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Abstract. Using techniques of variational analysis and dual techniques for smooth conjugate
functions, for a local minimizer of a proper lower semicontinuous function f on a Banach space,

p € (0, +00) and ¢ = H'Tp, we prove that the following two properties are always equivalent: (i) Z is

a stable g-order minimizer of f and (ii) Z is a tilt-stable p-order minimizer of f. We also consider their
relationships in conjunction with the p-order strong metric regularity of the subdifferential mapping

af.
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1. Introduction. For a proper lower semicontinuous function f on a Banach
space X, recall (cf. [6, 10]) that Z € dom(f) is a sharp minimizer of f if there exist
positive constants x and § such that

(L.1) kllz —z| < f(x) - f(2) Voe Bx(z,9),

where Bx(Z,0) denotes the open ball of X with center Z and radius ¢ (and Bx|[Z, ]
will be used to denote the corresponding closed ball). Clearly, (1.1) implies that
argmingcp. (z.5)f = {Z} is a singleton. Perhaps because of this, some authors (see
[4]) use such names as “strong isolated local minimizer” or “strong local minimizer”
instead of sharp minimizer. In the case when T is not a unique minimizer of f
over Bx(Z,0), Ferris [10] introduced the weak sharp minimizer notion: Z € dom(f)
is called a weak sharp minimizer of f if there exist k,r, 6 € (0, +o00) such that

f(z) = inquBx(i,r) f(u) and
(1'2) lid(fv,S(f,:f,r)) Sf(fv)_f(f) VZCEB)((CE,(S),

where S(f,z,r) := {xz € Bx(z,r) : f(x) = infycp (s, f(u)}. The notion of sharp/
weak sharp minimizer has been recognized to be important in mathematical program-
ming and has been well studied (see [6, 10, 29, 31, 34, 35] and references therein).
However, both sharp minimizer and weak sharp minimizer are rather restrictive: for
example, it can be shown easily that a smooth function has no sharp minimizers and
that a smooth function also has no weak sharp minimizers (unless it is locally constant
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around some point). If [z — Z|| in (1.1) is replaced by |« — Z||9 with some constant
g > 1, namely, if there exist x,d € (0, +00) such that

(13) Rlle — &7 < f(z) — f(7) Va € Bx(z,0),

then T is called a g-order sharp (local) minimizer of f (with modulus ). Similarly,
we define Z to be a g-order weak sharp minimizer of f if there exist k,r,d € (0, +00)
such that f(z) = inf,cp, (7, f(u) and

(1.4) kd(x,S(f,z,1))? < f(x) — f(Z) Va € Bx(z,0).

Clearly, if 1 < g and § < 1, (1.3) is weaker than (1.1). It has been found that the weak
sharp minimum is closely related to the error bound in optimization, a notion that
has received much attention (cf. [25, 26, 31, 32] and references therein). Recently,
some authors considered Hélder error bounds (cf. [12, 30]). From the point of view of
theoretical interest and applications, we address a natural question on how sensitive
(1.3) or (1.4) is in responding to small perturbations to the function f. Noting that
several authors considered small linear perturbations to f, we are concerned with the
following notion of stable g-order strong minimizers, which has been studied under
the name of strong stable local minimizer or uniform quadratic growth condition in
the case when ¢ = 2 (see [4, 8, 9, 20, 21, 22] and references therein).

DEFINITION 1.1. Let € dom(f) and q € [1, +00). We say that T is a stable
g-order sharp minimizer of [ if there exist 6,r,x € (0, +00) such that for each
u* € Bx«(0,0) there exists x,~ € Bx(z,r), with xyo = T, satisfying the following
property:

El|z — @y ||? < fur (@) = fur(zus) Vo € Bx(T,7),

where

(1.5) fur = f—u”.

Motivated by the terminology of Poliquin and Rockafellar (see their seminal pa-
per [28], where they initiated the tilt stability study for the case when X is finite
dimensional and p = 1), let us introduce the following definition.

DEFINITION 1.2. Let p € (0, +00). We say that T € dom(f) is a tilt-stable
p-order (local) minimizer of f if there exist r,0,L € (0, o) and M : Bx+(0,0) —
Bx [z, r] with M(0) = T such that

(1.6) fur(M(u*)) = min fu~(z) VYu* € Bx«(0,0)

z€Bx [T,r]
(where fy» is as in (1.5)) and
(1.7) IM(x*) — M(u*)|| < L||la* —u*||]P Va*,u* € Bx-(0,9).

In this case we also say that T gives a tilt-stable p-order (local) minimum of f with
modulus L.

To the best of our knowledge, the Holder stability in the sense of Definition 1.1
or 1.2 has not been studied in the existing literature. Mordukhovich and Nghia [22]
considered the so-called full Lipschitz and Holder stability for the parameter case (f ()
being replaced by f(x,v)); they studied the tilt stability of order one (p = 1) together
with a parameter and the Holder aspect (of order %) refers only to the parameter. In
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the special case when ¢ = 2 and p = 1, many authors studied the stable minimizer
and the tilt stability properties (cf. [1, 4, 8, 9, 17, 20, 21, 23, 24, 28]). In particular,
the following interesting result has been established (cf. [28, 8, 20]).

THEOREM 1. Let X be a Hilbert space and f: X — R := RU {+oc} be a proper
lower semicontinuous function. Let T be a local minimizer of f and consider the
following statements:

(i) 0 € Of(Z) and the generalized second order subdifferential 82 f(z,0) is posi-
tively definite.
(ii) z is a stable 2-order sharp minimizer of f.
(iii) = is a tilt-stable 1-order minimizer of f.
(i

Then (i)<(ii)<(ili) when f is subdifferentially continuous and proximally regular,
while (ii) and (iii) are always equivalent when X is finite dimensional.

Note that Theorem I(i) has no counterpart in the general case when ¢ is any
number in (1, +o0) \ {2}, mainly due to the fact that we do not have a satisfac-
tory notion/theory for the corresponding higher order subdifferentials (especially no
“fractional-order” subdifferentials have been considered). This may be a reason why
no author has considered the general case of ¢ € (1, +00) up to now. In the line of
the equivalence of (ii) and (iii) in Theorem I, one of the main goals of the present
paper is to establish the following result: T is a tilt-stable p-order (with p € (0, +00))
minimizer of a proper lower semicontinuous function f on a Banach space if and only
if Z is a stable T-order sharp minimizer of f.

Metric regularity and strong metric regularity for a multifunction F' between two
Banach spaces are becoming an important and active area of research in variational
analysis and optimization theory (cf. [4, 7, 15, 19, 26, 29, 33, 34]). It is of particular
interest that the multifunction F is taken as the subdifferential mapping of a proper
lower semicontinuous function f. Under the assumption that f is a proper lower
semicontinuous convex function on a Hilbert space X, Artacho and Geoffroy [1] first
proved that & € dom(f) is a stable 2-order strong minimizer of f if and only if
its subdifferential mapping df is strongly metrically regular at z for 0. Afterward,
relaxing the convexity of f to the assumption that f is subdifferentially continuous
and proximally regular, Drusvyatskiy and Lewis [8] proved that the corresponding
equivalence still holds in the finite dimensional case. Very recently, these works have
been pushed further by Mordukhovich and Nghia [20, 22] and Mordukhovich and
Rockafellar [24] for the case when X is an Asplund or Hilbert space. The present
paper mainly concerns the more general Holder situation. For general p € (0, +00),
in terms of p-order metric/p-order strong metric regularity (for their definitions see
section 2) of the subdifferential mapping 0f, we further study the Holder strong stable
minimizers of f.

