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MATH 4050 Real Analysis
Suggested Solution of Homework 6

Show that the uniform limit of a sequence of continuous functions is continuous,
and hence that if m(E) < 400 and f: E — R is measurable the, Vn > 0, 3 closed
set ' C E with m(E \ F) < n such that f}F : ' — R is continuous.

Solution. Let (f,,) be a sequence of continuous functions on X (C R) that converges
to f uniformly. Let € > 0 be given. Choose N € N such that

|[fv(z) — f(x)] <e/3 VrelX.
Since fy is continuous at xg, there exists 6 > 0 such that
|fn(z) — fn(zo)| < e/3, whenever x € X and |z — x| < 0.

Now, if x € X and |z — | < d, we have

[f (@) = fzo)| < [f (@) = fn (@) + [fv(x) = f(zo) + [ (w0) — f(x0)]
<e/3+¢/3+¢/3=c¢.

Hence f is continuous at x.

By a Corollary of Littlewood’s 2nd principle, there is a sequence {g, } of continuous
functions on E that converges to f almost everywhere. By Egoroft’s Theorem, there
is A C F such that m(E \ A) < n/2 and g, converges to f uniformly on A. Hence
f| 4 - A — Ris continuous. By inner regularity, there is a closed set /' C A such
that m(A\ F) <n/2. Now m(E\ F) <m(E\ A)+m(A\ F) <nand f‘F F—>R
is continuous. <

o N
Let F' =J,_, Fy,, a disjoint union of closed sets Fy,..., Fy. Let f: ' — R be such
that f } - 1s continuous, Vn. Show that f is continuous.

Solution. Let ¢ € F. Without loss of generality, we assume that ¢ € F;. We shall
show that f is continuous at ¢ using sequential criterion. Let (z,) be a sequence in
F' that converges to c. Then x,, € F for all but finitely many n € N. For otherwise,
(x,,) has a subsequence (z,, ) that is contained in Fj, j # 1. Now, since Fj is closed,
we have ¢ € F}, contradicting the fact that Fi,..., Fyy are disjoint. Therefore, by

the continuity of f|F1, lim (f(z,)) = lim (f‘F1 (a:n)) = f‘Fl(c) = f(o). <

Let F,, C (n,n + 1] be closed (R \ F,, open) Vn € N, and let F = OneNFn. Show
that f : FF — R is continuous if each f ‘ » Is continuous. (Can the condition

F, C (n,n + 1] be weakened to F,, C R?)

Solution. Suppose ¢ € F,, 1 C (n — 1,n] for some n > 2. Since each F,, is closed
and bounded, hence compact, there exists d,, € (0, 1) such that

T —mn >0, for all x € F,.
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Hence,
|z —¢| > min{d,,0,-1} >0 forallz e F\ F,_;.

Now any sequence (xy) in F' that converges to ¢ must be contained in F,,_; eventually.
It then follows from the continuity of f | By that

lim (f(e0) = tim (£, (20)) = £, () = £(0).

Therefore, f is continuous at c.

The result above is not true if the condition is weakened. For example, let {p,/q, :
n € N} be an enumeration of Q*, where p,, ¢, € N are relatively prime and define
F, = {pn/an}, f’F () = (=1)%. Then clearly F' = J, .y F» is a disjoint union of

closed sets and each f ‘ 18 continuous. However, f is discontinuous everywhere on
n
F. <

4. Let G = Ozozlln, countable disjoint open intervals I,,, and let F' := R\ G. Let
r<y<zwithx z€ F and y € I,, := (an,b,). Show that a, € F,b, € F,x < a,
and b,, < z.

Solution. Since I,,,’s are disjoint open intervals and a,,b, & I,, we have a,,b, &
G=U7_, I,. Hence a,,b, e R\G=F.

Suppose © > a,. Then a, < © < y < b,, so that z € I, C G, contradicting
x € F =R\ G. Therefore x < a,. Similarly, one can show b, < z. |

5. Let G, I,, F beasin Q4, and let f : R — R be such that f}F and f|7 are continuous,

Vn (I, denotes the closure of I,,). Suppose further that the graph of f ‘7 is a line-

segment. Show that f is continuous. (By symmetry, need only show that f is

right-continuous at each zg € R : lim+ f(z) = f(xg), i.e. Ve > 0 36 > 0 such that
T—T0

|f(z) — f(xo)| < eVa € (xg,x0+6). This is evident if g € G (so In € N such that
xg € I,). We may hence assume that xy € F, and there are three cases to consider:
(a) 30 > 0 such that (xg,zo+0) C F (so [xg,z0+ 0] C F)
(b) 36 > 0 such that (zg, 29+ ) C G (so (zg, o+ J) C I, for some n)
(c) (xg,x0+ 0) intersects F' and G, V4§ > 0.)
Hint: For case (a), you use the continuity of f ‘ o
For case (b), you use the continuity of f |[9007900 )

For case (c), let € > 0, 39y > 0 such that |f(z)—f(z0)] < e Va € FN[xg, xo+0]
as f | » 1s continuous at . By the assumption in case (c) and consider smaller
0o > 0 if necessary, we may assume that xq + 09 € F. Show that if z €
G N (zg, o + o), then I'n € N with = € (an,b,). Since xg,zg + 9 € F, one
has (7) zo < a, < x < b, < xo+ 0 and an, b, € F, |f(-) — f(z0)| < € at ay, by
and so at z.

6.* Do the same as Q5 but check “the left-continuity” in place of “the right-continuity”.
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Solution. Check that f is left-continuous at each o € R: lim f(x) = f(xo), i.e.

Tr—To—

Ve > 0,39 > 0 such that |f(z) — f(zo)| < € whenever z € (zg — J, xg).

This is evident if 2y € G (so In € N such that zy € I,,). We may hence assume that
o € F, and there are three cases to consider:

(a) Case 1: 360 > 0 such that (zg — 0, 29) C F (so [zg — 0, x¢] C F)
Since [zg — 0, 9] C F, it follows from the continuity of f ‘ » that

lim f(r) = mgg}_f‘zr(x) = f|(x0) = f(0).

T—To—

(b) Case 2: 36 > 0 such that (zg — J,20) C G (so (xg — 6, x) C I, for some n)

(wo — &, w0) C I, implies that [z — 6, 2z¢] C I,. It follows from the continuity
of f|; that

T f@) = lm Sl () = fly (o) = (o).
(c) Case 3: (g — 0,x0) intersects F' and G, ¥4 > 0

Let € > 0 and choose §y > 0 such that o — dy € F, and [f(z) — f(zo)| < €
Vo e FnNlxg— do,xo] as f}F is continuous at xg.

Suppose x € G N (g — do, zg). Since G = |~ I, is a disjoint union, there
exists a unique n € N such that x € I, := (a,,b,). As xg,29 — 6y € F, Q4
implies that

To— 0 < a, <zxr<b, <z9and a,,b, € F.

Since the graph of f ‘[a ba] is a line segment, it follows that
|[f(z) = f(xo)| < max{|f(an) = f(zo)],[f(bn) — f(z0)[} <&
Combining the estimates, we have

|f(z) — f(xo)] < e whenever = € (z¢ — dg, o).



