 2") —= 7N(S, &) G G

We say f has fiberwise constant fundamental group at s with respect to (P,G,p) if 3 a
neighborhood s € U C S such that for any s’ € U(k), there exists 2’ € f~1(s),p’ € 77 (2)
and an isomorphism between fibre functors x* to 2’* such that the image of 7 (X, x) and
7V (Xy,2') in G coincide under the induced automorphism G = G as above.

THEOREM 3.0.6. If S is a connected scheme smooth over a field k = k of positive
characteristic, f : X — S is a smooth proper morphism with geometrically connected
fibres, s € S(k), x € X(k) such that f(x) = s, then the homotopy sequence

(X, 2) — 7V (X, 1) — 7V(S,s) — 1

is exact if and only if for any G-saturated torsor (P,G,p) € N(X,z) with structure map
w: P — X, f has fiberwise constant fundamental group at s with respect to (P, G, p).

PrROOF. "=" Let (P,G,p) € N(X,z). Then by Proposition 3.0.4, there is a neighbor-
hood s € U C S such that Vs' € U the image of 7V(Xy,2’) and the image of the kernel
of ™V (X, 2') — 7«N(S,s') are coincide in G. So if 2’ € f~1(s') then any k-linear tensor iso-
morphism between z* and 2’ would make the image of V(X 2’) and 7V (X}, x) coincide
in G under the automorphism G = G which is induced by the isomorphism between z*
and 2. So f has fiberwise constant fundamental group at s with respect to (P, G, p).

7<" Suppose we have a G-saturated torsor (P,G,p) € N(X,z) with structure map

P 5 X. Let V := m,0p. then by Chapter 2, 1.0.24 the maximal trivial subbundle
HY(X,,Vlx,)CV
which corresponds via Tannakian duality to
KG™ ) — k(@)
is constant when s varies in S. Hence V' as a vector bundle on X satisfies base change at
s, so by Proposition 3.0.4 we only have to show that f.V can be naturally extended to a
t-stratified sheaf in a neighborhood of s for some ¢ > 0.
For simplicity we may assume the neighborhood U in Definition 3.0.5 is S. Suppose
the torsor P corresponds to a n-stratified bundle (V, Vi, Vs, -+ 0,09,09, ), and suppose

the étale quotient Py of P corresponds to the stratified bundle (V;, 0,7 > 0) (see Chapter
1, Construction 2.4.3). Now look at the following commutative diagram:

Xs

X (=n) L 'S

Pl

u

S(=n) —— ¢
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One gets two maps
A
u* f,V —— g, 0"V

~

u* f. Vo Jo, 0"V
on S and a commutative diagram of k-group schemes:
AN, ) —= 7 (X, ) — 7V (S, 1) — 1

| | |

WN(tht) 7T-]\]()(7 xt) 7TN<Su t) —1

for any ¢ € S(k) = S (k). Using the lemma below and Chapter 2 Lemma 1.0.24, one
can check that the pull back of A and Ay along the rational point ¢ are isomorphic to the
maps k[G]Ht — E[G]N and k[G]"t — K[G]™* respectively, where H, and H] are the image
of 7 (X4, ;) in G and Gy respectively and N; is the image of

WN(Xt(_n),xt) — WN(X(_”),xt) — Gg C G.

Since the object (V;, 0,4 > 0) corresponds to an étale Tannakian group and the homo-
topy sequence is exact for étale fundamental groups, there is an object (W;, 7,7 > 0) €
Strat™(S) such that W, = f.V; and there is an embedding f*(W;, 7,7 > 0) C (V;, 04,1 > 0)
with the 0-th map f*W, C V4 equal to the canonical map f*f.Vo — V5.

We claim that there is a unique arrow 7 : u* f,V — u* f,V which is compatible with A
and )¢ under the isomorphism g,v*V =2 g,v*Vj and that there is a vector bundle M; on S ™)
with an imbedding M; — W such that the pull back of this imbedding along S — S
is precisely 1 under the identification 7 : p§W1 = Wy = f. V.

The first statement is easy to show because H, C H; under the canonical section
H] = (H;),, C H;. Thus we have k[G]™* C k[G]"t C k[G]. Hence the composition

u* f.V 2 gV = g0 Vo — g*U*Vo/U*f*VO

is 0 on each fibre of t € S, so itself is 0. This implies our first statement.

For the second statement we first note that the faithful flatness of the relative Frobenius
gives us the uniqueness of the map M; — W (if it exists). So we can construct M; and
the imbedding locally can then glue them together. Hence we may assume our bundles
Wy, f.V are all free. Now we choose a basis {uy, ug, -+ ,u,} in Wi then it is naturally a
basis in u*¢iW; = w*Wy = u*f.Vy. We also fix a basis {v1,vs,- ,vs} in f.V, then it
naturally becomes a basis in u* f,V. The map n will give us a r X s matrix 1" with entries
in I'(SC™,Og(-n). But for all t € S(k) = SC™(k), the fibres of 7 on t are all of the
form k[G]™* C k[G]™: which is constant when ¢ varies in S since f has fibrewise constant
fundamental group in S. Since S is reduced, T is a matrix with entries in k. Because k
is perfect, this tells us that we can descent 1 to a morphism M; — Wj. This proves our
second statement. Let’s denote the isomorphism w*¢jM; = u* f.V by 9.
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Now we use the same method employed in the proof of the second statement to de-
scent 7 to M; — W, for all @« > 1. And since our relative Frobenius are all finite
faithfully flat, we also get isomorphisms o; : ¢;M;y; — M, for 7 > 1. This makes
(fV, My, My, -+ ,0,81,02,---) a n-stratified bundle. This stratified sheaf obviously sat-
isfies all our requirements so our proof is completed. ]

LEMMA 3.0.7. If S is a connected scheme smooth over a field k = k of positive char-
acteristic, f : X — S is a smooth proper morphism with geometrically connected fibres,
s € S(k), x € X(k) such that f(z) = s, then for any 0-stratified bundle (V;,0;,9 > 0) €
Strat™(X,0), V; satisfies base change at s for alli > 0.

PROOF. We just have to show base change for Vj because (Vi,Va, -+ 01,09,--) is
also in Strat™(X,0). Since the Tannakian group which corresponds to (V;,c;,i > 0) is
étale and we have showed that the étale quotient of Nori’s fundamental group has exact
homotopy sequence, thus one can use the argument which we employed in the proof of
Proposition 3.0.4 ( necessity part) to show that V; satisfies base change at s. U

COROLLARY 3.0.8. Let S be a connected scheme smooth over a perfect field k of positive
characteristic, f : X — S be a smooth proper morphism with geometrically connected fibres,
s € S(k), v € X(k) such that f(x) =s. Assume further that 3 a neighborhood s € U C S
such that for ¥t € U(k) Jy € Xi(k) satisfying 7™ (Xy,y) = 1. Then 7V (X,z) — 7V(S, s)
18 an isomorphism.

REMARK 3.0.9. This easily follows from the above theorem, and it yields a new proof
of [Nori][Part I, Chapter II, Proposition 9] under the extra smoothness assumption for S.

LEMMA 3.0.10. If X and Y are smooth (or proper reduced) connected schemes over an
algebraically closed field k, then
V(X % Y, (2,y)) — 7V (X, 2) < 7V (V)
is an isomorphism at some v € X (k) and y € Y (k) if and only if it is an isomorphism for
all such x and y.