The rest of the paper is organized as follows. Section 2 provides some notions in
variational analysis and preliminary results (some of them are new and are of interest
by themselves). In section 3, we provide dual techniques for C1'? smooth conjugate
functions, which together with techniques of variational analysis play an important
role in the proofs for some of our main results. For a local minimizer Z of a proper
lower semicontinuous function f on a Banach space, any p € (0, +00), and ¢ = 1#,
we prove in section 4 that Z is a g-order sharp minimizer of f if 0f is p-order strongly
metrically subregular at Z for 0 and that Z is not necessarily a g-order weak sharp
minimizer of f if df is p-order metrically subregular at Z for 0; this is a reason why the
paper mainly considers the Hélder sharp minimizer (not the Hélder weak sharp mini-
mizer). However, the main aim of this section is to consider the relationship between
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the stable g-order sharp minimizer of f and the order p strong metric regularity of f.
Section 5 is devoted to the Holder stable minimizers, Holder tilt-stable minimizers,
and Holder metric regularity of the corresponding subdifferential mapping. We prove
that z is a stable g-order sharp minimizer of f if and only if T is a tilt-stable p-order
minimizer of f. These properties are further studied in terms of the metric regularity
of the subdifferential mapping 9f and the C''P-smoothness of the conjugate function
(.f + 5Bx[a’c7r])*'

2. Preliminaries. Let X be a Banach space with the topological dual X*. For
a proper lower semicontinuous function f: X — R, the Clarke—Rockafellar subdiffer-
ential 0f(z) of f at & € dom(f) is defined as

Of (%) := {z* € X*|(z*,h) < f(z,h) Vhe X},

where

f1(z,h) ;= limlimsup _inf f@+tw) = fz) .
€ P wEh+eBx t
r->T,t]0

In the case when f is locally Lipschitzian around z, fT(#,h) reduces to the Clarke
directional derivative

f°(z,h) := limsup flz+th) - f(x)

t—0t,x—7T t

It is well known that if f is convex, then
of(@)={2" e X*: ("2 —7) < f(x) — f(x) Vxe X}

In the following definition we recall two important and useful notions in variational
analysis (cf. [8, 9, 20]).
DEFINITION 2.1. Let f be a proper lower semicontinuous function on a Banach
space X and (Z,T*) € gph(df), where gph(0f) denotes the graph of Of. We say that
(i) f is prox-reqular at T for T* if there exist 0,5 € (0, +00) such that for all
u € B(z,0) with |f(u) — f(Z)] < and u* € Of (u) N Bx~(T*,0) one has

('@ — ) < f(z) — f(u)+ollz—ul” V€ Bx(z,0);

(i) f is said to be subdifferentially continuous at T for T* if {f(xz,)} converges
to f(Z) whenever a sequence {(xy,x%)} in gph(0f) converges to (T,T*).
It is known (cf. [33]) that if g is a C1'! mapping between Banach spaces X and
Y and ¢ : Y — R is a proper lower semicontinuous convex function satisfying the
Robinson qualification condition at Z in the sense that

Ry (dom() — (7)) — Vg(#)(X) = Y,
then the convex-composite function ¢ o g is prox-regular and subdifferentially contin-
uous at z for any z* € 9(¢ o g)(Z).

Recall that a set A in X x X* is said to be

(a) monotone if

0 < (a] —a5,x1 —xa) Y(xy,27),(x2,25) € A;
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(b) maximal monotone if A is monotone and A = B whenever a monotone subset
B of X x X* satisfies A C B.

A multifunction M : X = X* is said to be monotone (resp., maximal monotone)
if gph(M) is a monotone (resp., maximal monotone) set in X x X*. We also need the
following notion related to monotonicity.

DEFINITION 2.2. We say that a multifunction F : X = X* is locally mazimal
monotone at (,z*) € gph(F) if each neighborhood V of (Z,T*) contains a neighbor-
hood W of (z,z*) such that gph(F) N W is a mazimal monotone subset of W, that
is, gph(F) N W is monotone and gph(F) N W = gph(B) whenever B : X = X* is
monotone such that gph(F)NW C gph(B) C W.

Some existing papers on the tilt stability adopt the local maximal monotonicity
of F at (Z,x*) in the following weaker sense: there exists a neighborhood Vy of (T, z*)
such that gph(F) NVy is a mazimal monotone subset of Vy. However, should this
weaker notion be adopted, the proofs given in [28, 20] appear to have a gap. This
is why we introduce the stronger notion in Definition 2.2. The following is a lemma
on the local maximal monotonicity which would be sufficient for our purpose here.
When X is a Hilbert space we identify X* with X as usual.

LEMMA 2.3. Let X be a Hilbert space and A : X = X be a monotone operator.
Suppose that T € X, g € A(Z) and o € (0, +o0) are such that y + oz € int((A +
ol)(X)). Then, A+ ol is locally maximal monotone at (z,y+ ox). Consequently, if
A is mazimal monotone, then A+ ol is locally maximally monotone at any point in
gph(A +oI).

Proof. Recall (cf. [5, Theorem 21.1]) that whenever A is maximal monotone,
(A+0I)(X) = X for all ¢ > 0. We need only prove the first assertion of this lemma.
Let v; € X and z; € (A+0l) Y (v;) (i =1,2). Then v; € (A+0ol)(z;) = A(x;) + oz,
that is, v; — ox; € A(z;). This and the monotonicity of A imply that

0< (vy — 0wy — (v1 —0x1), 02 — 1) = (Vg — V1, Ty — 1) — 0||xe — 1|2

It follows that |22 — 21| < % lv2 — v1||. This means that (A + oI)~! is single-valued
on X and

(2.1) [[(A+oaD) Hv) — (A4 o) Y (w)|| < o7 Hvr — va| Yor,v2 € (A+ol)(X).
Let V be a neighborhood of (Z,§ 4+ ¢Z). Then, there exist 71,72 € (0, +00) such that
(2.2) B(z,r1) x B(g+0Z,r2) CV and B(y+ oz,r2) C (A+ol)(X)

(thanks to the assumption that § + oZ € int((A + oI)(X))). By (2.1), we assume
without loss of generality that

(2.3) (A+al) " (B(j + 0Z,1r9)) C B(z,71).

