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Let V be an inner product space over Cl . Then

① (Pythagorean -1hm ) If x
,
YEV with Cx

, y > - o , then

11×+815=11×112+118112
② (Cauchy - Schwartz )

I < × , y > I s Hall - HYH
.

③ ( triangle inequality ) µx+yµ e 11×11+11811 .

§
.
3.3 Proof of mean square convergence

Let 72 = RE- IT, ITI be the space of Q- valued integrable
functions on the circle . For f , GER

,
we define

Sf
, g > = IT f.Ii

'

fan . get dx

Then L .
, . > is an inner product on 72 over Q

.

For ne z
,
write

inx
EnCX) = E

,

XE E- IT, ITI
.

Then { en Ynez is orthonormal in the sense that



I if n=m

( en
,
em > = ( o otherwise

.

Furthermore for ft 72 and ne Z
,

Ian = # f! fan e- '
'

"

oh,

= Lf , en > .

For any trigonometric polynomial ÷IµCne"" = Chen

" Fitna en III.
*
Ems
. #

cnaisen
,
em >

N

= I lcnl ?
n= -N

Lemma 't For any f- C- 92 and NEAT
,
we have

-
'

( f - Snf ) t en for all MEN
.

Pf
.

S f - Snf
, en > = Lf, en > - s Snf, en >

= Icn ) - Siufcn )
= Fcn ) - fkn, c for MIEN)
= 0

. EH



Lemmas ( Best approximation ) Let ft 92 and NEAT,
Then
① H f - Snf Hs Hf - Einen en 11

for all { cnbn.tn, e Q

② The " holds Iff Cn = fan ) for KIEN.

Proof .
Given {cnbn.tn, e Q,

f - Eigen = (f - Snf ) t ( Snf - Einen en) .
By Lemma 't

, (Snf - NE en) 's ( f - Saif)
,

hence by Pythagorean Thin ,

Hf - nI÷nen 112=11 f- Smfh't Asaf - III.Cnenll;
frow which we see that

H f - smfh SH f - Itn, Chen 11
,

and the
' '

=
" holds iff 118nF - III. Chen tf - o .

But 11 Saif - IIa, arent
= H FEI, n) - Cn)enlT
=

a,
I Fcn)-Cup = o ⇐ Cn =# n )

.

EA



-1hm 3
.

Let f E 12
.

Then

Cal lying H f - Snf 11=0
.

(b) Parseval identity
co

Hf IT = I #nil?
n=-b

Pf .

We first prove La ) .

Let E > o ..
We claim that I a trigonometric polynomial p

suchthat

H f - P Ilse
.

Assume first that f is Cts on the circle .

In such case

by Weierstrass approximation Thm, I a trigonometric
polynomial P such that

I fcx , - Pex , I < E for all x EET
,
IT]

.

Then
u f - pff = # f! Han - pan fax

< EZ
so Hf - PH SE .

Next assume that f is integrable . As was proved before,
⇒ acts function g on the circle such that



① sxupfgexil s sup tf I = : llflhs
XEETYTII

③ f.IT/fcxs-gcxsldx e
4 ' llfths

Pick a trigonometric poly p sit .

It 8- PH E 42 .

Notice that

Hf - 8117 #f! Ifan - g Pdx

E ITT ' Z'Hflhsf
.

lfcxs - gcxsldx

E IT ' 2- Hf fly .I
411ft to

e I
41T 9



so 11 f - GH E TETE, s ET
.

Hence

Hf - Pll ell f -gu -1118 - p Ils Et E - E .

This proves the claim .

Write M - deg ( p) .

For N Z M
, by the best approximation -1hm,

Hf - Sm f H E H f - pH ( since P is a trigonometric poly
with degrees N )

< E
.

Hence

things Hf - sniff1=0
This proves ca ) .

Next we prove Cbl . Notice that by Lemma I,

(f - Snf ) t Snf .
By Pythagorean Thin , we have

Hf IP = H f - Snf Ift H Smfh?
= 11 f - smfh't I

'

Fcn) 12
h= -µ

Letting N→w , we have Hfll
'

= ⇐as
I Fall? 17€