PROOF. Assume the Kiinneth formula holds for some (z,y), by symmetry one only
has to show for any x; € X (k) the Kiinneth formula still holds for (x;,y). Now chose an
isomorphism of fibre functors w : 2* = xj. This u will induce a commutative diagram:

wN(Ic 2) —— (X ly (2,y)) — wN(Ic ).
(X, 21) —> 7 (X x4 Y (a1, )) — 7 (V)

Since the first row is exact by Kiinneth formula for (z,y) so the second row is also exact.
Hence we also have Kiinneth formula for (z1,y). O

COROLLARY 3.0.11. If X and Y are smooth connected schemes over an algebraically
closed field k and Y is proper over k, then Kunneth formula holds if and only if for any
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x,x1 € X(k) there is an isomorphism of additive tensor functors (x x id)* = (x1 X id)*:

(zxid)*
Strat®(Y") Strat™ (X x; Y)

(Il Xid)*

PROOF. Let’s first fix an isomorphism of fibre functors v : z* = z7, then it induces a
diagram:

O Y () = () i (Vi)
/
WN(Y, y)) u uxid
m

(X x4 Y, (21,y)) — 7K 20)) X 7V (Y )

The right side square in the diagram is always commutative while the left triangle is
commutative if and only if (z x id)* and (x; x id)* are isomorphic as additive tensor
functors.

Since 7V(Y,y) — 7V (X, z)) xx 7 (Y, y)) is always of the form e x id regardless of what
x € X (k) is, so dropping the mid-arrow u, the diagram is commutative. But if Kiinneth
formula holds then all the maps in the square of the above diagram are isomorphisms.
Hence the left triangle must commute. Conversely if the left triangle commutes then using
theorem 3.0.6 we conclude that Kiinneth formula holds. (I

DEFINITION 3.0.12. Let X be a reduced connected scheme over a perfect field k£ with a
rational point x € X (k). Let N¥'(X,z) be the full subcategory of N(X,z) whose objects

. . . . . F . .
consists of pointed torsors with finite local groups. We write 7" (X, z) = lim . (X.2) G.

If X is also proper, we will define C¥(X) to be the full subcategory of the category of
essentially finite vector bundles (which is denoted by Ess(X)) consists of vector bunldes
which are trivial after pull back along some relative Frobenius ¢, : X — X If X is also
smooth (may not be proper), we define C¥(X) to full subcategory of Strat™(X) consists
of t-stratified bundles (F;, 0;,7 > 0) with E; and o; trivial (i.e. E; = @Oy and o; = id)
for all 7 > 1.

LEMMA 3.0.13. Let X be a proper reduced (or smooth) connected scheme over a perfect
field k with a rational point v € X (k). Then 7¥(X, ) is the Tannakian group of C¥(X)
with the fibre functor x*.

PrOOF. If V € CF(X) an object which is trivialized by ¢, : X(*¥ — X with ¢t € N.
Then the full sub abelian tensor category of Ess(X) (or Strat™ (X)) generated by V with
x* correspond to a finite group scheme G over k. Thus we have an additive tensor functor

A : Rep,(G) — Ess(X)

which 2-commutes with the fibre functors. This gives us a G-torsor P which admits a
rational point p over . But if we compose A with the canonical pull-back functor ¢* :
Ess(X) — BEss(X®) then the result is just the "free” functor, i.e. sending W € Rep,(G)
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to W ®g Ox. Thus P — X is a trivial G-torsor after pull back to X @ This means the
group homomorphism G — @G is trivial. This implies G is a local group scheme. Hence
V' is contained in the essential image of the imbedding
Rep,( lim (G)) = lim Rep,(G) — Ess(X).
NF(X,z) NF(X,z)

But the imbedding clearly factors C*'(X) C Ess(X). Thus we have

lim G — CY(X) C Ess(X)

—}

NF(X,z)

is an equivalence of categories. This concludes our proof. Il

COROLLARY 3.0.14. If X and Y are proper smooth connected schemes over a perfect
field k, x € X (k) and y € Y (k), then the canonical map

ﬂ-F(X Xk K ($7y)) - 7TF(X, l’) Xk ﬂ-F(Y7 y)
s an isomorphism.

PROOF. We may assume k = k. One checks readily that 3.0.4-3.0.11 hold well if we
replace 7 by w" and arbitrary torsor (P, G, p) by local torsor (i.e. torsor with local group
scheme). So we only have to construct an isomorphism of functors between (z x id)* and
(' x id)*

CH(Y) — CH(X x4 Y)
for some 2’ € X (k). Suppose E := (E;, 04,1 > 0) € CF(X x; Y) C Strat™(X x; Y), then
there is a nature number ¢ > 0 such that the pull-back of E along the relative Frobenius
XY %, YD — X x, Y is a trivial object. This implies the pull-back of E along the
map § : XY %, Y — X x, Y has trivial fibres over Y. Since X (% is also smooth proper
connected there exists a canonical object E' = (p,E;, p.os,i > 0) € CF(Y) such that the
pull-back of it along the projection p : X% x, Y — Y is canonically isomorphic to E.
Thus we have z*E = E' = 2/*E. One checks readily that this isomorphism does not
depend on the choice of ¢t and that the isomorphism is functorial in £. This defines an
isomorphism of functors. O

REMARK 3.0.15. This corollary gives another way to see [MS][Proposition 2.1] which
is the key point in the proof of Kiinneth formula. But unfortunately, we have to put
extra smoothness assumption. For the full proof of of Kiinneth formula we have to use the
same trick employed in [MS] to reduce the problem for 7V to the problem for 7. At the
monent, I can not find any easy way to reduce the problem to 7% using our language here.

3.1. A counterexample. Now consider k an algebraically closed field of characteristic
2, X = ALY = F asupersingular elliptic curve. We want to find an object in C¥' (A} x, E)
such that the condition in Corollary 3.0.11 does not hold.

Suppose 7w : P — E is a non-trivial as-tosor over E. Let V := m,0Op. Let L be the
cokernel of the structure map Op — V, then L is an essentially finite line bundle, so it has
degree 0. If £ was not Op, then H'(E, L) = Ext'(Ox, L) # 0, so by Riemann-Roch
RO(E,L7Y) = hY(E,L71) # 0. But this implies L™! is Op which is impossible. Hence we



40 2. THE HOMOTOPY SEQUENCE FOR NORI'S FUNDAMENTAL GROUP

have £ = Og. This gives us an exact sequence
0—-0g—V —=0g—0.

We know that for : = —1, P — E has already became a trivial torsor after pulling back
along the relative Frobenius ¢; : E® — E. Thus after choosing a section E®) — P x g E®
we get an F¥-scheme isomorphism P x g E® 22 o, x;, E® which gives us a trivialization
0: ¢V = Ogu) ® Oge making the diagram

0 — Ogw» &V

|

00— Ogwy — Ogw ® Oy — Oy —=0

Opoy —=0

commutative. By Grothendieck’s FPQC descent theory there is an essentially unique
descent isomorphism ¢ corresponding to V'

pf¢i*v —~ p§¢z‘*v )

lpﬁ lpzé

€
Optx w0 © Opixp50) — Opw « w56 © Opt)x 50

where p; and p, are the two projections of E® xp EW. This ¢ is expressible by a matrix
in GLy(T'(EW x5 EY, Op ., po))
1 a
01 )°
Since P is not a trivial torsor a # 0.
Let = be the indeterminate in X = A} = Spec (k[z]). Then the 2 x 2-matrix:

1 ax
0 1
in GLy(D(X x4 ED x5 ED, Ox, poy,po)) determines an isomorphism

/. ~Y
€ Oxy, 50xpr®) D Oxy, 50y 50 = Oxy, g xpp5® ® Oxx, 50)x E6) -
One checks readily that the pair

/
(Ox x50 © Oxy, pa,€)

gives us a descent data. This descent data will give us a rank 2 vector bundle W on
X X B with a trivialization £ : ¢;"W = Oxg, pe) @ Oxg, po on X Xy E® . Let A be the
pull back of ¢ along the relative Frobenius X x;, E® — X x, E®. Then the pair (W, \)
is a l-stratified bundle over X X, E/k (See Definition 3.0.12). If the Tannakian group
corresponding to (W, A) is finite, then (W, \) € C*'(X xj E) (Definition 3.0.12).