We only need to show that gph(A + oI) N (B(Z,r1) x B(§+ oZ,r3)) is a maximal
monotone subset of B(Z,r1) x B(§+ oZ,r2). To do this, suppose to the contrary that
there exists (xg,y0) € B(Z,r1) X B(§ + o0&, ry) such that

(24) 0<(v—yo,u—x9) Y(u,v) € gph(A+ol)N(B(Z,m1) x B(§+ cZ,12))
and (z9,v0) € gph(A + o). Thus, hg := (A +ol) (yo) — zo # 0. Take a sequence
{tn} C (0, +00) convergent to 0 such that each yo — |t|71—};ﬂ lies in the open ball

B(y + 0Z,73). By (2.2), let u,, := (A+oI)" (yo — ﬁngﬂ). Then, by (2.3), one has

tnh
(1m0 = 223} € 8ph(A +01) 1 (B(a.r) x B3+ 0, 72).
0
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It follows from (2.4) that

tnh tn
0< <——O,un - $0> = ———= ((ho, ho) + (ho, un — o — ho))
(| 2ol (| o]

tn tn hO

= Tl <|h0|| + (ho, (A+0ol)” (yo - ||h0|) —(A+al)” (2/0)>) :

This together with (2.1) implies that

tnho

ol < ~(ho.(4-+ 01 (0~ it
Thol

) -t oD) ) < o7 L
contradicting ¢, — 0 and hg # 0. The proof is completed. d
The following known lemma (cf. [3, Theorem 3.3]) is useful for our later analysis.
LEMMA 2.4. Let f be a proper lower semicontinuous function on a Hilbert space
X and let (z,z*) € gph(9f). Suppose that f is proz-reqular and subdifferentially
continuous at T for T*. Then Of is hypomonotone around (z,z*) in the sense that
there exist 6,0 € (0, +00) such that

0 < (wj—a3, 21 —22)+ollor—a|* V(x1,27), (22, 23) € gph(df)N(B(T,8)x B(7",4)).

For ¢ € (1, +00), we define the g-order generalized directional derivative of f at
z € X for z* € 0f(z) as follows:

Vh e X.

T+ th') — f(z) — (a*,th’
0 (@, ") (h) = timing LET) = S@) = (@, )
t—0+,h/—h td
Clearly, d?f(z,2z*) is positively g-homogeneous, that is,
d*f(z,x")(ah) = a?d? f(z,2")(h) V(a,h) € (0, +o0) x X.
It is easy to verify that if f is twice smooth around Z, then
1
& f(z, v f(z))(h) = §V2f(i’)(h2) Vh e X.
For z € dom(f) and z* € Jf(z), we say that the g-order generalized directional
derivative d? f(z, x*) is strictly positive if
df(z,2*)(h) >0 Vhe X\{0}.
In the finite dimensional case, we has the following result on the g-order generalized
directional derivative. .
ProproOSITION 2.5. Let X be a finite dimensional Banach space and f: X — R
be a proper lower semicontinuous function. Let q € (1, +00), £ € dom(f), and

x* € 0f(x). Then d?f(z,x*) is strictly positive if and only if there exists n > 0 such
that

(2.5) d*f(z,2")(h) 2 nl[h||* Vh e X.
Proof. Clearly, (2.5) implies the strict positivity of d?f(z,2*). To prove the

converse implication, suppose to the contrary that there exists a sequence {h,} in X
such that

1
lhel =1 and d7f(z,2™)(h,) < - Vn e N
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(thanks to the positive g-homogeneity of d?f(Z,z*)). Hence, there exist sequences
{un} in X \ {0} with ||u, — hy|| = 0 and {t,} in (0, +00) convergent to 0 such that

@+ thun) — {q(x) — (&7, taun) < % Vn € N.

(2.6)

Since X is finite dimensional, we assume without loss of generality that u,, — u with
[lu]| = 1. Thus, by (2.6), one has d?f(Z,2*)(u) < 0, contradicting the strict positivity
of d?f(z,x*). The proof is complete. O

To conclude this section, we introduce the notions of Holder metric regular-
ity /subregularity for multifunctions. Let F' be a multifunction between two Banach
spaces X and Y. For p € (0, +00) and (Z,7) € gph(F), we say that F is

(i) p-order metrically regular at z for g if there exist 7,6 € (0, +00) such that

(2.7)  d(z, F~'(y)) < rdly, F(2))" V(z,y) € Bx(z,0) x By (5,0);

(ii) p-order strongly metrically regular at z € X for y € F(z) if there exist
7,8,m € (0, +00) such that (2.7) holds and F~1(y) N Bx(Z,n) is a singleton
for each y € By (,0);

(iii) p-order (strongly) metrically subregular at z for § € F(Z) if there exist 7,0 €
(0, +00) such that (F~1(y) N Bx(z,d) = {z} and)

d(z, F~1(9)) < 7d(y, F(2))? Vax € Bx(%,0).

On one hand, some results in connection with geometric control theory and math-
ematical programming are based on the Holder metric regularity /subregularity as-
sumptions, but on the other hand, there are only a few studies of p-order metric
regularity /subregularity for p € (0, +o00)\ {1} (cf. [11, 13, 16, 18]). For p = 1, metric
regularity /subregularity have been well studied (cf. [4, 7, 15, 19, 26, 29, 33, 34]). The
following lemma is convenient for our later analysis.

LEMMA 2.6. Let F' be a multifunction between two Banach spaces X and Y. Let
p € (0, +00) and (Z,y) € gph(F). Then F is p-order strongly metrically regular at
z € X fory if and only if there exist k,r € (0, +00) such that for any v € By (y,r)
there exists x, € F~1(v), with x5 = T, satisfying

(2.8) kllx — x|l < d(v, F(z))? Yz € Bx(Z,r).

If, in addition, p > 1, then F is p-order strongly metrically reqular at T for y if and
only if there exist n,r,k € (0, +00) such that

(2.9) F~Y(v)n B(z,n) = {z} and x|z — 2| < d(v, F(z))?

for all (x,v) € Bx(z,r) X By (g,7).

Proof. First suppose that F' is p-order strongly metrically regular at = € X for 7.
Take 7,d,7 € (0, +00) such that (2.7) holds and F~1(y) N Bx(Z,n) is a singleton for
each y € By (y,0). By (2.7), one has

d(z, F~'(y)) < md(y, F())" < 7lly = 5l" ¥y € By(5,9).

Hence, for each v € By (7,d) there exists z, € F~1(v) with z; = Z such that ||z —
x| < 27[jv — g||P, and so

S0

(2.10)  F~'(v)NBx(z,1) = {z,} Yve By (y min {5’ (%)
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n
 (g5)
Ui 310

|z — 2] < ZO and Bx (9?, %) C Bx <xv,—> C Bx(z,9).

B =
==

Let v € By (g, min{J, (&) 1), and set 1o := min{n, d}. Then,

4

This and (2.10) imply that
“1(p)) = -1 VY Z 1 — z. 10
dz, F~*(v)) =d (x,F (v) N Bx (x, 5 )) |l — x| Vze Bx (x, 1 ) .
It follows from (2.7) that

o = 2]l < 7d(z, F))* Va € Bx (,

|3
N———

SIS

This shows that (2.8) holds with £ = % and 7 = min{%, (Z)", (&)%}, and so the
necessity part holds.

