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QUANTITATIVE ANALYSIS FOR PERTURBED ABSTRACT
INEQUALITY SYSTEMS IN BANACH SPACES*
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Abstract. Using the error bound results established in the present paper for approximate
solutions, we study the stability issues when perturbed by possibly nonaffine smooth maps E for the
abstract inequality system F' > 0 defined by a (possible nonclosed) convex cone K and a Fréchet
differentiable function F' satisfying the (extended) weak ~-condition. We provide some sufficient
conditions, in terms of the information at a solution o, for ensuring the lower semicontinuity and/or
the Lipschitz-like continuity at xo of the solution mapping for the perturbed system F + E >k 0
with smooth perturbation E. Explicit upper bounds of the Lipschitz-like moduli are also provided.
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1. Introduction. Given a suitable vector-valued mapping F between Banach
spaces X and Y, and a convex “cone” K in Y (not necessarily closed and we allow
the case in which 0 ¢ K) in the sense that K is convex and Az € K for any z € K
and A > 0, we consider the abstract inequality

(1.1) F(x) >k 0,
and the associated perturbed one
(1.2) F(x) + B(x) > 0,

where F is a suitable mapping, representing a perturbation, and not restricted to be
an affine one. Let S(E) denote the solution set of (1.2) which, by definition, consists
of all z satisfying (1.2), and let S(= S(0)) denote the solution set of (1.1), namely
that of (1.2) with zero E. Our interests in the present paper are mainly focused
on how the presence of E would affect S(E), such as some possible properties of
error bounds, and the lower semicontinuity and Lipschitz-like continuity of the map
S(:) : E — S(E) (see section 4 for the definitions of these notions). Special cases
of (1.1) include the following classical finite/infinite inequality system (1.3) and the
inequality /strict-inequality system (1.4):

(1.3) fi@) =0, el

*Received by the editors October 9, 2017; accepted for publication (in revised form) June 18,
2018; published electronically October 4, 2018.
http://www.slam.org/journals/siopt/28-4/M115127.html
Funding: The first author was supported in part by the National Natural Science Foundation
of China (Grant 11571308) and Zhejiang Provincial Natural Science Foundation of China (Grants
LY18A010004 and LY17A010021). The second author was supported by Earmarked Grants (GRF)
from the Research Grant Council of Hong Kong (Projects CUHK 14304014 and 14302516), and by
CUHK Sci. Direct Grant 4053218.
TSchool of Mathematical Sciences, Zhejiang University, Hangzhou 310027, People’s Republic of
China (cli@zju.edu.cn).
tDepartment of Mathematics and IMS, Chinese University of Hong Kong, Hong Kong, People’s
Republic of China (kfng@math.cuhk.edu.hk).

2872


http://www.siam.org/journals/siopt/28-4/M115127.html
mailto:cli@zju.edu.cn
mailto:kfng@math.cuhk.edu.hk

QUANTITATIVE ANALYSIS FOR PERTURBED SYSTEMS 2873

(by taking K =1, (I) := {(t;) : t; > 0}) and

fl(m) > 0, 1€ Ip,
(1.4) fi(x) >0, ieln,
fv(l') = O, 1€ 1g

(by taking K := {(t;) : t; > 0Vi € Ip, t; > 0Vi € In,t; = 0 Vi € Ig}), where
I :=IxUlIpUIg is an index set, and the f;’s are suitable scalar-valued functions.
The above two problems have many applications in several important problems, such
as optimization, mathematical programming, and knowledge-based data classification;
see, e.g., [13, 17, 25, 28, 40, 41, 47, 48] and references therein.

The notion of Lipschitz-like continuity was originally introduced by Aubin [1] un-
der the name of the pseudo-Lipschitz property (though other names have been used
such as the Aubin continuity property [15] and the sub-Lipschitzian property [51])
to quantify the stability of the solution set of a convex optimization problem. This
notion, together with some other closely related notions including lower semicontinu-
ity and calmness (two weaker properties than Lipschitz-like continuity) of the map
S(+), has been used in many optimization problems such as the semi-infinite/infinite
linear inequality system, the linear complementarity problem, and constrained linear
programming, among others (see [4, 5, 6, 7, 8, 9, 10, 12, 17, 18, 19, 23, 33]), and has
also been studied extensively by using various variational tools such as metric regular-
ity, generalized derivatives and coderivatives, etc., for more general (not necessarily
affine) parametric optimization problems; see, for example, [2, 10, 16, 21, 23, 29, 30,
31, 32, 43, 53] and the references therein. The characterization issue of this notion
and related ones has been studied mainly for the semi-infinite/infinite linear inequality
system (1.3) with constant/affine perturbations, namely the perturbed system (1.2)
with