It is clear that this W does not have constant fibre along the projection X x; £ — X
(the fibre along x = 0 splits while the fibre along z = 1 does not). If it lies in C¥'(X x, E),
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then it provides an example which does not satisfy the condition in Corollary 3.0.11. So
we only have to prove (W, \) € CF'(X x; E).

Now we consider the tensor product (W, \)® (W, X). We see that W ®¢, W corresponds
to the descent data

1 axr ax a%x?

1 ax 1 ax 0O 1 0 azr
A':(o 1>®(0 1)2 00 1 ax
0O 0 O 1

One the other hand we have (W, \) @ (W, ), and W & W corresponds to the following
descent data:

1 ax 0 0
0 1 0 O
B=10 01 a
0 0 0 1
We will show that (W, \) @ (W, \) = (W, \) @ (W, \), and hence (W, \) sits in our category

We first come back to V. After fixing a section E® — P over E, there are two ways
to trivialize V ®o,, V: one way is to pull it back along ¢; : E®) — E. then ¢}V ®0, iV
is trivialized via the canonical trivialization ¢;V = Ogu) @ Oge; the other way is to use
the canonical isomorphism P X, G — P xx P to write V ®o, V =V @&V, then pull it
back to E®) and trivialize V @& V. We denote &} the first trivialization and &3 the second
trivialization. We want to know what is the relation between them.

Now let P, = P, = P3 = P. Then the first trivialization of V®¢, V' can be reinterpreted
as the following isomorphisms:

(51_12P1><XP2><X.P3g (P1XXP2)XP1(P1><XP3) = (P1><k(1/2)><PI(P1XkOZQ) %Plxkazxkag.

This map sends (p1, p2, p3) to (p1, g12, ¢13) using funtorial viewpoint, where p;g12 = pe and
p1g13 = ps. The second trivialization of V ®¢,, V' comes from the following identifications:

52_11P1 XXp2 Xnggpl XXp2 xkaggPl X Qg X Q.

This map sends (p1,p2,p3) to (p1, g12, g23). Thus to identify our identifications we set an
isomorphism 0 : ag X s — ag X g sending (x,y) — (z,zy). Thus we get a commutative
diagram:

51 P1 X Oy X Oy .

1/7
P1XXP2><XP3 1dx6

o

? Py X a9 Xp g
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Pulling the diagram back along the chosen section E® — P; we get our desired commu-

tative diagram:
y

¢:V ®OE<7;) ¢:<V 0* x1id

k OE(i) ) OE(i) fan OE(“ D OE(”

Now it’s time to analyze the basis we have chosen for as X, as and hence give the matrix

for 6*.

Ogt @ Ogty @ Ogey @ O -

0"« kla]/a® @i kY] /y* — Klx]/2* @ klyl/y?
is determined by the association z +— z and y — z ® 1 4+ 1 ® y. To get the matrix

1 a a a®

1 a 2 Il a [010 a

01 01/ [ 001 a

0 00 1

we have chosen the basisas 1 ® 1,1 ®y,z ® 1,z ® y. To get the second matrix

1 a 00
0100
001 a
0001

we have used the following basis 1 ® 1,z ® 1,1 ® y, z ® y. Since we have #*(1® 1) =1®1,
1Ry =r01+1Qy, 0 (z21) =21, 0 (rxy) =2°®1+2r®y =2 ®y. Thus the
matrix of 6* can be written as

C =

o O O
O~ = O
o O = O
_— o O O

Since the commutative diagram (x):

* * o7
iV Qo 97V —= Opw ® Opo ® Opw ® Oge

(;5;“/ D 925;“/ Opt @ Ogwy & Oguy @ Ogw

o
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is compatible with the descent data we should have an equality of matrix:

1 000 1 a a a? 1 a 00 1 000
0110 010 e | 0100 0110
0100 001 a | | 00T1a 0100
0001 0 00 1 0 001 0001
That is, we should have

1 a a a? 1 a a 0

011 0] (0110

01 0 a | | 010 a

00 0 1 0 0 01

Thus, in conclusion, we have a? = 0, and in GL4(T(A} x;, E® x5 E®)) the following
equality:

1 000 1 ar ax a’z? 1 ax 0 0 1 000
0110 0 1 0 ax 10 1 0 O 01 10
0100 0 0 1 ax 10 0 1 ax 0100
0001 0 0 O 1 0 0 0 1 0001
This tells us that we have obtained a commutative diagram of descent data
;W ®OAkaE(i) oW 28 OA}CXkE(i) ® OA}@XkE(i) b OAzchkE(i) S OA}chE(i) :
'\/l \Le**
W @ orW Opls2® @ Opt, 50 @ Opt 50 @ Opl iy, g6

ADA

There is a unique isomorphism W @, W — W @& W corresponding to the map of descent
data 6**. This isomorphism is also an isomorphism between (W, \) ® (W, A) and (W, \) &
(W, A) since the horizontal arrows in the above diagram are our trivializations.

REMARK 3.1.1. Up to now the counterexample should have been finished, yet we find
something more when we were playing around. This W we have constructed is actually
from an as-torsor over X X E.

1 ax
0 1

One can see that the descent data
induces an X xj B x g E(i)—automorphism of ag X X X E® x iz E® . That is to say the
descent data is a descent data for affine schemes. Thus W is a coherent sheaf of Oxy, g-
algebra. Let @) = Spec (W), then the matrix A is the descent data for Q) X x«, g @ and the
matrix B is the descent data for () X, as. Since the scheme isomorphism
dx0:X Xk E(Z) Xk (052 Xk a2) — X Xk E(Z) Xk (012 Xk 012)

corresponds to the map 6**, it is automatically a map of descent data for affine schemes.
Thus we get an X X E-isomorphism: p: Q) X aa — Q) Xxx,r Q. By FPQC-descent, the
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composition of p with the second projection of () X x«, z ) defines an action of ay and the
composition of p with the first projection of Q) X x, g @ is the first projection of @) x; as
(because they are the case after pulling back to X x; E®). This tells us that Q is an
ao-torsor over X X, F.

REMARK 3.1.2. Hélene Esnault and Andre Chatzistamatiou pointed to us the following
improvement of the above example. Thanks to their suggestion our counterexample may
work for any characteristic p > 0. Now we consider the exact sequence of abelian sheaves
in the flat topology

0—>ap—>Ga£>(Ga—>0,
we then get a long exact sequence of abelian groups:
T H?z(—>Ga) - H}l(_vap) - H}z(_aGa) m’ H}l(_vGa) e

If we put — to be an elliptic curve E and if there map H'(F) has none trivial kernel (like
in our case), then we can choose some a # 0 in the that kernel. If we put — to be A} x; E
then

If we choose an element b € H}I(A,lC Xy B, ap) such that b +— a ® z, then b is an as-torsor

with non-constant fibres along the projection Al x;, E — Aj. This can not happen if
Kiinneth formula was true.



CHAPTER 3

The Homotopy Sequence for the Algebraic Fundamental Group

Let f : X — S be a proper smooth morphism between two smooth proper connected
schemes over C, z € X(C), s € S(C), and f(z) = s. Then there is a long exact sequence

' _W;op(san”g) - ﬂﬁop(X;m’x) - Wiop(Xanax) - ,/Tiop(san7 3) - 17

where X (S etc.) is the associated analytic space of the scheme X, and 7*P is the
topological fundamental group associated to the corresponding analytic topology. Since
the the algebraic fundamental groups are the algebraic completions of the topological ones,
so one should have a short exact sequence (since we don’t have ngg so we only have short
exact sequence):
8(X,, 2) — 78(X, z) — 78(S, 5) — 1.

