MATH2060B Mathematical Analysis I1 Home Test 2 Suggested Solution

Question 1. Let

(a) Find the convergence domain D of f. i.e., D ={z € R: f(z) is convergent}.
(b
(c

(d) Show that the domain of f is equal to the domain of its derivatives f’.

)
) Does the function f converge uniformly on its domain?
) Is f a C'-function on its domain?

)

Solution. .

(a) The domain of convergence is given by D = (—1,1). For each k € N, put

() = (93 + %)k and hence f(z) = guk(m).

Notice that for each x € R,

1/k

1
:c—l——' = |z|.

k
. Vk _ 1 - — 7
g P = o, ‘ (i) | =ty

Hence by the Root Test, f(x) is (absolutely) convergent if |z| < 1 and is divergent if
|z| > 1. It remains to consider the cases x = +£1.

If z = 1, note that each term of the series is bounded below by 1:
1\ *
uk(l):(1+E) >1>0, VkeN.

Hence f(1) is divergent by the Comparison Test.
If x = —1, note that

up(—1) = <—1 + %)k = (—1)* (1 — %)k Vk € N.

By considering the odd subsequence and even subsequence of (ux(—1)), we have

: 1 : 1
kh—>I£lo ug(—1) = ; and kh_g)lo Ugpy1(—1) = -
Hence u,(—1) is divergent. In particular, it does not converge to 0. It follows that

f(=1) is divergent by the n-th Term Test.

Remark. It is not enough to show that f(z) is convergent for x € (—1,1). This only
implies that (—1,1) € D. We should also show that f(x) is divergent for = ¢ (—1,1)
to argue for D = (—1,1).
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(b) No, f does not converge uniformly on its domain. By Cauchy Criterion for Series,
it suffices to show that there exists an € > 0 such that for all K € N, there exist £k > K,
p € Nand x € (—1,1) such that

|1 (%) 4+ Uk pa(2) + -+ upgp(2)] > €.

Fix any K € N, we can take

Then k> K, p e Nand x € (—1,1). Also,

1 k+1 K 1 K+1
g ()] = (erk—H) - (K+1+K+1)

(c) Yes, f is a C'-function. Consider the function g defined by

=18+ > 1.

o0

g(x) =) up(x) = gk (a: + %)H.

k=1

It suffices to show that ¢ is uniformly convergent on [—n,n] whenever 0 < n < 1. Let
n < r < 1. Then whenever z € [—n,n] and k sufficiently large, we have

1\~ 1 1\ k1
@ <k (e 1) <hoeg) <k

Notice that >~ kr¥~1 is convergent by the Ratio Test. It follows by the Weierstrass
M-Test that g(z) is uniformly convergent on [—n, 7).

For any = € (—1,1), pick n such that |z| < n < 1. Since g(z) is uniformly convergent
on [—n,n] and z € [—n,n], we have

00 o 1 k-1
"(z) = = Y@ =Yk — Ve e (—1,1).
P =g =S ue) =S k(s 4 1) L vee L
k=1 k=1
Note that each u}, is continuous at z, so f’ = ¢ is also continuous at x. Since z € (—1,1)
is arbitrary, it follows that f is a C!'-function.

(d) As shown in (c), the domain of f and f” are both (—1,1).
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Question 2.
(a) Show that the following statements are equivalent without using Cauchy criterion:

(i) Every Cauchy sequence in R is convergent.

(ii) Every absolutely convergent series in R is convergent.

(a) Give an example to show that statement (ii) above does not hold if R is replaced by
the field of rational numbers Q.

Solution. .

(a) (i=1ii) Let >z, be an absolutely convergent series in R. For each n € N, denote

Sp = § Tp =21+ T+ -+ 2y
k=1

be the partial sums. Then for n,p € N,

n—+p

|Sn4p = Snl = [Tng1 + Tnga + -+ 2ppy| < Z |2k
k=n-+1

Since ) |z,| is convergent, for each ¢ > 0, there exists N € N such that

n—+p
Z lzg| <e, Vn>N,¥peN.

k=n-+1

It follows that (s,) is a Cauchy sequence in R, and hence converges to some = € R by
assumption (i). Therefore the absolutely convergent series ) x,, is convergent.

(ii = i) Let (z,) be a Cauchy sequence in R. It suffices to show that (z,) admits a
convergent subsequence, which is constructed in the following way:

For k = 1, since (z,,) is a Cauchy sequence, there exists n; € N such that

1
| T — @, | < 27 Ym > n;.

For k = 2, since (z,) is a Cauchy sequence, there exists ny > n; such that

1
| T — X, | < 7 Vm > no.

Repeat the constructions for k = 3,4, ..., we defined a subsequence (z,, ) such that

1
|Trp s — Ty | < o Vk € N.

Let yx = 2, ., — Zn,. Note that for each K € N,

- - Ko &
k=1 k=1 n:1

k=1
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i.e., >y is absolutely convergent, and hence converges to some y € R by assumption
(ii). Now, consider the partial sums of > yx, we have

K
Zyk = (xnz - $N1) + (xns - xnz) +eee (an+1 - an) = Tngir — Lng-
k=1

Taking limit as K — oo, we see that (z,, ) is convergent:

K
lim z,, = lim z =1, + lim g K = Tpn, +
K—oo K K—oo MK+ e K—x - Y e y

(Method I) Fix an irrational number, say V2, and consider its decimal representation:
V2 = 1.414121356....
For each n € N, define the sequence (u,,) in Q by truncating the first n decimal places:
u = 1.4, wuy =141, wu3=1414,

If we define 1 = uy and 2,41 = U, 1 — u, for n € N, then > x, is a series in Q that

satisfies . .
Z|a:n| < oo and Zmn:\/ﬁ
n=1 n=1

(Method II) Fix an irrational number a € (—1,1). We construct the sequence of
signs (&,) inductively in the following way:

For n = 1, let a; = . Notice that a4 is an irrational number because « is irrational.
Note that we also have 0 < |a;| < 1. Define ¢; to be the same sign as «;. i.e.,

1, if a; >0,
€1 = .
-1, if a; <O.

For n = 2, let apy = a3 — €1/2. Notice that ay is an irrational number because oy is
irrational. Note that we also have 0 < |ag| < % Define g5 to be the same sign as «s.

Repeat the constructions for n = 3,4, ..., we defined a sequence («,) and a sequence
of signs (&,) such that
€ "€ 1
k
an+1=an—2—Z:a—22—k and 0 < |ay,| < gt Vn € N.
k=1

It follows that the series ) £,27" is an absolutely convergent series in Q:
En

oo oo 1

n=1 n=

However, it is not a convergent series in Q because
n

Ek 1
a—z2—k :|an+1|<2—n—>0, as n — 00.
k=1

i.e., Y £,27" converges to a € R\ Q.
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