Suppose that there exist x,r € (0, +00) such that for each v € By (y,r) there
exists z,, € F~1(v), with 2y = Z, satisfying (2.8). Thus, (2.7) holds with 7 = 1 and

6 =r,and
(2.11) 6|2 = zof| < d(v, F(2))P < |lv—gl|P Vv € By(¥,r);

1
it follows that x, € Bx(z,r) for all v € By (g, min{r, (k)7 }). This and (2.8) imply
that

(2.12) F~'(v)n Bx(z,7) = {x,} Yv€& By (g,min{r, (m")%}) .

Therefore, the sufficiency part holds.

In the case when p > 1, it suffices to show that (2.8), (2.11), and (2.12) imply
that there exists v’ > 0 such that z, = Z for all v € By (g,7’). From (2.8) and (2.11),
it is easy to verify that there exists sufficiently small ' > 0 such that

Kllzy — 2ol < flu—ol” Vu,v € By (y,r").

Since p > 1, it follows that the function v +— x,, is Fréchet differentiable on By (g, r1)
and its derivative is constantly 0 on By (y,r’). Therefore, z, = x; = z for all
v € By (&,r"). The proof is complete. O

Regarding subregularity instead of regularity in Lemma 2.6, one has the follow-
ing corresponding result (we omit its easy proof): F is p-order strongly metrically
subregular at Z for § € F(z) if and only if there exist k,6 € (0, +00) such that

kllx — Z|| < d(y, F(z))? Va € Bx(Z,9).

3. Smooth conjugate functions. The most useful notion in duality theory
is undoubtedly the conjugate function of a proper lower semicontinuous function,
which has been well studied. In this section, we provide two interesting properties of
differentiable conjugate functions which will play an important role in the proofs of
our main results. Let f be a proper lower semicontinuous function on a Banach space
X and recall that the conjugate function f* of f is a weak™ lower semicontinuous
convex function on X* such that

(@) i=sup{(z*,2) — f(x): v € X} = —inf{fp(x): v € X} Va© e X7,
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where f;« is as in (1.5). In the case when f is bounded below by a continuous linear
functional (i.e., dom(f*) # @), one can define the closed convex envelope fes: X — R
of f as

epi(feo) = co(epi(f));

it is known and easy to verify that fz5 is a proper lower semicontinuous convex function
such that

feo =17, feo(@) < f(2), and (2%, 2) — [*(27) < fes(2) V(z,27) € X x X7
For z* € X* and = € X, it is known and easy to verify that
Fat) = (@, x) — fla) = = € Of* (¢*) and fuolw) = f(2)
and
¥ € Ofes(x) <= v € Of"(z").
The following inequality is well known and often used in duality theory:
) > W uy — flu) Y u) e X*xX.

A better (and useful for our later analysis) inequality is shown in the following propo-
sition under the C'*P smoothness assumption. For a proper lower semicontinuous
function ¢ on a Banach space Z and p > 0, recall that ¢ is C*» smooth on a subset
V of Z if ¢ is differentiable at every point of V' and

IVp(z1) — Vp(22)|| < Lljz1 — 22| for all 21,22 € V and some L € [0, +00).

PROPOSITION 3.1. Let D be an open subset of a Banach space E, and let g :
E — R be a proper lower semicontinuous function. Suppose that g is differentiable on
D and that there exist p,r € (0, +00) such that

(3.1) [Vg(z1) = Vg(z2)|| < Kl|lz1 — 22||P Vai,22 € D.

Letw € D and 6 > 0 be such that

(3.2) Bg(u, (1+27)8) C D.

Then

(3.3) (@) > (@, u) — glu) + —L— |l — Vg(u)|| 7
(1+p)r»

for all (u,z*) € Bg(u,d) X Bg-(Vg(u), kdP).
Proof. Let §p := (1 + 2%)5. Then, (3.1) and (3.2) imply that, for any v € B(a,¢)
and any v € B(u, dp),

9(v) —g(u) = (Vg(u),v —u) = /O (Vy(u+tv —u)) = Vg(u),v —u)dt

1
< / wtP||v — ul|*TPdt
0

_ v —ufP

n 1+p
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Let (u,z*) € B(uw,0) x B(Vg(@), xkoP). Then

g°(x") = sup ((z",v) —g(v))

vEB(u,00)
= gm (17000t - 202
= (@7 u) —g(u) + e (<a:* — Vg(u),v —u) - ””'“%”ILM) :
Let
34 cim s (la = vyl - LT

To prove (3.3), it suffices to show that

p . Lt
(3.5) ¢z ———=l=" = vg(u)l > .
(1+p)r>
Take a sequence {z,} with each ||z,|| = 1 such that

(3.6) (% = vg(u), zn) = [z = Vg(u)].

For each n € N, let

Then

_ _ 1, . 1
lvn —all < Jlu—al| + —|lz* — vg(u))[|?
KD

<5+ ﬁ%(”x* —vg(@)|| + | vg(a) — vg(u)|)»

1
<64 — (K6 + K@ —u|P)
KP
< §(1+27) = 6.
It follows from (3.4) that

_ 1+p
¢> (@ — Vg(u),vn —u) — Ellvn = uf 7P

1+p
1 * 1« 1 * 1fp
= —ll" = vg(u)|[7 (z* = Vg(u), z2n) — ———=[la" = Vg(u)[| 7.
KP (1+p)k?
This and (3.6) imply that
L. Lep 1 "
(> —<lle" =vgu)|[ 7 — ———=lla" = vg(u)[ >
KP (1+p)r?
P 1+p

= m”f = vg(u)|| ™7,

T =

verifying (3.5). The proof is complete. O
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Remark. In the case when p > 1, (3.1) implies that Vg is constant on any
connected component of D, and so g(x) = (Vg(u),z — u) + g(u) for all x € Bg(u,d)
whenever Bg(u,0) C D.

If an extended real-valued function g on the dual space X * is Fréchet differentiable
at 2% € dom(g), then its derivative Vg(z*) is a norm-continuous linear functional on
X* (ie., Vg(z*) € X**). The continuity conclusion is strengthened in the next
proposition for the case when g is assumed to be the conjugate function f* of some
proper lower semicontinuous function f on X, which will be useful for our analysis
later.

PROPOSITION 3.2. Let f be a proper lower semicontinuous function on a Banach
space X such that its conjugate function f* is Fréchet differentiable at z* € X*.
Then the derivative V f*(x*) is a weak® continuous linear functional on X*, that is,
vit(z*) € X.

Proposition 3.2 was established by Asplund and Rockafellar [2] (also see [31,
Corollary 3.3.4]).

4. Holder metric regularity and Holder minima. In this section, we con-
sider the Holder sharp minimizers and the stable Holder sharp minimizers. The
consideration will be mainly carried out in terms of the Holder strong metric subreg-
ularity /regularity of the subdifferential mapping Jf.

The following theorem describes the Holder sharp minimizer in terms of the Holder
strong metric subregularity of the subdifferential mapping. The quantitative formula
(4.4) will play an important role for the corresponding stability result given in Theo-
rem 4.3.