In the chapter we will prove the exactness for the algebraic fundamental groups over a field
characteristic 0. For characteristic p, although we still don’t have a proof yet, but we can
prove a special case-the Kiinneth formula. This also gives some evidence for the exactness
of the homotopy sequence in characteristic p.

1. The settings

1.1. The general criterion. In [EPS|[Appendix Theorem A.1], Hélene Esnault,
Phung H6 Hai, Xiaotao Sun formulated a necessary sufficient condition for the exactness
of Tannakian groups by looking at their corresponding tensor functors. Since the algebraic
fundamental group is defined by Tannakian duality, so to prove the exactness we have to
check the condition holds in our settings. For the convenience of the reader we rewrite the
condition in the following theorem. For the proof one has to look at that article.

TueoREM 1.1.1. (JEPS][Appendix Theorem A.1]) Let L % G 2 A be a sequence of
homomorphisms of affine group schemes over a field k. It induces a sequence of functors:

Repy (4) £ Repy (@) - Repy (L),
where Rep,(—) denotes the category of finite dimensional representations of — over k. Then
we have
(1) The group homomorphism p : G — A is faithfully flat if and only if p*Rep,(A) is
a full subcategory of Rep,(G) and closed under taking subquotients.
(2) The group homomorphism q : L — G is a closed immersion if and only if any object

of Rep, (L) is a subquotient of an object of the form ¢*(V') for some V € Rep,(G).
(8) Assume that q is a closed immersion and that p is faithfully flat. Then the sequence

LL G5 Ads exact if and only if the following conditions are fulfilled:
45
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(a) For an object V € Rep,(G), ¢*V € Rep,(L) is trivial if and only if V = p*U
for some U € Rep,(A)

(b) Let Wy be the mazimal trivial subobject of ¢*V in Rep,(L). Then there exists
Vo CV in Rep,(G), such that ¢*Vo = Wj.

(c) Any W in Rep,(L) is embeddable in ¢*V for some V € Rep,(G).

1.2. The settings. Let f : X — S be a smooth proper morphism with geometrically
connected fibres between two smooth connected schemes of finite type over a field k, s €
S(k) be a rational point, X be the fibre, z € X (k) be a rational point lying above s, then
by the functoriality of the algebraic fundamental group we get a sequence of affine group
schemes

78 (X,, ) — (X, ) — 78(S, 5) — 1,
which is called the homotopy sequence. We will show that the sequence is exact if k£ has
characteristic 0 by checking the conditions provided in the above theorem.

2. The homotopy exact sequence in characteristic 0

In this section & is always a field of characteristic 0. In this case the category Mod.(Dx/)
is the same as the category of vector bundles with flat connections, so in the following
we will work purely in the category of vector bundles with flat connections and still use
Mod,.(Dx/x) to denote this category.

2.1. The conditions (a), (b) and the surjectivity.

THEOREM 2.1.1. Notations and assumptions being as in §1.2, then the homotopy se-
quence
m8(X,, ) — 78X, x) — 75(S,5) — 1
is a complez, and the arrow 78(X, x) — 788(S, 5) is surjective.

PROOF. Since s € S is a rational point, we know that any object in Mod.(Dg/) is
trivial after pulling back to Mod.(Dyx, ), thus the sequence is a complex. To see the right
arrow is surjective, one has to show that the functor

f* . MOdC<D5/k) — MOdc(Dx/k)

is fully faithful and stable under taking subquotient.

The fact that f* is fully faithful follows readily from the projection formula, so we
only have to show that it is stable under taking subquotient. Suppose we have an object
(E,VEg) € Mod.(Ds/x), and a subobject

Then f,F' is a locally free sheaf of rank equal to that of F', f*f,F" — F' is an isomorphism,
and the natural map f,F — E imbeds f,F' as a subbundle of E (locally split). This can
be seen in the following way.

First of all, for any ¢ € S F|x, is a free Ox,-module. This is because f*(E,Vg)|x,/x@)
is a trivial object in Mod.(Dx, /x()), but

(Fa VF>|Xt/n(t) g f*(E7vE)|Xt/H(t)7
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thus (F, Vp)|x,/x@) is also a trivial object, so F'|x, is a free Ox,-module. This tells us f.F
satisfies base change for any ¢ € S, hence is a vector bundle. Then the canonical map
f*f«F — F'is an isomorphism over all the fibres of t € S, so itself is an isomorphism. This
finishes the proof of the above claim.

Now from the connection Vg, we get a map:

[P — fo(F ®oy Q%{/k) = [ foF ®oy Q%(/k) = [.F Qo f*Qﬁf/k'
Since f : X — S is smooth, the exact sequence
0— f* Qg — Qe — Qxyg — 0
locally splits. Hence we have an induced injection
F(E/fF) ®@ox [*Qgpe — (B fF) @0y Qs
which is just
E/f*F ®os Q}S’/k - E/f*F ®os f*Qﬁf/k;

by applying f, and the projection formula. Now look at the following commutative dia-
gramme with exact rows:

0— f.F ®o, Ok, E ®0, QL E/f.F ®0g Qg —0 .

| | |

Since f,F maps to f.F Qo f*Qk/k, its image in E/f.F ®og f.Q%/, is trivial. Because
E/f.F ®o4 Qg/k — E/f.F Qo f*Qﬁf/k is injective, fuF' — E Qo Q}g/k factors through
f+«F ®og Q.IS'/k' This proves that f,F' C FE is equipped with a flat connection f,Vp which
makes (f.F, f.Vr) a subobject of (E, V). Clearly f*(f.F, f.Vr) = (F, V) as subobjects
of f*(E,Vg). This finishes the proof. O

COROLLARY 2.1.2. Notations and assumptions being as in §1.2, then for any object

(E,VE) € Mod.(Dx/), the natural map
¢: [*H)y(X/S,(BE,VE)) = [*f.EV¥s - E

is a horizontal with respect to the Gauss-Manin connection on the left (i.e. a morphism in
Mod.(Ds/x)). Furthermore this map is injective and imbeds f*Hp,,(X/S, (E,Vg)) as the
mazximal subobject of (E,Vg) coming from S/k in the following sense:

If (M,Vy) € (E,Vg) € Mod.(Dxyi) such that (M,Vy) = f*(N,Vy) for some
(N,Vn) € Mod.(Dgyr), then the imbedding (M, V) C (E, V) factors through ¢.

PROOF. The fact that ¢ is horizontal is from the definition of the Gauss-Manin con-
nection. To show that it is injective one considers the kernel (K, V) of the map. One
has:

0— (K, V) — f*HY\(X/S, (E, V) % (E,Vg)

is exact. Since the functor H®,,(X/S, —) is left exact and HY,,(X/S,$) is an isomor-
phism, we have H%,,(X/S, (K,Vk)) = 0. But by the theorem above, one has (K', V) €
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Mod,(Dsgyx) such that f*(K', V) = (K, V). Thus as sheaves on S, one has
0= Hpy (X/S, (K, Vi) = Hpy (X/S, f(K' Vi) = K.
This shows that K = 0. Thus ¢ is injective.

Suppose (M, V) C (E,Vg) € Mod.(Dx i) such that (M, V) = f*(N,Vy) for some
(N, VN) S MOdC(DS/k), then

N = fMVx/s — f,EVxs = HY (X/S,(E,VEg)),
this shows M — FE factors through ¢. O

THEOREM 2.1.3. Notations and assumptions being as in §1.2, then for any (E,VEg) €
Mod.(Dx i) the subobject

(F7 VF) = f*H?)M<X/Sv (E>VE)) - (E7 vE)

has the restriction (F,V )
of (E,VE)

PROOF. Since the maximal trivial subobject of (E, Vg)|x,x is precisely
[ Hpn (Xs/k, (B, VE)|x.4) = (E, V)

so the above theorem is just the base theorem for the Gauss-Manin Connection which was
proved in [Katz][Section §]. O

x./k = (£, VE)|x, /& which gives the mazimal trivial subobject
X,/k- S0 in particular, our condition (a) and (b) are satisfied.

