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Let E be a measurable subset of R.

Definition. For 1 ≤ p <∞, define

Lp(E) =

{
f measurable function on E : ‖f‖p :=

(∫
E

|f |p
)1/p

<∞

}
,

where we identify functions that are equal almost everywhere on E. Then (Lp(E), ‖ · ‖p)
is a normed vector space.

Example 1. Let 1 < p, q <∞ such that 1
p

+ 1
q

= 1.

(a) Prove Young’s inequality: a · b ≤ ap

p
+
bq

q
for a, b ≥ 0. Show that equality holds if and

only if ap = bq.

(b) Prove Hölder’s inequality using Young’s inequality.

(c) Show that Hölder’s inequality becomes an equality if and only if there exist α, β ≥ 0,
not both zero, such that α|f |p = β|g|q a.e.

Example 2. Deduce the Minkowski inequality from Hölder’s inequality.

Definition. Let

L∞(E) = {a.e. bounded measurable functions on E},

where we again identify functions that are equal almost everywhere on E. Define

‖f‖∞ := inf{M : |f(x)| ≤M a.e. on E}.

Then it is easy to see that

‖f‖∞ ≤ λ ⇐⇒ |f(x)| ≤ λ for a.e. x ∈ E.

Now (L∞(E), ‖ · ‖∞) is also a normed vector space and Hölder’s inequality is true for
(p, q) = (1,∞) or (∞, 1).

Theorem (Riesz-Fisher). For 1 ≤ p ≤ ∞, (Lp(E), ‖ · ‖p) is complete.

Example 3. Suppose 1 ≤ p < q ≤ ∞. Show that Lp(E) 6⊆ Lq(E) and Lq(E) 6⊆ Lp(E) in
general.

Example 4. Suppose m(E) <∞. If 1 ≤ p < q ≤ ∞, show that Lq(E) ⊆ Lp(E).

Example 5. Suppose ‖f‖r <∞ for some 1 ≤ r <∞. Show that

lim
p→∞
‖f‖p = ‖f‖∞.