THEOREM 4.1. Let X be a Banach space and f : X — R be a proper lower
semicontinuous function. Let & € dom(f) andp € (0, +00). The following statements
hold:

(i) Suppose that there exist r,k,d € (0, oo) such that

(4.1) Lmin f(@) = f(7)
and

(4.2) kllz — Z|| < d(0,0f(x))? V& e Bx(Z,0).
Then

(4.3) 7llz — 2| 7" < f(2) - F(@) Vo € Bx(z,n),
where

(4.4) 7= ﬁ and 7= % min{r, 6}.

(ii) Suppose that f is convex and there exist 7,5 € (0, +00) such that
1+p
Tz —z||» < f(z) - f(z) Vo€ Bx(z,0).
Then

P||lz — Z|| < d(0,0f(x))? Va € Bx(Z,9).
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Consequently, if f is convex, then Of is p-order strongly metrically subregular at T
for 0 if and only if T is a X2-order sharp minimizer of f.
Proof. Statement (ii) is immediate from [31, Corollary 3.3.4 (i)=-(iv)] with ¢ (t) =

1t+p

7t™» . We only need to prove (i). To do this, suppose to the contrary that (4.3) is

not true, namely, there exists o € B(z,n) such that 7||zg — 9’c||# > f(zo) — f(Z).
This means, by (4.1), that

f(zro) < min  f(z) +7lzo -7 7.

z€Bx [z,r]

Take a 7/ € (0, 7) sufficiently close to 7 such that

. e
flmo) < min f(z)+7|lzg — 2|+ .
r€Bx|[z,r]

Then, by the Ekeland variational principle, there exists u € Bx[Z,r] such that
p

(45) Ju = 2ol < 72— foo 3
and
(4.6) fu) < fla)+ LERTR0 =2 e € Byl

p
Thus, by (4.5) and the choice of xy, we have

. o 1+2p o d+2p)n
—z| < - o — Z|| < ro — —_—
Ju=al < llu = ol + 120 ~ ol < T2y - o] < L2
It follows from (4.4) that
(4.7) u € Bx(Z,r) N Bx(&,0)

and so one can make use of (4.6) to get

1
(1 +p)7'llzo — 7|7

1
L @+p)rlao —al)?

0ed (f + I —U||> (u) C Of(u) Bx-,

where Bx- is the closed unit ball of X*. Hence, there exists u* € Bx+ such that

1 *
y* = M € Of(u). This, together with (4.2) and (4.7), implies that
_ ) L+p)\" .
= ol < 1? < (SE2) i -l

Noting (by (4.5)) that

lu— 2| 2 [0 — Z|| — [lu— ol =

1
it follows that '“”ﬁ;z“ < ((1+5)T Y||lzg — #||. Therefore, 7/ > —2%° — = 7 contra-
(1+p) »

dicting the choice of 7/. This shows that (4.3) holds. The proof is complete. O
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The following example shows that the corresponding assertion for weak sharp
minimizers (rather than for sharp minimizers) in Theorem 4.1(i) is not valid: a local
minimizer Z of f is not necessarily a =2-order weak sharp minimizer of f even though
df is p-order metrically subregular at Z for 0; this is a reason why we mainly consider
Hoélder sharp minimizers and stable Holder sharp minimizers.

Let f: R — R be such that

0 if x <0,
$—2—1n+2% 1f2%§x<2%+w+1)2—2%(Vn6N1),
= 1 e 1 1 1 1
f(x) BCE 1f2—n+m—2?§$<2n,1 (VTLENl),
1 el
3 1f§§$,

where Ny := N\ {1,2}. Then f is a nonnegative Lipschitz function and
S = {[I‘ eR: f(x)= 12{{]”(3:)} = —R;.

1

Hence, for any ¢ € (0, +00), lim M = lim —~— = 0; this implies that 0 is
n—oo zmw,9)9 n—oo 27 Tan

not a g-order weak sharp minimizer of f. Next, we show that df is p-order metrically

subregular at (0,0) for any p € (0, +00). Indeed, it is easy from the definition of f

to verify that

0,1 ifze{0}U{E: neN}JU{E + 25 — 5= neN},
8f($) = {1} ifz € g\] (QL"’ QL" + 2(7111)2 - 2%) ’
neN;

{0}  otherwise.

Hence
1 1 1 1
—1 . 11 1
(3f) (0) - R\ U (271’ on + 9(n—1)2 2n2)
neN;

and

d(0,0f(x)) =1 VY & (0f)1(0).
This implies that
d(z, (9f)71(0)) < d(0,0f(x))? V(z,p) € (=1, 1) x (0, +00),

and so Jf is p-order metrically subregular at 0 for 0.

In terms of Holder generalized directional derivative, the following proposition
provides necessary and/or sufficient conditions for Holder sharp minimizers.

PROPOSITION 4.2. Let X be a Banach space and f : X — R be a proper lower
semicontinuous function. Let & € dom(f) and q € (1, +00). Consider the following
statements:

(i) & is a g-order sharp minimizer of f.

(ii) 0 € Of(Z) and the q-order generalized directional derivative d? f(Z,0) is strictly

positive.

Then (1)=(ii). If, in addition, X is finite dimensional, then (1)< (ii).
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Proof. Suppose that there exist k,0 € (0, +00) such that
wlo— 7|7 < f(x) — f(@) V€ B(0).
Then, 0 € df(Z) and for any h € X there exists ' > 0 such that
ktY|A|7 < f(z+th') — f(z) V(t,h") € (0,8") x B(h,d").

It follows that s||h||? < d?f(Z,0)(h) for all h € X. Therefore d?f(z,0) is strictly
positive. Next suppose that X is finite dimensional and that 0 € 9f(z) and d?f(z,0)
is strictly positive. We need to show that % is a g-order sharp minimizer of f. To do
this, suppose to the contrary that there exists a sequence {z,} convergent to Z such

that M > f(xn) — f() for all n € N. For each n, let h,, := ;Z2=Z.. We assume

= Ten—al’
without loss of generality that h, — h (taking a subsequence if necessary). Then
B = 1, tn == ||lzn — Z]| — 0, and d9f(z,0)(h) < liminf, o {EHnIZI@ < g

contradicting the strict positivity of d?f(z,0). The proof is complete. "o

Along the same line as in Theorem 4.1, the following result describes the Holder
stable sharp minimizers in terms of the Holder strong metric regularity of the corre-
sponding subdifferential mapping.

THEOREM 4.3. Let X be a Banach space and f : X — R be a proper lower
semicontinuous function. Let T € dom(f) be a local minimizer of f and p be a
positive number. Consider the following statements:

(i) Of is p-order strongly metrically reqular at T for 0.

(ii) T is a stable 1#—owler sharp minimizer of f.

Then (1)=(ii). Moreover, if f is convex, then (i)<(ii).