Xs/k>»

2.2. The condition (c) for a generic geometric point. Now we come to check
the condition (c) in our general criterion. Since we are not going to show the injectivity of
the very left arrow, the condition (c) in our situation reads:

ForV(E,Vg) € Mod.(Dx/;) and any quotient (£, Vg)|x,/x = (F', Vi) € Mod.(Dx, i),
H(F, VF) S MOdC(DX/k) and an 1mbedd1ng (F/,VF/> — (F, vF)le/k € MOdc(DXs/k>- Or
equivalently, one can say (by taking dual) for V(E,Vg) € Mod.(Dx/;) and any subob-
ject (E,Vg)|x, e — (F',V) € Mod.(Dx, i), I(F, V) € Mod.(Dx/x) and a surjection
(F’,VF/) —» (F, VF) X./k € MOdc(DXS/k)-

This condition here is quite difficult to check, but since (a) and (b) are satisfied now it
is equivalent to the exactness of the homotopy sequence. We will first prove this condition
in a special case (for a generic geometric point) then we will show that if in this special
case our condition is OK then the homotopy sequence is exact in general. Next we will
place the settings for the generic geometric point.

The Setup of §3.2: Let fy : Xg — Sy be a smooth morphism between smooth geo-
metrically connected schemes of finite type over a field ky of characteristic 0. Let k be an
algebraic extension of k(Sy), S := Sy Xk, k, X 1= Xo Xi, k, f:= fo Xi, k. Now we get a
k-rational point s € S which corresponds to the generic point of Sy. Let X be the fibre of
s € S(k), x € X(k) such that f(x) = s.

PROPOSITION 2.2.1. If (E, V) € Mod.(Dx /i), (F', Vi) C (E,VEg)|x.n € Mod.(Dx., /1),
then 3 a non-trivial Zariski open Uy C Sy and an object (Fy,Vg,) € Modc(ng1(UO)/kO) with
a surjection (Fo, V) x. ik — (F', V).
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PROOF. According to Lemma 2.2.2 below, we have a non-trivial Zariski open Uy C Sy
and a finite étale covering Ty — Uy with x(7p) C k such that (E, Vg) € Mod.(Dx/;) is de-
fined over Modc(DXOXkOTO/TO). We may assume Uy = Sy and let (Ey, Vg,) € ModC(DXOXkOTO/TO)
be the object such that p*(Fy, Vg,) = (F,VEg) where p: X = Xy x3, k — X Xy, To. Let
a: Ty — Sy Xk, Tp be the graph of Ty — Sp and 8 : Xop, — X Xy, To be the pull back of
the graph:

B
XOTO —_— XO X ko To .

A

TO 2 So Xk’o To

Then the pull back §*(Eo, V,) € Mod.(Dx,,, /1,) is actually defined over Mod.(Dxy, /i, )-
In fact, we have the following commutative diagram:

B p
XOTO 4>X0 X ko TO 4>X0 .

L

Ty ———=1p ko

Thus we have maps
1 ~ 1 1
6*QX0><1€OTO/T0 - ﬁ*p*QXo/ko - QXOTO/kO'
Note that the last arrow in the above sequence is actually coming from the following
commutative diagramme:

pof3
XO,TO XO

| |

Spec (ko) == Spec (ko)

This indeed extends our connection

1 ~J k 1
vEO : EO . EO ®OXO><SOT0 QXoXkOTo/TO = EO ®OXO><SOTO p QXQ/}CO
to the connection
* ety * 1
B*Vg, : "Ey — B°Ey B0y, QXOTO/kO-
Let A : Xop, — Xog, = Xo. Since Ty — Sp is finite étale, we have \.3*(Ey, Vg,) €
Mod,.(Dx,,x,) and a surjection

A*A*ﬂ*(E07 on) - 6*(E07 VEO)

From the Cartesian diagrams

X, —— Xorp, N Xo Xy To — Xo

N T

k To So Xy To — Sy
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we know that if we pull back 3*(Ey, Vg,) along ¢ then we get (E,Vg)|x,/r. Now let
(F",Vn) be the inverse image of (F', V) under the map

)‘*A*B*(E(J? VEO)‘Xs/k - 6*(E07 on)’Xs/k = (E7 vE)’Xs/k"
According to our lemma 2.2.3 below, there exists non-trivial Zariski open Uy C Sy and
(Fo, VR,) € Mode(D -1, /k,) With a surjection (Fo, Vg,)|x,k = (F", V1) - (F',Vp) €
Mod,(Dx,x). This completes the proof. d

LEMMA 2.2.2. (The notations and conventions in this lemma are independent) Let
f: X — S be a smooth morphism between two integral noetherian schemes. Let s € S be
the generic point, k(s) C k be a separable algebraic extension of fields, Xy be the generic
fibre (corresponding to Spec (k) < S). Then for any object (F,V ) € Mod.(Dx, /i) with
F' a vector bundle, there exists a non-empty open subset U C S, an integral finite étale
covering T — U and an object (E,Vg) € Mod.(Dxx4r/r) which satisfy (1) the function
field of T'is contained in k; (2) (F, V)= (E,VE)x,/k-

PROOF. Let ¢ : X — X be the canonical imbedding of the generic fibre and assume
S = Spec(R). Then we get a surjection ¢*¢.F — F. Since ¢,F is the union of its
coherent subsheaves, we find a coherent subsheaf M of ¢,F with a surjection ¢p*M — F.
Suppose N C ¢*M is the kernel of ¢*M — F'. It is coherent since X is noetherian. Then
we can collect finitely many elements {zg,---,x,} in k& which are integral over R and a
non-zero element f € R such that N is defined over Ry := Ry[zg,--- ,x,]. Thus F is
defined over R;. Let’s say Fj is a coherent sheaf on X x g R; such that pjE; = F', where
p1: Xy =X Xgpk — X X Ry. Since the problem is local for S, and F' is locally free, we
may assume F is locally free. Then the map

El ®OX><RR1 Q%(XRR1/R1 - pl*p){(El ®OX><RR1 Q%(XRRl/Rl)
is injective. Since the k—linear map
Vi :F — F®oy QO

can be seen as a map
py{El - pT(El ®OX><RR1 Qﬁ(xRRl/Rl)v

we can collect finite many elements {yo, -, y,} in k which are integral over R and a non-
zero element g € R such that Vi is defined over Ry = (R1)4[vo, - ,yn) and is still a flat
connection. Thus we have found Ty := Spec Ry and (Es, Vg,) € FConn(X xgT5/T5) such
that p3(Eq, VE,) = (F,VE) (where py : X x5k — X xgT5) and the generic point of 75 is
a finite field extension of x(s). Now the map T, — S which is finite onto its image is étale
at the generic point of 75, thus we get a non-empty open sub 1" of T3 such that T is finite
étale over some non-empty open U of S. This is precisely what we want. U

LEMMA 2.2.3. For any object (E,V ) € Mod.(Dx,/k,) and any imbedding (F',V ) —
(E,VE)|x,/k € Modc(Dx, /i) there is a non-empty open Uy C Sy and an object (F,Vp) €
Modc(Ds-1(ug) k) Which admits a surjection

(F,Ve)lx, e = (F', Vi) = (E,VEg)|x.,x € Mod.(Dx, /i)
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PROOF. First suppose x(Sp) C k is a trivial extension. Let r := dimo,_(F"). According
to [EP|[Theorem 5.10] we have a subobject (M,Vy) C (E,Vg)|x,/k, € Mode(Dx, /k,)
with a surjection (M, V) (F',Vp). If we set (F1,VE) == (M,Vy) ®oy,
(A"YE,VE)|x, k)", then it is a subobject
(F1, Vi) € (B, VE)lx. ke ®ox, (NTHE,VE)|x./k)" € Mode(Dx, k)
with a surjection
(F1, V) xun = (F', Vi) 2 det(F, Vi) @0y, (N 7H(F, V)",

Let u : Xy — Xj be the canonical imbedding, then we take the inverse image of wu, F} under
the canonical map

E ®oy (NTE)" — uu'(E ®oy (NE)Y)
and denote it by F5. One can check there is a non-empty open subscheme Uy C Sy so that
F; is equipped with a flat connection on f~1(Uy)/ko and becomes a subobject

(F27VF2) - ((E VE) ®0X0 (/\T_l(E’ VE)) )|f L(Uo)/ko € Mod (Df 1(Uo)/ko)

which satisfies (Fy, Vg,) = (Fy, V). This finishes the special case.

