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MATH 4050 Real Analysis
Suggested Solution of Homework 4

Only the solutions to % questions are provided.

1.*

2.%

4%

(3rd: P.64, Q9)
Show that if F is a measurable set, then each translate E'+y of F is also measurable.

Solution. Let A C R. Then A —y C R and the translation invariance of m* yields
m*(A)=m*(A—y)=m" (A—y)NE)+m" (A-y)N E)
:m*<((A—y)mE) +y> +m*<((A—y) NE) +y)
=m (AN(E+y))+m* (AN (E+y)).

Hence E + y is also measurable. |

(3rd: P.64, Q10; 4th: P.43, Q24)
Show that if £, and E5 are measurable, then

Solution. If either m(E;) or m(Es) is infinite, the equality is trivial. Suppose
m(Ey), m(Fy) < oo. Since Fy N Ey C Es and it is measurable with m(E; N Ey) <
m(FEs) < 0o, we have

m(Es \ (BN Ey)) =m(Ey) —m(Ey N Esy).
Write Ey U Ey as a disjoint union, F1 U Fy = E; Ug (E2 \ (E1 N Ey)). Then
m(E1 U Ey) = m(Ey) +m(Ey \ (Ey N Ey)) =m(EL) +m(Ey) —m(E; N Ey),
that is, m(E; U Ey) + m(E1 N Ey) = m(Ey) + m(FEs). <

(3rd: P.64, Q11; 4th: P.43, Q25)

Show that the condition m(E;) < oo is necessary in Proposition 14 (3rd ed.) by
giving a decreasing sequence {F, } of measurable sets with ) = (| E,, and m(E,) =
oo for each n.

Proposition 14: Let {E,,} be an infinite decreasing sequence of measurable sets, that
is, a sequence with F, 1 C FE, for each n. Let m(E;) be finite. Then

m([)E:) = lim m(E,).

4 n—00
=1

(3rd: P.70, Q21; 4th: P.59, Q2,6)

(a) Let D and E be measurable sets and f a function with domain D U E. Show
that f is measurable if and only if its restrictions to D and E are measurable.
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(b)

Let f be a function with measurable domain D. Show that f is measurable if
and only if the function g defined (on R) by g(z) = f(x) for x € D and g(x) =0
for x € D is measurable.

Solution. (a) (=): Suppose f is measurable. Then

(b)

{reD: f‘D )>a}={re€eDUE: f(zr)>a}ND

is also measurable. Similarly {x € E': f ‘ () > a} is measurable. Since o € R
is arbitrary, both restrictions f ‘ pand f ‘  are measurable.
(«): It follows immediately from the following equation:

{reDUE: f(z)>a}={z€D: f‘D )>alU{z e E: f‘ ) > al.
(=): Suppose [ is measurable. Then

{reD: f(x)>a} if >0,

{x:g(x)>a}:{{xeD:f(x)>CY}UDC if a <0,

which is measurable in either cases. Hence g is measurable.
(«=): The converse follows immediately from (a) since D is measurable and
f= 9‘1:)‘

<

5% (3rd: P.71, Q22)

(a)

Let f be an extended real-valued function with measurable domain D, and let
Dy ={z: f(x) = 0}, Dy = {x : f(x) = —oc0}. Then f is measurable if and
only if D; and D, are measurable and the restriction of f to D\ (Dy U Dy) is
measurable.

Prove that the product of two measurable extended real-valued function is mea-
surable. (Hint: unlike the case of sums, f(z)g(x) is always of no ambiguity even
when f(x) and g(z) are infinite.)

If f and g are measurable extended real-valued functions and « is a fixed num-
ber, then f 4+ ¢ is measurable if we define f + g to be a whenever it is of the
form oo — oo or —oo + 0.

Let f and g be measurable extended real-valued functions that are finite almost
everywhere. Then f 4 g is measurable no matter how it is defined at points
where it has the form oo — cc.

Solution. (a) (=): Suppose f is measurable. Then D; and D, are measurable as

usual. Hence D \ (D; U D) is measurable, and so is f‘D\(DIUDQ) by 4(a).

§<:): Suﬂgpose D; and D, are measurable and f ‘ D\(DyUD3) is measurable. Then,
or o € K,

{z: f(x) >a} =D U{x: > a}

f ‘ D\(D1UD3)

which is measurable. Thus f is measurable.
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(b) Let Dy = {fg = o0} and Dy = {fg = —oo}. Then
D1:{f:OO7g>0}U{f:_OO,Q<O}U{f>0,g:OO}U{f<O7g:—OO}7

hence is measurable. Similarly Dy is also measurable. By (a), it suffices to show

that h = fg}D\(DIUDQ) is measurable. Let a € R. If o > 0, then

{z:h(z) >a} ={x: f}D\{f:ioo} -g’D\{gzioo} > at,

which is measurable; if o < 0, then
{z:h(z)>a} ={z: f(z)=0}U{z: g(x) =0}U{x: f‘D\{f:ioo}g‘D\{g:ioo} > al,

which is also measurable. Thus h is measurable.

Therefore fg is measurable.
(¢) Let Dy :=={f+g=o00} and Dy :={f + g = —oc}. Then

Di={feR,g=occ}U{f=g=o00}U{f=009€R}

is measurable, and so is D,. By (a), it suffices to show that h := (f+g) }D\(DluDg
is measurable. Let § € R. If 8 > «, then

)

{o:h(z)>p}={z: f}D\{f::too} +g‘D\{g=:too} > B

which is measurable; if § < «, then

{z:h(z) > B} ={f =00, =00} U{f=—00,g=+00}

UL £\ (toey F 9l prggmtony > B

which is also measurable. Thus h is measurable.
Therefore f 4 g is measurable.
(d) Let Dy, Dy and h be defined as in (c). Then the sets Dy, Dy, {x : h(z) > [} can

be written as unions of sets as in (c), possibly with an additional set of measure
zero. Thus these sets are measurable and f + ¢ is measurable.

<