Proof. First we prove (i)=(ii). To do this, suppose that (i) holds. By Lemma
2.6, there exist §,x € (0, +00) and a mapping u* +— x,+ from Bx«(0,0) to X with
xo = ¥ such that x, € (9f) 1 (u*) and

(4.8) Kllu — @y

< d(u*,0f(w))P V(u,u*) € Bx(z,8) x Bx-(0,4).

Setting u = Z and noting that 0 € 9f(Z), it follows that

(4.9) R|Z — 2y || < |Ju™||P Yu* € Bx«(0,0)
and so
(4.10) lim ||Z — x| = 0.

u*—0

On the other hand, setting u* = 0, (4.8) implies that
kllz —Z|| <d(0,0f(x))? Va € Bx(Z,0).

Since T is a local minimizer of f, there exists > 0 such that (4.1) holds. Hence, by
Theorem 4.1(i), we have that (4.3) holds with 7 and 7 defined as in (4.4). Noting
that Of,(z) = df(x) — u* for all (u*,z) € X* x X, (4.8) means that

(4.11) Ellu — 2y || < d(0,0fux(u)?  V(u,u*) € Bx(Z,0) x Bx~(0,9),

1 1
where f,- is as in (1.5). Let ¢’ := min{%, (%2)”,7 ()" }; by (4.10), (4.11), and
Theorem 4.1(i) (applied to f, and z,» in place of f and Z), it suffices to show that

(4.12) fur (Tyr) = min  fu(z) Vu* € Bx-(0,9).

TEBx [T+ ,g]
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Let u* € Bx«(0,¢"). Then, by (4.9) and the definition of ¢’, one has

lur]? _ 0"

< <—<
K

|1z — @o-

N3

K
It follows that there exists " € (%, n) such that Bx[z,~, 5] C Bx|[z,n]. Thus, to
prove (4.12), we only need to show that

(4.13) fur(y=) =  min _ fu«(z).

z€Bx[Z,n']

Let {e,} be a sequence in (0, +o00) convergent to 0 and take a sequence {z,} in
Bx|[z,n'] such that

(4.14) fur(zn) < inf  fu-(x) +e2 VYneN.

z€Bx[Z,n'] "

By the Ekeland variational principle, for each n € N there exists u,, € Bx|[Z,n] such
that

(4.15) lurn — 20l < en

and

(4.16) Jur(un) < fus(z) + enllz — uy|| Vo € Bxlz,n'],
and so

Flun)— (@) < (0, un—2)+en]un—2] < (5'+n) |un—7] < (r (1)’ +sn> et —].

Noting that u,, € Bx[Z,n'] C Bx(&,n), it follows from (4.3) that

1
Fllun — 2|3 <7 (g) * +en

1
Hence lim sup,,_, Tllun—z||7 <7 ()7 < 7'7]’% and so ||u, —Z|| < 7’ for all sufficiently
large n € N. This and (4.16) imply that

0e 8fu* (un) + 8n-BX*

and so there exists u} € Bx- such that e u) € 0fy«(uy). Thus, by (4.11), one has

Ellun — 2y || < d(0,0 fux (un))” < |lenuy[|” — 0.

It follows from (4.15) that x,, — x,~. Since f is lower semicontinuous, this and (4.14)
imply that (4.13) holds.

Now consider the case that f is convex. It suffices to show that (ii)=-(i). To do
this, there exist dg, 70,70 € (0, +00) such that for each u* € Bx+(0,d¢) there exists
Zyr € Bx(Z,710), with zg = Z, satisfying the following property:

(4.17) 702 = ye | 7 < fur (@) = fur (wur) Vo € Bx(Z,70),

where f,- is as in (1.5). Hence

14+p

olle — 2|7 < f(z) - f(2) Vo e Bx(Z,70)
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and

T < fur(T) = fur(zae)  Vu' € Bx-(0,0).

Tol|Z — 2o
It follows that

fu*(wu*) = f(xu*) - <U*axu*> > f(j) - <U*7$u*>
_ « >

and so

5 < ut|lre Vu* € Bx-(0,8).

To||Z — 20

1
Letting 6 := min{dp, ;01#_;201)}, this implies that ||z — z,«|| < % for all u* € Bx-(0,9).

Hence

To
BX(xu* I

: ) C Bx(z,10) Yu* € Bx-(0,9).

It follows from (4.17) that
1tp To *
Tolle = @ue | 5 < fur (@) = fur (@) Vo € Bx(e, 5) and Yu* € Bx-(0,0).

Thus, by Theorem 4.1(ii) (applied to f,+ and x,+ replacing respectively f and ), one
has

e — zy || < d(0,0fu(2))? Vo € Bx(zy,d) and u* € Bx-(0,4).

Noting that d(0,0fu«(z)) = d(u*,df(x)) and limys_,0 2y~ = Z, this and Lemma 2.6
imply that df is p-order strong metrically regular at Z for 0. The proof is com-
plete. O

5. Holder tilt-stable minima and Ho6lder stable minima. This section
mainly considers, for a proper lower semicontinuous function f, the relationship be-
tween the following two properties of a point T € dom(f): (i) T s a stable q-order
sharp minimizer of f and (ii) T is a tilt-stable p-order minimizer of f.

PROPOSITION 5.1. Let X be a Banach space and f : X — R be a proper lower
semicontinuous function. Let & € dom(f) and p € (0, +00). Suppose that there exist
r,0,L € (0, +00) and M : Bx+(0,0) — Bx|[Z,r] with M(0) = Z such that (1.7) holds
and

(5.1) argmin fy«(z) = {M(u")} Vu* € Bx+(0,9).

xE€Bx|[Z,r]

Then the conjugate function (f 4+ 0py[z,,)* is CYP-smooth and

(5.2) V(f+0Byzn) (') =M(u") Yu* € Bx«(0,6).
Consequently,
(5.3) IV(f +0Bxiz,m) (&%) = V(f + 0px(a,)" ()l < Lz — ||

for all z*,u* € Bx~(0,9).
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Proof. By (5.1), one has
(4)  (f +0xon) (W) = (w', M(u") — f(M(u")) Vu" € Bx-(0,4),

and hence M (u*) € O(f + 0py[z,,))"(u*) for all u* € Bx-(0,9). Thus, M is a norm-
norm continuous selection of (f + dpy(z,)" on Bx«(0,0). Since (f + dpy[z,1)"
is a proper lower semicontinuous convex function on X*, it follows from [27] that
(f +0By(z,n)* is Fréchet differentiable on Bx-(0,4) and

V(f +0Bxz.n)" (u*) = M(u") Vu* € Bx-(0,9).

The proof is complete. O

Clearly, (1.6) means M(u*) € argmin,cp, [z, fur(z) for all u* € Bx-(0,9),
which is formally weaker than (5.1).

PROPOSITION 5.2. Let X be a Banach space and f : X — R be a proper lower
semicontinuous function. Let & € dom(f) and let p,r,d, L be positive constants. Let
M : Bx+(0,0) — Bx|[z,r] be a mapping with M(0) = & such that (1.7) holds. Then,
(5.1) holds if and only if

(5.5)  argmin ((f + py(z.r)e(z) — (U, z)) = {M(@u*)} Vu* € Bx-(0,0)

rE€Bx|[z,7]
and
(5.6) F(@) = (f + 0y on)ea(®) Vo € (O(F +0pyan)es)  (Bx-(0,6)).