Y i=1(I), K:=I.(I), FeAX,Y), EcYorEcAXY),

where A(X,Y) is the space consisting of all continuous affine maps A(:) + y from X
to Y endowed with the norm [|A(-) + y|| := max{|y||, ||A||} for each bounded linear
operator A and y € Y (each y € Y may be viewed as an element of A(X,Y)). Of
particular relevance to our considerations, we mention the following aspects of the
semi-infinite linear inequality system (1.3) for the map S(-) on X := R".

o Lower semicontinuity. Several characterizations for the lower semicontinuity
of §(-) were provided in [18, Theorem 3.1] and [5, Theorem 3.1] with affine
perturbations, mainly in terms of the Slater condition, Robinson regularity,
Robinson stability, and other well-known stability concepts in the literature.

e Calmness. A characterization for the calmness property of S(-) with constant
perturbations was derived in [6, Theorem 3] in terms of the ACQ and the
uniform dual boundedness condition, and an operative expression for the
calmness modulus was provided in [6, Theorem 2] for the case in which I is
finite.

o Lipschitz-like property. Characterizations of the Lipschitz-like continuity of
S(-) with constant perturbations were studied in [17], while a formula for
the Lipschitz-like modulus for S(-) with affine perturbations was given in [11,
Theorem 1].

Further extensions regarding the Lipschitz-like property are reported in [4, 26].

e System (1.3) on Banach space X with constant perturbations. Several char-
acterizations for the Lipschitz-like property of S(-) were given in [4, Theo-
rem 4.1] in terms of the Slater/coderivative condition, and a precise formula
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for computing the exact bounds of the Lipschitz-like modulus was derived in
[4, Theorem 4.6 and Corollary 4.7] in terms of the coderivative norm.

e Abstract linear inequality system (1.1) on X = R™ with affine perturbations.
In the case in which K is closed, Huyen and Yen provided some equivalent
conditions in [26, Theorem 3.9] for the local Lipschitz-like property of S(-) in
terms of the Robinson metric regularity property of S(-), and as applications
they also provided verifiable sufficient conditions for the Lipschitz-like prop-
erty for the classical linear inequality system (1.3), the linear complementarity
problem, and a class of affine variational inequalities under a linear pertur-
bation by virtue of the coderivatives of implicit multifunctions.

We observe that all results mentioned above are obtained under the assumption
that K is closed, and F' and the perturbations E are affine. For classical problems
such as (1.4), it is clear that the closeness assumption is too stringent. Our main
purpose in the present paper is to deal with the more general case in which K is not
necessarily closed, and F, E are given C?-maps; we provide some sufficient conditions
for ensuring the lower semicontinuity and/or the Lipschitz-like continuity of S(-) for
the perturbed system (1.2) at a solution zy of (1.1). These results are presented in
section 4 and, to the best of our knowledge, almost all of them are new.

The approach used in the present paper is quite different from previous ones
on this topic in the literature. To furnish the tools to establish our main results, we
study first in section 3 the issues on the quantitative estimate of the error bound for an
“approximate solution” g of (1.1) in the sense that F'(z¢)+yo >k 0 for some yo € Y
with “small” norm. The study of this issue is of independent interest and is in the
spirit of the work of Dedieu [14] on the estimate of the error bound for an “approximate
solution” of (1.1). The notion of the error bound for an “approximate solution” of
(1.1) adopted by us here was introduced by Dedieu [14] and is not the same as (but is a
modification of) the more famous notion of the error bound for (1.1) originating from
Hoffman’s error bound (see [20, 24]) for the inequality system (1.3) with each f; being
an affine function on the Euclidean space R™. Extensions of Hoffman’s error bound
results to the nonlinear inequality system (1.3) or to the abstract inequality system
(1.1) when K is a closed convex cone have been well investigated in the literature;
see, for example, [35, 38, 39, 48] and references therein. Recently, Li and Ng [35]
extended the results of error bounds in [14] for an “approximate solution” of system
(1.4) to the more general system (1.1) with K is not necessarily closed, which in
particular improved the corresponding ones for system (1.4) in [14]. The results
on the quantity estimate of the error bound for an “approximate solution” of (1.1)
obtained in the present paper not only provide crucial tools for the study of the issue
on the lower semicontinuity and the Lipschitz-like continuity of the solution mapping
but also improve the main results in [35, Theorem 2.1] (and so improves further the
corresponding ones in [14]); see Remark 3.2.

2. Preliminaries. We always assume that X, Y, Z are Banach spaces. Fix z
in one of these spaces, and let D be a subset. We use d(z, D) to denote the distance
from z to D. Let B(x,r) stand for the open ball with center x and radius r, and the
corresponding closed ball is denoted by B(x, 7). In particular, we write B := B(0, 1)
and B := B(0,1). As usual, the space of bounded linear operators from X to Y is
denoted by £(X,Y). It is convenient to use the notation ||D]| to denote its distance
to the origin, that is,

(2.1) ID|| := d(0, D) = inf{||a| : a € D},
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with the convention that ||| = +oco. We also make the convention that D + () = ()
for each set D. The projection on D is denoted by Pp, that is

Pp(z):={2€D:|z—z|=d(z,D)} foranyaxe X.

