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MATH 4050 Real Analysis
Suggested Solution of Homework 1

(3rd: P.12, Q6)

Let f : X — Y be a mapping of a nonempty space X into Y. Show that f is
one-to-one if and only if there is a mapping ¢ : Y — X such that go f is the identity
map on X, that is, such that g(f(z)) =z for all z € X.

Solution. Suppose f is one-to-one. Thus, for each y € f[X], there exists a unique
x, € X such that f(z,) =y. Fix zg € X. Define g : Y — X by

_ )y ity e fIX],
9(y) {:vo ityev\ flz].

Then g is a well-defined mapping and g o f is the identity map on X.

On the other hand, suppose that such mapping g exists. If f(z1) = f(x2), x1, 22 €
X, then

r1 = g(f(x1)) = g(f(22)) = 22

Hence f is one-to-one. <

(3rd: P.12, QT)

Let f: X — Y be a mapping of X into Y. Show that f is onto if there is a mapping
g : Y — X such that f o g is the identity map in Y, that is, f(g(y)) = y for all
yey.

Solution. Suppose f is onto. For each y € Y, there exists z, € X such that
f(zy) =y. Define g : Y — X by g(y) = x,. Then g is a well-defined mapping and
f o g is the identity map on Y.

Conversely, suppose that such mapping ¢ exists. For any y € Y, x := g(y) € X
satisfies

Hence f is onto. |

Show that any set X can be “indexed”: 3 a set I and a function f : I — X such
that {f(i):i €1} = X.

Solution. Simply take I = X and f : I — X to be the identity function. <

(3rd: P.16, Q14)

Given a set B and a collection of sets C. Show that

4

AeC

Bn

= JBnA).

AeC
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Solution.

r e BN UA

AeC

< g€ Bandzxc¢€ UA
AeC

<= x € B and (z € A for some A € C)
<= z€ AN B for some AeC

« ze|J(BnA).

Aec
|
5. (3rd: P.16, Q15)
Show that if A and B are two collections of sets, then
(A Aen(| {B:BeB}=|J{ANB: (A B)c Ax B}.
Solution. Using the result in Q4 twice, we have
(A Aen( JB:BeB} = ]I J{4: A€ A}n
BeB
=JlUuUnB|= |J AnB)=({AnB:(4,B)c AxB}.
BeB LAeA (A,B)EAXB
<

6. (3rd: P.16, Q16)
Let f: X — Y be a function and {A,} eca be a collection of subsets of X.

(a) Show that f[lJ A\l = U f[AA]
(b) Show that f[ A\] C () f[AA]-
(c) Give an example where f[[)Ax] # ) f[A4A]-

Solution. (a) If x € [JA,, then x € A,, for some Ay, so that f(z) € f[A\,] C
U f[Ax]- Hence f[UAx] € U fIAN]-
Conversely, if y € |J f[A,], then y € f[A,,] for some Ay, so that y € f[J A.l.
Hence | f[A\] C fUAN].
(b) If = € (A), then x € A, for all A, so that f(z) € f[A,] for all \. Hence
f(z) € N f[AN] and thus () f[AN] C f [N AN
(c) Let f: R — R be given by f(x) = 22. Let A = (—00,0) and B = (0, 0).
Then f(AN B) = f(0) = 0 while f(A) f(B) = (0,00) N (0,00) = (0, 00).
<

7% (3rd: P.16, Q17)
Let f: X — Y be a function and {B)}ep be a collection of subsets of Y.
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(a) Show that f~[U B\ = U f'[B].
(b) Show that f~'[ B\l = N f~[B)].
(c) Show that f~1[B¢] = (f~'[B])¢ for BCY.

Solution. (a)

T € f_l [UB)\} <~ f(l’) c UB)\
<~ (3N(f(z) € By)
= (3N (e fT[B)])
= el Bl

ze f! [ﬂBA} < f(z) €()By
— (VA(f(z) € By)
< (VA)(z € f By

=z e B

z e [B] f(z) € B
~(f(z) € B)
(z € f7YB))

(f(Bl)"

—
—
—
—

S

8.% (3rd: P.16, Q18)
(a) Show that if f maps X into Y and A C X, B C Y, then

flf Bl c B

and

FfIAN D A
(b) Give examples to show that we need not have equality.
(c¢) Show that if f maps X onto Y and B C Y, then

117 B) = B
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Solution. (a) It is easy to see that

y € flf 7Bl <= (Ba)(y = f(z) and = € f7'[B])
< (32)(y = f(x) and f(z) € B)

— y € B,
and

reA = f(x)e fl4]
= v e ff[A]l

(b) Let f : R — R be given by f(z) = 2% Let A = [0,00) and B = (—00, 0).
Then
FIFBY = fl(=00,00)] = [0,00) C B
while

FHSIAL = 710, 00)] = (—00,00) 2 A.

(c) Suppose f maps X onto Y. Let y € B. Since f is onto, there exists x € X such
that f(z) =y. Asy € B, we have € f~'[B]. Hence y = f(z) € f[f'[B]].
Therefore f[f~'[B]] D B.

<«
9. Show that f — fo z)dzr is a “monotone” function on R0, 1] (consisting of all
Riemann integrable functlons on [0,1]), and RI0, 1] is a linear space. Show that
lim fn Ydx = / f(z
n—o0
if f, fn € R|0, 1] such that
lim (sup |u(2) — f(@)]) = 0.
n=0 2e0,1]
Solution. Recall that f : [0,1] — R is Riemann integrable if and only if
lim U(f,P)= lim u(f,P), (1)

[ Pll—0 P[0

where U(f; P) and u(f; P) denote the upper and lower Riemann sum of f, re-
spectively, with respect to a partition P. In this case, fo x)dzx is defined as the
common value in (1).

Now suppose f,g € R0, 1] and ¢ € R. Then it is easy to see that
u(f; P)+ulg; P) Sul(f+g:P) <U(f+g;P) <U(f; P)+Ulg; P),  (2)

which, together with (1), implies that f + ¢g € R[0,1] and

/Ol(f—l—g)(x)dx _ /Olf(x)dx+/01g(a:)dx.
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With similar arguments, one can show that ¢f € R[0, 1] with

/01 cf(x)dx = c/o1 f(z)dx,

/0 f(x)de < / g(e)dzr  if f(z) < g(x) on 0,1,

and

Let € > 0. Choose N € N such that whenever n > N,

sup |fu(z) = f(2)] <,

z€[0,1]

that is,
flx)—e < fulz) < f(x)+¢€ for all x € [0,1].

By the monotonicity and linearity of Riemann integral, we have, for all n > N,

/Olf(x)dx —e< /Olfn(:c)dgc < /Olf(flf)d:cha,

/01 fu(x)dx — /01 f(x)dx

lim fn(fﬁ)d:v:/() f(z)dx.

n—oo 0

so that
<e.

Therefore