Consequently, T is a tilt-stable p-order minimizer of f if and only if there exist r,d €
(0, +00) such that (5.6) holds and T is a tilt-stable p-order minimizer of the convex

function (f +0py(z,+)eo-
Proof. For the sufficiency part, suppose that (5.5) and (5.6) hold. Since

dom((f + 5Bx[i7r])ﬁ) - BX [j;a T]v
(5.5) implies that
0€0((f+0pymm)es —u) (M(u*) Vu* e Bx-(0,6),

that is,

M) € ((f + Opxan)ss) |

This and (5.6) imply that

J(M(u™)) = (f + Bx[z,1)ea(M(u")) Vu* € Bx-(0,0).

(u*) Yu* € Bx-(0,0).

Noting that
(57) f(ﬂf) Z (.f + 5Bx[i7r])ﬁ(x) \V/Jf S BX [jf,”/’],
it follows from (5.5) that

argmin f,- = argmin (f(z) — (u*,2)) = {M(u")} Vu" € Bx-(0,9).

z€Bx[z,7] x€Bx [T,r]

Therefore, (5.1) holds. This shows the sufficiency part.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 06/02/15 to 137.189.49.161. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

HOLDER STABLE MINIMIZER, TILT STABILITY, AND REGULARITY 433

To prove the necessity part, suppose that (5.1) holds. Then, for all u* € Bx(0, ),

(u*, M(u®)) = f(M(u")) = (f + 6Bx(a.n)" (W) = (f + 0px(ar))es(u’),

and so
FM ™)) = (u*, M(u*)) = (f + 0px(z,n)es(”) < (f + 0px(z,)es(M(u")).
It follows from (5.7) that
(5.8) FMW)) = (f + S M) Va € Bx-(0,3).
By Proposition 5.1, (1.7) and (5.1) imply that
Of + Opym))ia(u”) = {M(u)} ¥u* € Bx-(0,).

Noting that

0" € O(f + 0py 2 ))enl@) & @ € DS + Dy (),

it follows from (5.8) that (5.6) holds. Since (f + dp[z,))eo is a lower semicontinuous
convex function,

argmin ((f + 0py(zr)eo — u*) = X NO(f + 0pyz))as(u”) = {M(u")}

for all u* € Bx«(0,6). This means that (5.5) holds. The proof is complete. 0

THEOREM 5.3. Let X be a Banach space and f : X — R be a proper lower
semicontinuous function. Let p,k,7 € (0, +00) and T € dom(f). Then the following
statements hold:

(i) If T is a tilt-stable p-order minimizer of f with modulus k, then T is a stable

1#—owler sharp minimizer of f with modulus o p) .
+p)kP
(ii) If T is a stable z#-order sharp minimizer of f with modulus T, then T is a
tilt-stable p-order minimizer of f with modulus ﬁ
Consequently, T is a tilt-stable p-order minimizer of f if and only if T is a
stable %—OTCZET sharp minimizer of f.

Proof. To prove (i), suppose that there exist r,6 € (0, +o00) and M : Bx«(0,6) —
Bx|[z,r] such that (1.7) and (5.1) hold. It follows from Proposition 5.1 that (5.2)
and (5.3) hold. This, together with Proposition 3.1 (applied to g = (f + dpy(z.])"),
implies that there exist 7’ € (0, ) and ¢’ € (0, §) such that

(f + 0nmn)™ (@) = (w,0”) = (f + Sppmn) (") + —2— o — M(u*)| 7"

for all x € Bx(Z,r’) and u* € Bx«(0,4"). Noting that

(.f + 5Bx[i7r])**(x) < (f + 5Bx[£,r])(x) = f(l‘) Vr € B(ZTJ,’I"/),
it follows that

Fur () + (f + S ) (w?) > — Lo — M(u?)|| 5
(1 +p)r?

for all z € Bx(z,r") and u* € Bx-(0,4"). Noting (by (5.1)) that
(f 4+ 0Bxfzn) () = (', M(u®)) = f(M(u”)) = = fur(M(u"))  Vu® € Bx-(0,9),

this shows that z is a stable %—order sharp minimizer of f with modulus P,

(1+p)K?
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For (ii), suppose that there exist 0, € (0, +00) such that for any u* € Bx+(0, )
there exists x,+ € Bx|[Z, r] satisfying

(5.9) T2 = 2ue || 7 < fur (@) — fu(za+) Vo € Bx[z,7].

Let uf,us € Bx~(0,9). Then

1t+p
P Sfui‘(wug)_fui‘(wuf)""fu;(xu;‘)_fug(xu’g)
= (uj — U, Tyr — Tuy)

2’7’”qu — $ui

< lut = ualllzu; — @

and so

2wy — || < 1~ usf”

Noting (by (5.9)) that
argmin f«(z) = {xy+} Yu* € Bx«(0,9),

r€Bx[T,r]

this shows that Z gives a tilt-stable p-order minimum of f with modulus ﬁ There-

fore (ii) holds. The proof is complete. O _

COROLLARY 5.4. Let X be a Banach space and f : X — R be a proper lower
semicontinuous function. Let T € dom(f). Then the following statements are equiva-
lent:

(i) There exists p € (1, +00) such that T is a tilt-stable p-order minimizer of f.

(ii) There exist r,0 € (0, +00) such that

(5.10) argmin f,~ = {Z} Vu* € Bx-(0,9).

xE€Bx[Z,r]

(iii) For any p € (0, +00), T is a tilt-stable p-order minimizer of f.
(iv) There ezists g € (1, 2) such that T is a stable g-order sharp minimizer of f.
(v) For any q € (1, +00), there exist T,7,6 € (0, +00) such that

rle - & < fur (@) — fur (&) V(w,u*) € Bx[z,1] x Bx-(0,)

(in particular T is a stable q-order sharp minimizer of f).

Proof. (ii)=(iii)=-(i) and (v)=-(iv) are trivial, while (i)<(iv) is immediate from
Theorem 5.1. For (i)=-(ii), suppose there exists p € (1, +0o0) such that Z is a tilt-stable
p-order minimizer of f. Then there exist r,d,L € (0, +00) and M : Bx«(0,) —
Bx [z, r] with M(0) = Z such that (1.7) and (5.1) hold. Since p > 1, it is easy
to verify from (1.7) that M is differentiable on Bx~(0,d) and VM (u*) = 0 for all
u* € Bx+(0,9). Hence M (u*) = M(0) = z for all u* € Bx+(0,0). It follows from
(5.1) that (5.10) holds, hence (i)=-(ii). Thus (i)-(iv) are equivalent. Further, from
(5.10) and Theorem 5.1(i) as well as its proof, one can show that (iii)=(v). The proof
is complete. O

The following theorem for convex functions is immediate from Theorems 4.3 and
5.3 and Proposition 3.2.