The concept of a convex process (which was introduced by Rockafeller [49, 50] for
convexity problems) plays a key role in the study of this paper.

DEFINITION 2.1. A set-valued map T : X — 2Y is called a convex process from
X toY if it satisfies 0 € TO, T(A\x) = NIz, and T(x+y) D Tx+Ty forallz, y € X
and A > 0.

Thus T : X — 2Y is a convex process if and only if its graph Gr(T) := {(x,y) €
X XY : y € Ta} is a convex cone in X x Y. By definition, a convex process
T : X — 2V is closed if its graph Gr(T) is closed. As usual, the domain, range and
inverse of a convex process T are respectively denoted by D(T), R(T), and T~1, i.e.,

D(T):={xe X :Te#0}, R(T):=|}{Tz:2eD)},

and
T l'y:={zxecX:yeTz} foreachycV.

Obviously T~ is a convex process from Y to X. By definition, the following inequality
holds for a convex process T':

(2.2) IT(z +y)ll < [Tzl + [Tyl for any z,y € X.

DEFINITION 2.2. Suppose that T is a convex process. The norm of T is defined
by
IT]|a := sup{||Tz| : = € D(T), [lx]| <1}.

If IT)|a < 400, we say that the convex process T is normed.

Let T, Ty, To : X — 2¥ and Q : Y — 27 be convex processes. Recall that
Ty C Ty means that Gr(Ty) C Gr(T%), that is, Thz C Tex for each x € D(T}). By
definition, one can verify easily that ||71(lq > ||T2|la if 71 € T5 and D(T1) = D(T%).
Moreover, T3 C T5 if and only if T1_1 C Ty ! The sum T; + T, multiple AT (with
A € R), and composite QT are processes defined respectively by

(Th + o) (z) =Tz +Tex, (AT)(z):=ANTz) foreachz e X,

and

QT(z)=Q(T(x)):= |J Q(y) foreachz € X,

yeT(z)

It is well known (and easy to verify) that T7 + To, AT, and QT are also convex
processes and the following assertions hold:

(2.3)

ITi+Tslla < [Talla+1T2lla,  1QTNa < [QlalTlla;  and AT [la = AT ]a-

For notational convenience, we introduce a larger norm ||T’|| for a convex process T*
|T|| := sup{||Tz| : = € B}.

Clearly, one has the following implications:
(2.4)
[T < +oo] = [D(T)

X]=[lITlla =T} and [JQT < +oo] = R(T) € D(Q).
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The first assertion in the following proposition is a direct consequence of [46, Corollary,
Page 131] and [45, Theorem 5] (see also [37, Proposition 2.2]), and the second one is
known in [37, Proposition 2.1].

PROPOSITION 2.3. Let T : X — 2Y be a closed convex process. Then we have the
following assertions:
(i) If R(T) is a closed linear subspace, then T~ is normed.
(ii) If X is reflexive and T~ is a closed normed convex process, then R(T) is
closed.

Letting €2 be a subset of X with nonempty interior denoted by int$2 and k € N, the
set of all natural numbers, we use C*(Q,Y) to denote the set of all kth-order smooth
operators, so F' € C*(Q,Y) means that F : Q — Y and its kth Fréchet derivative is
continuous. Associated with any pair (C, F') of a nonempty closed convex cone C' in
Y and F € C1(Q,Y), let T,, : X — 2Y denote the process at = € int{2 defined by

(2.5) Tyd:= F'(z)d — C for each d € X,
and let its inverse process T, ! : Y — 2% be defined by
(2.6) T, 'y:={deX: F'(x)dey+C} foreachycV.

Since F’(z) is continuous and C' is closed, it is easy to verify that T, and T, ! are
closed. In the following lemma, we list some useful properties for convex processes:
(2.7) is a straightforward use of the fact that C + C = C; (2.8) holds by definition,
while the proof for (2.9) is standard (see [36, Proposition 2.3], for example).

LEMMA 2.4. Letxg € X, A€ L(X,Y), and let Ty, be defined by (2.5). Then one
has that

(2.7) (Twy + A) " F (o) T, C (T + A
Furthermore, if C = K then, for any —y € R(T%,),
(2.8) 1T (=)l = 1T (K = )|l = 175, (C =) | < 1T lad(y, € 0 (y +R(Tx, ),

where we adopt the convention that +00-0 = 0. Moreover, if it is additionally assumed
that || T, ' Al| < 1, then

1

For higher-order consideration, we introduce more notation. Let £ € N and
consider a k-multilinear bounded operator Z : (X)* — Y. We define the norm ||Z|
by

12l == sup{||IZ(z1, ..., xx)|| = (@1,...,21) € (X)¥,||z]| <1 for each i};
also, let R(Z) denote the image of Z:
R(Z) == {E(z1,...,21) : (x1,...,21) € (X)F}.