Now suppose k(Sy) C k is a non-trivial extension. It is clear that the map (F', V) —
(E, VEg)|x,/k is defined over Mod,.(Dx,, /i) where k' is a finite extension of £(Sp) and X :=
Xo X5, k. Thus we may assume k//i(So) is finite. Then the map « : Xy — Xy x5, k(50)
is finite étale. So we get a surjection

oo (F', V) = (F',Vg) € Mod.(Dx_ /i)

and an imbedding
oz*(F' VF/) — Oz*((E VE) Xs/k) € Mod (DXOXSO (So)/fi(So))'

Thus it is enough to show that o ((E, Vg)|x, k) is defined in Mod.(D -1 (1) /k,) With Uy C

Sp non-trivial Zariski open, since then we can apply the special case we discussed above to
get a surjection on o, (F', V) from some object in Modc(D¢-1(1y)/k,)- Since the problem
is local on Sy we may assume Sy = Spec (R). Then one can find a finite ring extension
R C R' C k such that R’ has quotient field £ (ex. the integral closure of R in k).
Again because our problem is local on Sy, one may assume R'/R is finite étale. Let
B Xy = Xo Xspee(r) SpeC (R') — Xo, u : Xo x5, 6(5) — Xo. Then v*B,5*(E,Vg) =
a.((E,VEg)|x,/k), but 5.6*(E,Vg) € Mod.(Dx,/k,)- This completes the proof. O

DEFINITION 2.2.4. Let Mod.(Dsg/x, s) be the category whose objects are of the form
(U, M), where U is an open subset of S containing s and M is a coherent sheaf on U with
a flat connection Vj; on U/k, whose morphisms between two objects (U, M) and (U’, M)
are defined by

MOI‘((U, M), (U/, M/>) = HOmUnU/<<U, M)|UOU’; (U/, M/)‘UQU’>~

Let Mod.(Dx/s/k, f,s) be the category whose objects are of the form (U, M), where U is an
open subset of S containing s and M is a coherent sheaf on f~!(U) with a flat connection
Var on f~1(U)/k, whose morphisms between two objects (U, M) and (U’, M) are defined
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by
MOI'((U, M), (U,, M/)) = Hoqu(UmU/)((U, M)'ffl(UﬁU’)a (U,, M,)|f*1(UﬁU’))'

PROPOSITION 2.2.5. Let X be a smooth geometrically connected scheme of finite type
over a field k of characteristic 0, U C X be a dense open subscheme, then for any two ob-
jects (E,Vg), (F,Vg) € Mod.(Dx/) and any morphism fu : (E,Vg)|u/s — (F,Ve)lum €
Mod.(Dy), we can uniquely extend fy to a morphism

f : (E, VE) — (F, VF) S MOdc(Dx/k)

PROOF. The uniqueness is clear since if we have two extensions f and f’ then the set
of points of X on which f = f’ is closed. By the lemma below we may assume f;; is an
isomorphism.

Now suppose for any point x € X \ U we can extend fy to a neighborhood of z, then
using Zorn’s lemma we can extend fi; to a map on X. Hence the problem is local. We may
assume X = Spec (A) is a smooth integral k-algebra with an étale coordinate X — A],
(r =dim X), and

E=F=A"=A®---® A,
—_——
and U = Spec (Ay) with f non-zero in A. Let d : A" — A" ®4 Qh/k be the canonical
connection (the n-th product of the trivial connections). Adding the A-linear map d — Vg
on both of the left and the right sides of the following commutative diagram :

fu
A} A}

| |+

1 fu®id 1
7 @4 QAf/lc — A ®a, QAf/k

we get a commutative diagram:

fu
A} A}

di \LdJF(VFVE)
n 1 Juid 4y 1
Af Qa, Qy = A} ©a, Oy

We note that d+ (Vp— V) is still a flat connection on A™. Let {e;}1<;<,, be the canonical
basis of A" as a free A-module. From the commutative diagram one sees that the image of
e; under fy : A’} — A}‘ is a horization section of d 4+ (Vg — V) on U for each i. It suffices
to prove the fact that the restriction

H%M(Xv (E>d+ (vF - VE))) - H%M(Uv (EUa d+ (VF - VE)))

is an isomorphism, since then the image fy(e;) is in A™ for each i.
Suppose I = (iy,i2, - ,i,) be a vector with entries in Q}Mk such that for any vector
v = (v1,v2, -+ ,v,) in A" we have

(Vi — VEg)(v) = (vii1, vala, - -+, Unly).
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Let w = (wy,ws, -+ ,w,) be a vector in HY,,(U, (Ey,d+ (Vr — VEg))). Then we have
(d(wl)7 d<w2>7 T 7d(wn>> - _<w1i17 w2i27 e 7wn2n)
Now if wy ¢ A, then there is a codimension 1 prime ideal p € X such that w; = an~* with
7 the uniformizer, a € A, invertible, and £ > 0. Then we have
d(w,) = 7 %d(a) + kar*d(r).
But we from the second fundamental exact sequence
0—p/p* — Qi Ok A/D = Qe — 0
(this sequence is split exact because there is neighborhood of p in which A/p is smooth
over k) we know that d(7) could be extended to a basis of the free A,-module Qi‘p s This

tells us that 7*d(w;) is not a regular differential 1-form in Qi‘p s~ This contradicts to the

formulae d(w;) = —wyi; because 7; is a regular 1-form. Thus w € A™ this is just what we
want to show. O

LEMMA 2.2.6. Let X be a smooth k-scheme, U C X be an open subset, (E,Vg) €
Mod.(Dx ) and suppose there is an injection

(F/, VIF) — (E,VE)|U/k € MOdC(DU/k).

Then there exists a subobject (F,Vp) C (E,VEg) € Mod.(Dx/i) such that (F,Vp)|uw =
(F', V') as subojects of (E,Vg)|uk

PrOOF. Let j : U C X be the inclusion. We take F' to be the inverse image of j,F”
under the adjunction map E — 7,7*F. Then F' is a coherent sheaf, and one checks easily
that F — E Y2 E xo, Q% factors through F xo, Q% — E X0y Q. Hence F is
equipped with a connection Vp and becomes a subobject of (E, V). Clearly (F,Vg)|u/k
is equal to (F”, V) as subojects (since F|y is equal to F’). O

The above Proposition and the above Lemma implies immediately the following:

LEMMA 2.2.7. The category Mod.(Dgy,S) (resp. Mod.(Dx sk, f,5)) is an abelian
k-linear rigid tensor tensor category equipped with an exact faithful k-linear tensor func-
tor (M,U) — M]|s (resp. (M,U) — M]|,). Thus it is a neutral Tannakian category, so
we have a Tannakian group 79(S, s) (resp.7®¥(X,x)) associated to Mod.(Dgyy, s) (resp.
Mod.(Dx/s/k, f,5)). Furthermore, the canonical functor Mod.(Dg/,) — Modc(Dgy, s)
(resp. Mod.(Dx/r) — Modc(Dx/syk, f,5)) is fully faithful and stable under taking sub
quotients. Thus we get a canonical surjection 7(S,s) — w(S,s) (resp. #9%(X,x) —»
T (X 1)).