THEOREM 5.5. Let X be a Banach space and let f : X — R be a proper lower
semicontinuous convez function. Let & € dom(f) be a minimizer of f and p be a
positive number. Then the following statements are equivalent:
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(i) Z is a tilt-stable p-order minimizer of f.

(ii) T is a stable 1#—owler sharp minimizer of f.

(iii) Of is p-order strongly metrically reqular at T for 0.
(iv) f* is CYP-smooth on a neighborhood of 0.

Given r,0 € (0, +00), note that, trivially,

SIS

(5.10) = Bx-(0,6) C 0f(z);
if f is convex, then the following equivalences hold:
(5.10) & argegin fur ={Z} Yu" € Bx+(0,0)
and

Bx+(0,0) C 0f()
< Bx+(0,6 — ||u*|]) C 0fu-(z) Yu* € Bx«(0,0)
& (6 = llwDllz = 2| < fur(2) = fur () V(u",2) € Bx+(0,6) x X
< (5.10).

On the other hand, T is a l-order sharp minimizer of f if and only if there exist
k,0 € (0, +00) such that (1.3) holds with ¢ = 1, while (1.1) with ¢ = 1 implies that
Bx+(0,x) C 0f(Z). Thus, by Theorem 5.5 and Corollary 5.4, we have the following
corollary.

COROLLARY 5.6. Let X be a Banach space and f : X — R be a proper lower
semicontinuous convex function. Let (Z,0) € gph(9f). Then the following statements
are equivalent:

(i) & is a l-order sharp minimizer of f.

(ii) For any q € [1,2), there exist k,0,7 > 0 such that

klle — 2|7 < fur(x) — fur(Z) V(x,u*) € Bx(Z,r) x Bx«(0,9).

(iii) There exists 6 > 0 such that Bx~(0,0) C 0f(Z).
(iv) There exists § > 0 such that (0f) " (u*) = {Z} for all u* € Bx+(0,4).
(v) There exists pg € (1, +00) such that Of is po-order strongly metrically reqular
at T for Q.
(vi) For anyp € (1, +00), Of is p-order strongly metrically reqular at T for 0.
(vii) There exists § > 0 such that

f(@") = (2", ) — f(z) Vz* € Bx-(T",0).

Under the assumption that X is a Hilbert space, Theorem 5.5 can be extended
to a certain nonconvex case.

THEOREM 5.7. Let X be a Hilbert space and f : X — R be a proper lower
semicontinuous function. Let T € dom(f) be a minimizer of f and p be a positive
number. Suppose that f is prox-regular and subdifferentially continuous at T for 0.
Then the following statements are equivalent:

(i) & is a tilt-stable p-order minimizer of f.

(ii) z is a stable 1#-OMW sharp minimizer of f.

(iii) Of is p-order strongly metrically regular at T for 0.
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(iv) There exist r,6 € (0, +oo) such that (f + 0pyz,)* is CHP-smooth on
Bx-(0,0) and

(5.11)
<UJ*’ V(f + 5Bx[£,r])*(U*)> - f(V(f + 5Bx[£,r])*(U*)) = (f + 5Bx[5c,r])*(u>k)

for all u* € Bx~(0,9).

Proof. (iii)=(ii)<(i) are immediate from Theorems 4.3 and 5.3. Now suppose
that (i) holds. Then there exist 6,7, L € (0, +00) and M : Bx«(0,0) — Bx|[Z,r] with
M(0) = z such that (1.7) and (5.1) hold. Thus, by Theorem 5.3 and Propositions
5.1 and 5.2, we have that (f 4+ dp(z,)* is C*P-smooth on Bx-(0,4) and (5.6) holds.
Let h := (f + éBy[z,1])eo- Then, h* = (f + dpy(z,,))* and so h* is C'P-smooth
on Bx«(0,60). By the Fenchel duality formula, we have, for all u* € Bx«(0,d) and
x = Vh*(u*), that u* € Oh(z) (so (f + dpy[z.,1)(x) = h(x) by (5.6)) and

(u*, x) — h(z) = h*(u’),
that is, (5.11) holds. Hence (i)=-(iv) holds. Thus, it suffices to show that (iv)=-(iii)
holds. To do this, suppose that there exist r,0 € (0, +00) such that (f +dpy[z,r)" is
C1P-smooth on Bx-(0,8) and (5.11) holds. Let M : Bx~(0,6) — X be such that
M(u*) :=V(f +0pyz) (u*) Vu* € Bx-(0,0).

Noting that (f +0py(z,1)es = (f +0Bx[z,,])", it follows that

(u*, M(u®)) = (f + 6xa,)ea(M (u")) = (f + 0By [zr1)" (")
and

(O(f + 0B fe)es) (W) = O(f +0pyfz.m) " (u") = {M(u)}
for all u* € Bx«(0,6). Thus, by (5.11),
(5.12) FM(u)) = (f + 0pxzr)es(M(u*)) Vu™ € Bx-(0,9)
and
(5.13)  gph(O(f + dpx(z,r)es) N (X x Bx«(0,0)) = {(u,u") : (u",u) € gph(M)}.
By (5.13), O(f + 0B [3,r])eo is p-order strong metrically regular at z for 0 as M is the
derivative of a C*P-smooth function on Bx-«(0,d). To complete the proof for (iii), it
suffices to show that there exist ¢',r" € (0, co) such that
(5.14)  9f(x) N Bx«(0,0") = d(f + 0By [i,r])ﬁ(x) N Bx«(0,¢") Vz € Bx(z,r').

Take dp € (0, 0) such that M (Bx~«(0,d9)) C Bx(z,r). Thus, if u* € Bx~(0,dp), then
M (u*) lies in the open ball Bx (Z,r) and, by (5.13) and (5.12), one has

(u* 2 = M(u")) < (f + dx(z.r))eo(®) = (f + 0By (z.r))ea(M (u¥))
= (f +0pxar)es(r) — f(M(u"))
< flax) = f(M(u7))
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for all x € Bx[z,r] and so u* € f (M (u*)). This and (5.13) imply that

(5.15) gph(I(f + 6By (z.r))es) N (X x B(0,d0)) C gph(9f).

By Lemma 2.4 (thanks to the assumption that f is prox-regular and subdifferentially
continuous at = for 0), there exist o,r;,d1 € (0, +00) such that gph(df + ol) N
(B(z,7r1) x B(o¥,61)) is a monotone set. Since I(f + dp [z, )co is maximally mono-
tone, I(f + By [z,])es + 0l is locally maximally monotone at (z,0) by Lemma 2.3.
Thus, there exist 1/, 6" € (0, +00) such that

(5.16) ' <ry, & +or <min{dy,d}
and
A:=gph (O(f + 0pyz.1)es + o) N (B(Z,r") x B(cz,d))

is a maximally monotone subset of B(Z,r") x B(cZ,d"). From (5.15) and (5.16), it is
easy to verify that A is a subset of the monotone set gph(9f+cI)N(B(Z,r") x B(ox,d")).
Therefore, A = gph(df + ol) N (B(z,7") x B(cZ,d")). This shows that (5.14) holds.
The proof is complete. O
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