Assume that F € C*(Q,Y) and so the kth derivative F(*)(z) at = € intQ is a k-
multilinear bounded operator from (X)* to Y. It follows that, for any zg, x € intf2,



QUANTITATIVE ANALYSIS FOR PERTURBED SYSTEMS 2877

and for any (21, 22, ..., 26-1) € X*~1, TV (F® (2) (21, 22, . .., 2,-1)) is a convex pro-
cess from X to Y. Define

(210) T FW (@) = sup{|| T, (FP (@) (21, 22, ;) = {zidis) € B

Note in particular that, for each j < k,

(2.11) HTE_OlF(k)(a:)sz < HT;}lF(k)(Q:)HHij for each z € X,
where the 27 denotes, as usual, (2,...,2) € (X)J for each z € X; moreover, if
(21,...,21) € (X)!, then (27, 21, ..., 2) denotes the corresponding element in (X)7*.

Thus, in terms of the notation R(-), it is routine to verify that, for all z, z € int{Q,
the following equivalences and implication hold:

(1T F' ()| < +oc] = [R(F'(x)) € R(T2)] < [R(T%)

019 C R(T%)]
(212 & DI F (e

) = X].

In his study of problem (1.1) with K = C, a closed convex cone, Robinson [45]
required an important assumption that T, is surjective (henceforth to be referred to
as the Robinson condition, as in [34]). We say that (cf. [36]) (Ty,,F) satisfies the
weak-Robinson condition on B(xg,r) if —F(x¢) € R(T,,) and

(2.13) R(F'(z)) C R(Ty,) for each z € B(zg,r).

For the case in which F' € C%(Q,Y) the notion of the y-condition for F was first
introduced by Wang [55] to study Smale’s point estimate theory for operators which
are not required to be analytic. This notion was also used in [22] to improve the
corresponding results in [54]. An extended version of this notion given below will be
useful in the presence of convex processes.

DEFINITION 2.5. Given
(2.14) zg € X, v €[0,400), 1 € (0,+00) with yr <1,

let T : X — 2Y be a closed convex process. We say that (T, F) satisfies the weak
y-condition on B(zg,r) if F € C?(B(zo,r),Y) and

2y
2.15 T (2)] < = for each x € B(xq, 7).
@15 TP S e (w0.7)

Note that (2.15) implies the inclusion
(2.16) R(F"(z)) CR(T) for each z € B(zg,r).

The proof for Lemma 2.6 below is similar to that for [37, Proposition 3.1], and so is
omitted here.

LEMMA 2.6. Given (2.14), suppose that X is reflexive and R(F’'(xo)) C R(T).
Suppose that (T, F) satisfies the weak y-condition on B(xg,r). Then the following
assertions hold.

(i) (T, F) satisfies (2.13) with T in place of Ty, :

(2.17) R(F'(z)) CR(T) for each x € B(xg,T).
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(i) If also r € (0, 2522] and = € B(zo,r), then

(2.18) T //[0’1]2 [+sF" (2o + ts(z — z0))](x — 20)* dsdt # 0,
and
(2.19) |7 (F(2) — F' ()] < 1+ !

(1 =llz = =ol})*”

3. Error bounds for approximate solutions. This section is devoted to the
study on the quantitative estimate of the error bound for an “approximate solution”
of (1.1). The main tool for our study in the present paper is [37, Theorem 1.1], which
provides the convergence criterion and the error estimate for the sequence generated
by the extended Newton method of solving the abstract inequality (3.6) below on
reflexive Banach spaces defined by functions satisfying some basic assumptions (i.e.,
(3.1) and (3.2) below with A = r*). Thus, for simplicity, we always assume, for the
remainder of this paper, the following blanket assumption (collectively denoted by

(3.1)):
X is a reflexive Banach space,

K is a convex “cone” (not necessarily closed) and C := K,
v € [0,400) and A € (0,00) with yA < 1,

3.1
3.1) zo € X and F € C*(B(wo,A),Y) such that (T,,, F)
satisfies the weak y-condition on B(xg, A),
75 la < o0 and & == || T, " (—F(20))|| < +oo (namely, —F(zq) € R(Ty,)).
Assuming
(3.2) 76 <3-2V2,

the majorizing function h : [0, %) — R defined by h(t) = & —t + I"Y_tjt for each
[0, %) has a nonpositive minimum value and so has two zeroes in [0, %) (counting the
multiplicity); see [37, 55]. Let r¢o and r* denote the minimum point and the smaller

zero of the function h, respectively, namely

(3.3) ro = 2-V2 and 1" : 2

2y B RN (e

where, as usual, we adopt the convention that § := +oc for any a > 0. Note that

1
(3.4) <7y, r*<—, and r*<ry ifyE<3—2V2
v

Indeed, by (3.2) and (3.3), one has that

o1 _14(3-2VD) 20

(3.5) e ™ o

=T70.

Since 2’2\@ < 1, this implies that r* < % Also the second inequality in (3.5) is strict

if v¢ < 3 —2v/2, and so (3.4) is shown.
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Our main aim in this section is to consider the abstract inequality problem (1.1),
F(z) >k 0,
together with the following one with C' = K:
(3.6) F(z) >¢ 0.
Let S and Sq respectively denote the solution sets of (1.1) and (3.6), namely
S:={z€eX: F(z)e K} and Sq:={re€X: F(z)€ K}

The following theorem is known in [37, Theorem 1.1] and will be useful in our study.

THEOREM 3.1. We assume that (3.1) and (3.2) hold, and suppose A = r*, where
r* is defined as in (3.3). Let {xx} be a sequence defined by

(3.7) Tpy1 =Tk +di  for each k=0,1,2,...,

where each dy, € D(xg) = {d € X : F(ay) + F'(z)d € C} is such that ||dg| =
|1D(zk)||. Then {xr} is well defined and converges to a point x* € S. satisfying
||lzo — x*|| < r*.

For the following theorem and subsequent discussion, it will be convenient to let
7 denote the elementary function defined by

(3.8) n(t) : for any ¢ € [0,3 — 2V/2].

2
R N S

By differential calculus, one can verify that it is a (strictly) increasing function on

0,3 — 2¢/2], and its inverse function 5~ : [1, 24v2] 0,3 — 2v/2] is given by
2

T—1 2442
3.9 )= — 1 .
(3.9) N (1) D E— oranyre{, 5 ]
THEOREM 3.2. Suppose that there exists T satisfying
2+42 T—1
1 1 < d < —
(3.10) <Ts—5 and & < Tor =1

(so (3.2) holds). We assume that (3.1) holds, and suppose A = r*, where r* is defined
as in (3.3). Then S¢ # 0 and

(3.11)  d(zo, Sa) < 7| Tg, (= F (o))l < 7|75, la d(F(x0), C N (F(xo) + R(Tx,)))-
Moreover, if (Ty,, F) additionally satisfies

(3.12) (F(z0) + R(Ty,)) N Po(F(xo0)) # 0,

then

(3.13) d(zo, Sa1) < 7| Ty la d(F(20), K) < 400.
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Proof. In terms of the monotonic function 7 and its inverse n~! defined in (3.8)
and (3.9), one has from (3.10) that v¢ < 5~ 1(7) < n*1(¥) = 3 — 2V/2, and, by
definition of r* given in (3.3), * = n(v§){ < 7€ < 4oo. Thus (3.2) holds, and
one concludes by Theorem 3.1 that the sequence {x,} defined there converges to a
solution z* € S such that ||z — 2*|| < r* < 7&, and so the first inequality in (3.11)
is shown. Hence, thanks to the last assumption in (3.1) and by (2.8), we have that

|75 (= F (o))l < 1Tz la d(F (o), € N (F(x0) + R(T,))),
and so (3.11) is shown. Moreover, (F(zg) + R(Ty,)) N C 2 (F(x0) + R(T,)) N
Pc(F(zg)) # 0 by (3.12). Therefore we have that
d(F(x0),C N (F(z0) + R(Tx,))) < d(F(20), (F(20) + R(Tx,)) N Po(F(20)))
= d(F({E()), C) < +00.
Making use of (3.11), we arrive at (3.13), and the proof is complete. d

Our next concern regards the corresponding result for the solutions of (1.1) rather
than (3.6). Given a convex set D of X, recall that (cf. [56, Page 6]) the recession cone
of D is the set rec D defined as

recD:={xeX: z+DCD}
a smaller one is the strong recession cone srec D of D which is defined as
stecD:={r e X: 2+ D C D}.

Clearly srec D C rec D (and the equality holds when D is closed), and 0 € srecD if
and only if D is closed (hence (3.14) below holds automatically in the case in which
K is closed). Note also that riD C srecD C D if D is a convex cone, where ri D
denotes the relative interior of D.

THEOREM 3.3. Assume that (3.1) holds and suppose that v¢ < 3 — 2v/2 and
A > r*. Suppose that there exists T satisfying (3.10) and suppose that

(3.14) srec K NR(Ty,) # 0.

Then the following assertion holds for the solution set S of (1.1): S # 0 and
(3.15)  d(xo, ) < 7T (= F(20))|| < 7T, lad(F (o), € N (F(w0) + R(T,)))-
Moreover, if (Ty,, F) is additionally assumed to satisfy (3.12), then

(3.16) d(o,5) < 7IIT5, la d(F (20), K).

Proof. The second inequality in (3.15) follows from (2.8) (noting that —F(x¢) €
R(T,,) by the last line of (3.1)). Below we show the first inequality. By (3.14), pick a
sequence {c,} from the cone srec K NR(T},) such that ¢,, — 0; then || 7" [lallca|l — 0.
For each n € N, let F}, : X — Y be defined by F,(-) := F(:) — ¢,, and we consider
problem (3.6) along with

Since F) = F’, the convex process T}, defined in (2.5) is unchanged when F is replaced
by F,, and we have that
(3.18)

&n = 1Tyt (= Fulzo)) | < 1To, (= F(zo))ll + 1T lallenll = € + 175, lalleall = €
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where the inequality holds because

T3, (= Fu(x0)) = Tp (e — Flo)) 2 Ty, (= F(w0)) + Ty (cn)

Zo Zo

(noting that ¢,, —F(zg) € R(Ty,)). Let ) be defined similarly to r* but correspond-
ing to (3.17) (i.e., defined in (3.3) with &, in place of &), so
26n "
— k.
L+ 960 + /(L +960)% — 876
Since A > r*, there exists Ny such that A > r* for all n > Ny. It follows from (3.1)

that (T, Frn ) satisfies the weak ~-condition on B(zg,r}) for all n > Ny. Below we
consider two cases (Case I and Case II) separately.

(3.19) ry=

Case I: ~¢ < T(QT 1) In this case, we have from (3.18) that there exists N > Ny
such that v&, < m for all n > N. For all such n, we apply Theorem 3.2 to F,

in place of F, and get that d(zo,S,) < 7|7, ' (—Fu(x0))|l, where S, := {z € X :
F.(r) € C} # (. Noting S, C S (because F(z) € ¢, + C C K as ¢, € srec K and
C = K whenever z € S,,), it follows that S # () and

d(@o, S) < 7| Tpy (= Fu(@o))|| = 76 — 7€ = 7| T, (= F(20)) ],

verifying the first inequality in (3.15) for Case L

Case II: ~€ £ 27 1) (ie., v¢ = 27 1) by (3.10)). Since v¢ < 3 — 2v/2 and

7 satisfies (3.10), we have that 7 € (1, 2+f) (because ﬁ — 2v/2 when
= 2+‘[) Consider € > 0 sufficiently small such that 7. := 74 ¢ < 2+‘[ Noting
vE < % (by the monotonicity of the function ! in (3.9)), one apphes the result

established for Case I and gets that d(zo, S) < 7.||T;,' (= F(20))|. Letting € — 0, the
first inequality in (3.15) is seen to hold for this case too.

Finally, if one assumes that (3.12) holds, then (3.16) follows directly from (3.15),
as in the proof of Theorem 3.2. The proof is complete. 0

Remark 3.1. Assume the following condition:
(3.20) K — F(x0) CR(Ty,)-
Then it holds that
(3.21) C — F(x) € R(T%,)
(noting that R(T,,) is closed by Proposition 2.3(ii) applied to T5,) and
(3.22) strec K C K CC CR(Ty,)

(so if srec K # ) then (3.14) of Theorem 3.3 is satisfied), because when ¢ € C, one
has, for any n € N, that nc — F(zg) € R(T%,) and so ¢ — L F(z¢) € R(Ty,), and
passing to the limit gives ¢ € R(T%,); thus the last inclusion of (3.22) holds, while the
first two inclusions are trivial.

COROLLARY 3.4. Assume that (3.1) holds, and suppose that there exists T satisfy-
ing (3.10), A > r*, and that (Ty,, F') satisfies (3.20). Then the solution set S of (1.1)
is nonempty and satisfies (3.16) provided that either K is closed, or that srec K # (),
A >7r*, and v€ < 3 — 2V/2.
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Proof. Since (Ty,, F) satisfies (3.20), it follows from Remark 3.1 that (3.21) holds;
this trivially implies that d(F(zo), CN(F (20)+R(T%,))) = d(0, (C—F(x0))NR(T%,)) =
d(F(xo), K). Thus the conclusion follows from Theorems 3.2 and 3.3. ad

Let X be a Hilbert space and A : X — Y be a bounded linear operator such that
its image R(A) is complemented in Y (in the sense that there exists a bounded linear
projection operator @ : Y — R(A)). Then, by [44], there exists a bounded linear
operator, called a generalized inverse of A and denoted by AT (associated with Q),
from Y into X such that

3.23 AAT A=A, ATAAT=A", ATA=1-1I , and AAT =Q,
kera

where IIp denotes the orthogonal projection on subset D of X and I is the identify
operator on X . In particular, in the case in which Y is also a Hilbert space and R(A)
is closed, A" is just the unique Moore-Penrose generalized inverse Af. Recall that
Ty, is defined by (2.5) with C := K and K is a convex cone in Y.

LEMMA 3.5. Let X be a Hilbert space and xo € X be such that R(F'(xo)) is
complemented in'Y and
(3.24) KU{—F(z9)} CR(F'(z0))-
Then the following assertions hold:
(3.25)  R(Tyy) = R(F'(20)) = C =R(F'(x0)), [T lla < [ F'(zo)"|| < +o0,
and
175! (= F (o))l = 1 F'(20) " (C = F(xo))|| = [|F" (o) " (K — F(x0))]|

(3.26) < ||[F' (o) T|A(F (o), K).

Proof. Since C = K and R(F’(z0)) is a closed linear subspace by assumption, it
is easy to verify
(3.27)
C — F(wo) C R(F'(w0)) and |[F'(x0)" (K — F(xo))|| = | F'(z0) " (C — F(w0))|.-

Also, the inequality in (3.26) follows from definition. Moreover, noting that the graph
of T, contains that of F'(z), one has that

(3.28) F'(zo)Tv e T,'v for any v € R(F'(w)),

because if v € R(F'(x0)) then F'(z0)(F’'(zo)"v) = v by (3.23), and so we have
F'(20)(F'(20)Tv) € v+C, that is, F'(z¢)tv € T, 'v. Observe that (3.24) implies the
equalities in (3.25) and that (3.28) implies the inequality in (3.25) and the inequality

(3.29) 1T (= F (20)|| < | F'(20)* (C = F(0))]|
because

I T ol < [[F' (o) Tl < [|F'(zo)*|l[Jo]|  for all v e D(T,"),
Tgol(C—F(xo)) =T, (—F(z0)) by (2.8), and F'(x)*(C - F(xg)) C Tgol(C—F(xo))

by (3.27). To compl(éte the proof, it remains to verify the first equality in (3.26),
that is, the converse inequality of (3.29). To do this, let v € T, '(—F(x0)). By
definition, there exists ¢ € C such that F'(xo)u = ¢ — F(xp). This implies that
1F' (20) T (c — F(x0))|| < |lul| thanks to (3.23); consequently, || F'(xq)™(C — F(xq))|| <
[T, (—F(x0))||, and the proof is complete. d
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The following corollary improves and extends the main theorem [35, Theorem 2.1]
([35] needs the inclusion assumption R(F”(z)) C R(F'(x¢)) for all z € B(zg, 7), and
the Hilbert space assumption of Y, in addition to that of X; moreover, in the case in
which K is not closed, [35] additionally needs the nonempty assumption riK # () for
the second conclusion there).

COROLLARY 3.6. Let X, xg € X, and F be as in Lemma 3.5. Assume further
that (3.1) holds, and suppose that there exists T satisfying (3.10) and A > r*. Then
the assertion

(3.30) S#0 and d(zg,S) < 7||F (z0)t| d(F(z0), K)

holds, provided that either K is closed, or srec K # 0, A > r*, and v¢ < 3 — 2v/2.

Proof. By (3.24), one checks from Lemma 3.5 that (3.20) holds and [T} !(|q <
|F'(z9)"| < +oo. Thus the conclusion follows from Corollary 3.4 and the proof is
complete. ]

Remark 3.2.

(a) Note that assumption (3.24) is stronger than assumption (3.20). In particular,
in the case in which span K =Y, (3.24) implies that F’(xg) is of full range.

(b) Noting by the last line of (3.1) that —F'(z¢) € R(T%,), one sees that (3.20)
holds if R(T%,) is a closed linear space. In particular, if R(T},) is closed and
R(F'(z0)) NqriK # @, then R(T,,) is a closed linear space and so (3.20)
holds, where qri K denotes the quasi relative interior of K that is defined as
the set of all Z € K such that cone (K — ) is a linear subspace (see [3] for
this notion and related topics).

(¢) The assumption srec K # ) is strictly weaker than the assumption riK # 0.
For example, let Y := 5 be the (infinite-dimensional) Hilbert sequence space,
and K := {(x;) € I3 : x; > 0} be the positive cone. Then srec K = K # ()
but riK = 0.

(d) There are many examples for which Theorem 3.3 is applicable, but Corollary
3.6 and the results in [35] are not applicable (even in the case in which Y is
a Hilbert space).

4. Perturbations and stability. Recall the blanket assumption in (3.1), and
recall also that S(E) is the solution set of (1.2) for perturbation E. In this section, we
will study the stability issue for the perturbed abstract inequality system (1.2) when
the perturbation E is allowed from C?(B(xo, A),Y'), including the lower semicontinuity
and the Lipschitz-like property of the map S : C?(B(xo,A),Y) — X. We begin with
the following definition on the notions of lower semicontinuity and the Lipschitz-like
property for set-valued mappings.

DEFINITION 4.1. Let ® : Z = X be a set-valued mapping between metric space Z
and Banach space X and let T € ®(Z). We say that @ is
(a) lower semicontinuous at (Z,Z) if for any neighborhood V' of T, there exists a
neighborhood U of z such that ®(z) NV # 0 for any z € U;
(b) Lipschitz-like around (zZ,%) with modulus £ > 0 if there are neighborhoods U
of Z and V of T such that

(4.1) D(21) NV C D(29) + |21 — 22| B for any z1, 20 € U.
We define the exact Lipschitzian bound of ® around (z,Z) by
lip,®(z,z) := inf{¢ > 0: (4.1) holds for some {U, V'}};
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equivalently, in terms of the distance function,

N . d(z, ®(2))
(4.2) lip,®(z,z) = limsup ————,
Z (z,2)—(2,7) d(Za @ 1(.’1)))

where, as usual, we adopt the convention that % := 0. Thus we have that lip ,®(z,7) =
+oo if ® is not Lipschitz-like around (z,Z); see [4, 27, 42, 52] for more details.

Let r € (0,A], and respectively define the “seminorms” ||| - |||l and || - ||, on
CQ(B(3307 A)a Y) by

IEl- == sup LI E(@)] : 2 € B(xo,r)} < +00

and

(4.3) &l == maX{E(wo)ll, |E' (xo)l|, sup IIE"(SE)II}
z€B(z0,r)

for any E € C%(B(xo,A),Y). Note that

(4.4) MEN, < (1 4+r+ rz)HEHT for any E € C?(B(z9,A),Y)

because, for each = € B(zg, r),
IE@)I| < 1E(@o)|l + 1B (zo) |z — @oll + 1B [Il+llz — zol* < (1 +7+r2)[|E],

The space C2(B(zg, A), V) endowed with the seminorm |[|-||,- is denoted C?(B(zq, A),Y).
Moreover, introduce the subspace H?(zo;7) and the cone H3(zo;r) of C?(B(zg,A),Y)
as follows:

H2:(20;7) = {E € C2(B(x0,A),Y) : R(E(z0)) UR(E" (B(wo,7))) C R(Ts,)}

and
HE(zo;7) = {E € H*(wo;7) : —E(x0) € R(Ty)}-

4.1. Lower semicontinuity. For notational simplicity, we define
(4.5) Fg(:):=F()+ E(-) forany E € C*(B(z0,A),Y).

Recall that r¢ = %, as defined by (3.3).

LEMMA 4.2. Assume that (3.1) holds and A = ry. Let € € [0,400) and E €
C%3(B(xg,70),Y) be such that

(4.6) (Tyo, E) satisfies the weak e-condition on B (:EO, 22(;_{60
Then
(4.7 (Two, Fr) satisfies the weak (v + €)-condition on B (xm 22(%@)

Moreover, if additionally it is assumed that A € L(X,Y) satisfies | T, ' Al| < %, then
(4.8)

(Tyo + A, Fg) satisfies the weak 4-condition on B(Z, 7o) for any Zo € B(xo, %),
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where

- 2(y +¢) nd s 2V2
(49) T A Gt alme—mlp P T T

i particular,
(4.10) (T + A, Fg) satisfies the weak 2(y + €)-condition on B (xo, 42(;7;/3)
Proof. Let x € B(xo, 22(77‘@) By the fourth line in assumption (3.1) and (4.6), we

+e)
note by (2.16) that the domains of T, ' F”'(z) and T, ' E”(x) are the whole of X x X.
This, together with the triangle inequality in (2.3) (noting (2.4)), implies that
(4.11)
_ 27 2¢ 2(y+e)
1T, F(z)|| < -+ < 7
o Felo) (L=Allz —zoll)* (1 —ellz—ol)* = (1= (v+€e)llz — xol])?
where Ffg is defined by (4.5). Thus (4.7) is checked.
Now assume A € L(X,Y) satisfies ||T,,'A| < 3. To show (4.8), let & €
B(zo, 3;3‘?) and note the following elementary equivalence:
2—V2 1—t<2—v§

2 2 - 2

—t| <= [t <3-2V2] foranyt>0.

Applying this to (y4€)||zo —Zo|| in place of ¢ (noting that (y+4e€)||zo— T < 3—2v/2),
one gets that

2-v2 1-(y+¢)|zo —Tol| . 2-V2

2 2(y+e) ~2(v+e)

= llzo = Zoll.
2-v2
2(v+e)
lzo — ol Tt follows that B(o,7) C B(zo, 25Y3). