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MATH 4050 Real Analysis
Suggested Solution of Homework 3

Only the solutions to * questions are provided.

1.* (3rd: P.52, Q51) (Upper and lower envelopes of a function) Let f be a real-valued
function defined on [a,b]. We define the lower envelope g of f to be the function g
defined by

g(y) =sup inf f(z),
§>0 lz—yl<o

and the upper envelope h by
h(y) =inf sup f(z).

6>0 |x—y|<d
Prove the following:

(a) Foreach z € [a,b], g(z) < f(z) < h(x), and g(x) = f(z) if and only if f is lower
semicontinuous at z, while g(x) = h(z) if and only if f is continuous at .

(b) If f is bounded, the function g is lower semicontinuous, while h is upper semi-
continuous.

(c) If p is any lower semicontinuous function such that ¢(x) < f(z) for all = € [a, b,
then ¢(z) < g(x) for all z € [a, b].

Solution. (a) Let z € [a,b]. Then | in‘f 6f(y) < f(x) < sup f(y) for any § > 0.
y—x|< ly—z|<d
Hence

g(x) =sup inf f(y) < f(z) <inf sup f(y)= h(z).
§>0 ly—=|<d 0>0 1y —z|<5

Suppose g(z) = f(z). Then given € > 0, there exists § > 0 such that
flx) —e=g(x) —e < f(y) whenever y € [a,b] and |y — z| < 6.

So f is lower semicontinuous at x.

Conversely, suppose f is lower semicontinuous at . Then given € > 0, there
exists ¢ > 0 such that whenever y € [a,b] and |y — z| < J, we have f(z) —e <

f(y). Thus
fl@) —e< inf f(y) <g(a).

ly—z|<d
As ¢ is arbitrary and g(z) < f(x), we have g(x) = f(x).
Similarly, one can show h(z) = f(z) if and only if f is upper semicontinuous at

x. Finally f is continuous at x if and only if f is both upper semicontinuous
and lower semicontinuous at x if and only if h(z) = f(z) = g(x).

(b) Let € [a,b]. Since f is bounded, we have g(z) € R. Thus given € > 0, there
exists 0 > 0 such that g(z) < | inlf 6f(y) +e. Note that (z —§/2,2 +6/2) C
y—x|<

(x — 0,z +9)if |z — 2| < /2. Soif |z — x| < /2, we have

gz) < inf f(y)+e< inf fy)+e<g(z)+e.
ly—z|<d ly—z|<8/2
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Hence g is lower semicontinuous at x.

Similarly we can show that h is upper semicontinuous.

(c) Let ¢ be the lower envelope of ¢. Then for any z € [a, b],

p(r) =sup inf o(y) <sup inf f(y)=g(z),
§>0 ly—=z|<o §>0 ly—=|<d

and hence ¢(x) = ¢(x) < g(x), since ¢ is lower semicontinuous.

(3rd: P.52, Q52)

Let f be a lower semicontinuous function defined for all real numbers. What can you
say about the sets {z : f(z) > a}, {z: f(z) > a}, {z: f(z) < a}, {z: f(z) < a},
and {z: f(z) = a}?

Solution. Since f is lower semicontinuous, {x : f(z) > a} is open.

{z: flz)>a}=N{z: f(x) >a—1/n}is Gs.

{z: f(z) <a}={z: f(z) > a}°is closed.

{z: flx)<a}={x: f(z) > a}is F,.

{z: flz)=a}={z: f(x) > a}n{z: f(z) < a} is the intersection of a Gy set
with a closed set, so it is also Gy. <

(3rd: P.52, Q53; 4th: P.28, Q56)
Let f be a real-valued function defined for all real numbers. Prove that the set of
points at which f is continuous is a Gj.

Solution. Let C be the set of points at which f is continuous. Let g and h be the
lower and upper envelope of f, respectively.

By Q1(a), we have

C ={x € [a,b] : f continuous at =}
={zela,b]: g(z) = h(z)}

— ﬂ{x € [a,b] : h(z) — g(z) < 1/n}.

(Note that g(z) and h(z) cannot be both +o00 or —o0.)

To see that C' is a Gg-set (in [a,b]), it suffices to show that, given any A > 0,
A= {z€a,b]:h(x)—g(x) <A} is an open set in [a, b].

Let # € A. Then h(z), g(z) € R. Set g := (A — (h(z) — g(z))/4 > 0. By the same
argument in 1(b), we can find § > 0 such that
g(x) <g(z)+e0 and h(x)>h(z)—eg forany z € Vi(x)N|a,b].
Hence for any z € Vs(z), we have
h(z) — g(x) + A
2
Thus Vs(z) N [a,b] € A, and A is open. <

h(z) — g(z) < h(z) — g(x) + 259 = <A
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4% (3rd: P.52, Qb4; 4th: P.28, Q57)
Let {f.} be a sequence of continuous functions defined on R. Show that the set C
of points where this sequence converges is a F;.

Solution. Note that {f,} converges at z if and only if for each k € N, there exists
N € N such that for all n,m > N, we have |f,(z) — fm(z)] < 1/k. So

C=1U N Ao

keN NeNnm>N

where Ag = {2 |fu(z) — fi(2)] < 1/k}.

Since |f, — fi| is continuous, Ay . is closed and so is ﬂ Ak mon-
n,m>N

Thus {z : (f,) converges at =} is F,;s. <