Using the results in the previous sections and apply our above lemma to Mod.(Dx/s/, f, 5)
and Mod.(Dg/i, s) we get:

THEOREM 2.2.8. The homotopy sequence

(X, 1) — 7W(X, x) — 7U(S,5) — 1
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is exact. And one has a commutative diagram:

(X, x) — 7(X, x) —= 79(S, s) — 1.

i i

(X, ) — 7(X,z) —= 7(S,s) —= 1

THEOREM 2.2.9. Under the hypothesis in the beginning of this subsection, the homotopy

sequence
(X, 1) — 7(X, x) — 7(S,5) — 1

15 exact.

PROOF. From the surjectivity of #%8(X,z) — 7%8(X,x) we know that the image of
78(X,, x) is a normal subgroup of 78(X,x). Then we take G := Coker(r*8(X,,z) —
78(X, 7)), and we get a surjective map of group schemes G — 7#(S, s). From condition
(a) we know the functor

Rep,(m5(8, 5)) — Rep,(G)

is essentially surjective, while the surjectivity of G — 728(S, s) tells us that
Rep,.(7%'8(S, s)) — Repy(G)

is an equivalence of categories. This finishes the proof. O

2.3. The general case. In this subsection we come to the general case: f: X — S
be a proper smooth morphism between two smooth connected schemes of finite type over
a field k of characteristic 0 with geometrically connected fibres, x € X (k), s € S(k) and

f(z) =s.

PrOPOSITION 2.3.1. If k C k' is a field extension, ', X', S", 2, s are the corresponding
morphism, schemes, points obtained by base change, and if the sequence
(X!, 2) — 79X 2) — (S ) — 1
is exact as k'-group schemes, then the sequence of k-group schemes
(X, 1) — 79X, z) — 7S, s) — 1

18 also exact.

PRrROOF. Let €(X') be the full subcategory of Mod.(Dx/,) whose objects, after being
pushed forward along the projection X’ — X, are the inductive limits of their coherent
subojects (i.e. subojects belong to Mod.(Dx/)). This ¢€(X’) is a Tannakian subcategory
and its Tannakian group is precisely 78(X,x) x,, k' [Del][10.38, 10.41]. But it is clear
that this full subcategory is also stable under taking subquotients. Thus the canonical
map 78( X’ 2') — 788( X, x) x;, k' is surjective. The same argument applies to X, and S.
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Hence we get a commutative diagram with the first row being exact

I

mle( X!, 1) mle( X' 1) eS¢ — 1.

i i |

8( X, 1) X k' —= m8(X, x) X K — 78(S, 8) xp K —=1

Since the image of a’ is normal, so the image of a is also normal. Hence the image of
m8(X,, x) — 7*8(X, ) is normal. Using the same argument employed in Theorem 2.2.9
we conclude the proof of this proposition. O

THEOREM 2.3.2. Let f : X — S be a proper smooth morphism between two smooth con-
nected schemes of finite type over a field k of characteristic 0 with geometrically connected
fibres, x € X(k), s € S(k) and f(x) = s. Then the homotopy sequence

(X, 1) — 7(X, ) — 7(S,5) — 1

15 exact.

PROOF. Since condition (a) (b) and surjectivity have been proved in §2.1, so we only
need to check condition (c). But for any object (E, V) € Mod.(Dx/;) and any morphism

0: (F',V) C(E,Vg)|x,r € Mode(Dx, /i),

there is a finitely generated field over Q@ on which all these objects (X, S, (E,VEg), ---)
and morphisms (f, x, s, d, ---) are defined. So we can reduce our problem to the case
when k is a finitely generated field over Q. But in light of the previous proposition we can
assume our field k is actually C.

Let K be the algebraic closure of the function field of S. Since K and C have the same
transcendental degree over QQ, they are isomorphic as fields. Now 7 : Spec (K) — S is a
geometric generic point, so by the discussion in §2.2 the sequence

ﬂ-alg<X777 77/) - ﬂ-alg<XK7 77,) - 71-aﬂg<‘gf(7 77) — 1
is exact (where Xk (resp. Sk) is the base change of X (resp. S) from k to K, and 7/ is any

chosen K-rational point of Xx above 7). From the lemma below we get a commutative
diagram of K-group schemes

T8 (X, ) —— 1 (Xk, ) —— 78(Sk,m) — 1.

l: lg l:

T8 (X, vr) — 78( Xk, 2x) — m8(Sk, sx) — 1

Thus the last row is exact. Then we can conclude our theorem by our previous proposition.
0

LEMMA 2.3.3. If f: X — S is a smooth proper morphism between two smooth quasi-
compact geometrically connected C-schemes with geometrically connected fibres, x,x’ and
s, s" are C-rational points of X and S respectively with f(x) = s and f(z') = &', then there
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exists a commutative diagramme of C-group schemes
T( Xy, 1) — 7(X,2') — 79(S,5) .

)

(X, x) — 7W(X, z) — 19(S

s)

PROOF. From the sequences of C-schemes:
X,»x5Ls and X,—-xLs
one gets sequences of analytic spaces:

Xgn N Xan ﬁ’ﬂ_) San and ;zln N Xan ﬁrl_) San,
where X (resp. XJ") is still the fibre of s € S* (resp. s € S*) under f*, since
the functor —*" commutates with fibre product [SGA1][Exposé XII, 1.2]. Now applying
the first homotopy functor (in topology) to these analytic spaces one gets a commutative
diagram:

,ﬂ_ioI)(X;zln’ IIZ'/) s 71_'iOP(AX'an’ x/) N 7T.EOP(San’ S/) ]

L

TP (X w) —— mP (X, x) —— (8, 5)

In fact by carefully choosing a path between x and z’, there exists a group isomorphism
mP(X", x) = mP (X 2
making the above diagramme commutative.

To show this one first defines a subset Z C S consists of points ¢t € S5* which admits
a point y € X", a path a between x and y, and an isomorphism

mP(X ) = WP (X )
making the diagram
TP(Xgn, ) — TP (X )
m (X y) —— M (X y)
commutative. Z is both open and closed, since for any ¢t € S** by Ehresmann’s theorem

(f*" is proper smooth by [SGA1][Exposé XII, proposition 3.1 et proposition 3.2]) one
knows that in a neighborhood U of ¢t € S fo»~!(U) is isomorphic to X x S as a



3. THE KUNNETH FORMULA IN CHARACTERISTIC p > 0 57

topological space. Thus for any ¢’ € U one gets a commutative diagram

m P (X y) —— (X y)

L

m (X y) —m Xy

by choosing any points y,1y' € f'(U) and any path between them (inside fo(U)).
Hence t € Z if and only if ¢ C Z. This shows that Z is both open and closed. On the
other hand, we know that S** is connected ([SGAI1][Exposé XII, proposition 2.4]). Thus
Z = 5% and hence s’ € Z.

Now let us denote the category of integrable analytic connections on X" and X", X"
by Conn(X®") and Conn(X¢"), Conn(X%") respectively. By Riemann-Hilbert correspon-
dence one has a 2-commutative diagram of neutral Tannakian categories (i.e. the k-linear
tensor functors in the diagram also respect the fibres functors):

Conn(Xe") —= Repe (i (X", 7))
7
Conn(X ")

T

COIlIl(Xan) _— . Rep(c( top(Xan ))

s 1L

1%
IR

Let us set ¢ to be the canonical functor Mod.(Dx/c) — Conn(X") sending an integrable
algebraic connection on X to an integrable analytic connection on X . This functor gives
a 2-commutative diagram of neutral Tannakian categories:

Mod.(Dx,c) — Conn(X2") .

//

Mod (DS/(C) —— Mod (DX/C — COIlIl Xan

\\

Mod.(Dx, /c) — Conn(X%")

Now applying Tannakian duality we conclude the proof of our lemma. U

3. The Kiinneth formula in characteristic p > 0

There are good reasons to expect the homotopy sequence to be exact for algebraic
fundamental groups in characteristic p. For one thing the homotopy sequence is exact
in characteristic 0, for another the étale fundamental group which can be considered as
the profinite completion of the algebraic fundamental group has exact homotopy sequence.
But the proof of the exactness is already very complicated in characteristic 0, and even
worse we used some transcendental methods in the end of that proof. So up to now
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we still can not prove that. However we can prove that in a special case-the Kiinneth
formula. This provides some further evidence that the homotopy sequence should be exact
in characteristic p.

We have showed in Chapter 1, §3, that Strat(X/k) is an abelian k-linear rigid tensor
category and we have a k-linear tensor equivalence between Strat(X/k) and Mod.(Dx/x).
If x € X (k) is a rational point then we get two natural fibre functors for Strat(X/k) and
Mod.(Dx/x) which are compatible with the above equivalence. Thus 78(X,z) can be
equally defined via Strat(X/k). So we will only work with Strat(X/k) in the rest of this
section.

3.1. Notations and Conventions. Now we fix a smooth map f : X — S between
two smooth geometrically connected schemes over a field £ of characteristic p > 0. Let

(B, c®) be a stratified bundle over X/k. We denote by (Es ,oé)) the pull-back of
(EC ), () along the canonical map A; : Xé) — X,

We first observe that all the relative Frobenius and absolute Frobenius are homoemor-
phismes on the ambient spaces. Thus if we have sheaves of abelian groups on X and
X éi), then we can actually regard them as sheaves of abelian groups on X© = X. We
have a canonical imbedding of sheave of abelian groups E® — E® ®o . Ox = E©
for each i. Thus each E® can be seen as a subsheaf of abelian groups of £(®. Similarly
each E(i) is also a sub sheaf of abelian groups of E O — BO) Let us write Egoo) for the
intersection of all Eé) as sub sheaves of abelian groups of E(). Then for each i € N
the sheaf F() fil)E( ) of abelian groups is naturally equipped with a structure of an
Og@-module, Where f(Z - X — S0 i5 the canonical structure map.

For each i € N, we write ¢, : S — S for the i-th relative Frobenius of S and
©0; © X — X for the i-th relative Frobenius of X. The notations are indicated in the
following diagram:

X .

®i

)
() 2 i
A Xs X
\ l £ l 5
g (@)
3.2. Some Preparations. The following discussion is contained in [Hai]. We will
restate the results and give some variant of his proof for the convenience of the reader.

THEOREM 3.2.1. (Phung Ho Hai) Notations being as in §3.1, we have a canonical
Oy -module isomorphism 7@ : ¢ F0+D = FO) for gll i € N.

PROOF. One can easily set up an induction argument to reduce our proof to the case
when ¢ = 0. Now for each 7 € N, the above diagram gives us a canonical isomorphism

&g fOED S (f9),EY.



3. THE KUNNETH FORMULA IN CHARACTERISTIC p > 0 59

One also has canonical imbeddings (as sheaves of Og-modules)
O JTVEED C o fOED and (f¢).EGTY € (f$).EY.

And these imbeddings are compatible with these &; in the obvious way. So we get a filtration

of ¢{f>£1)E(1) and a filtration of ( él))*Eg) such that & preserves the filtration. But the
intersection of the filtration of the left side

Ao
=1

is precisely ¢ fﬁl)Eéff)) , while the intersection on the other side gives us f*Eéoo). Thus &

induces the isomorphism 7). O

REMARK. If f: X — S is in addition proper, we can define a functor H (X/S, —)

from the category of stratified bundles over X/k to the category of stratified bundles over
S/k.

THEOREM 3.2.2. (Phung Ho Hai) Notations being as above. If f : X — S is in addition
proper, then for any point i : s — S, HS (X/S,—) satisfies base change for the following
diagram:

-/
(2
S X Y

X
|
S ‘ S

)
[

i.e. for any stratified bundle (EW, o) on X/k the canonical map
P HS (XS, (ED . 0,)) — HO.(X,/s,7*(ED, 0;))

str str

s an isomorphism.

PRrROOF. For a proof see [Hai|[Corollary 2.9]. There the field is assumed to be al-
gebraically closed and the points are rational points, but the same proof holds for not
necessarily algebraically closed field and non-rational points. U

Now we assume f : X — S is also (in addition to the assumptions in §3.1) proper
surjective and has geometrically connected fibres. Then we have the following:

ProprosITION 3.2.3. (Phung H6 Hai) The adjunction map
[ Hg (X/S, (B, a9)) — (EY, o)
is injective in Strat(X/k). If S = Spec(k), then the adjunction map gives the mazimal
trivial subobject of (E®, @) in Strat(X/k).
PROOF. Let K be the kernel of the adjunction map. So we get an exact sequence
0— K — f*HS,(X/S,(EV,0@)) — (EW, o),

But since K is a suboject of f*HS (X/S,(E®,0®)), so for any s € S, K after restricting
to X,/k(s) is a suboject of a trivial suboject, so the restriction of K is trivial. Because f is
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proper separable and Og = f,Ox, there is an object K’ € Strat(S/k) such that f*K' = K.
Now we apply the left exact functor HS (X/S, —) to the sequence
0 — fK" — fHg,(X/S,(EY, o)) — (EV, o).
Thus we get an exact sequence in Strat(S/k):
0 — K'— Hg, (X/S, (Y, o)) = HE,(X/S, (Y, ).

This tells us that K’ = 0, so the adjunction map is injective.

If S = Spec (k) then f*HS (X/k, (E® @) C (E®, 0®) is a trivial subobject. If there
is another trivial suboject (F®, 7)) C (E(i), o) then we apply the functor f*HS (X /k, —)
to the imbedding. So we get

frHG (X [k, (FO,70)) —= f*HL (X/k, (ED,01)) .

i i

(F), ) (ED, o)

1%

The left vertical arrow is an isomorphism because (F®, 7®) is trivial. This diagram
concludes our proof of the second statement. [l

3.3. The Kiinneth formula.

THEOREM 3.3.1. If X andY are smooth geometrically connected schemes over a field k
of characteristic p > 0, and if Y is proper over k, x € X (k), y € Y(k). Then the canonical
map

T(X % Y, (2,y)) — (X, ) x5, T (Y, y)

s an isomorphism.

PROOF. One has the following commutative diagram induced where all the maps are
canonical:

L ——m5(Yy) — = m 5 (X < Y, (2,y)) — m 5(X,2) —> 1.

l

1 —— 8y, y) — 78X, z) x; 78 (Y, ) — 7E(X, ) — 1

So to show that the middle map is an isomorphism it is enough to show that the first row
is exact. Thus we only need to show the homotopy sequence is exact for the projection
X Xk Y — X.

By Theorem 4.12 and Proposition 4.13 we have condition (a) and (b). Now we check
the condition (c). Let us write out the maps as follows

idXxy

X =5 X x YV 55 X
Condition (c) says that for any (E®,o®)) € Strat(X x; Y) and any imbedding
(F9 70y C (id x y)*(ED, 0®)) € Strat(X/k)
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there is an object (F'¥), 7)) € Strat(X x, Y/k) and a surjection
i 3)" (O, 79) = (F{?,47).

In our case we can take (F®, 7%) to be prf(Fl(i), Tl(i)) then we have (id x y)*(F®, 7))
(Fl(z),Tl(l)). This proves (c).

61
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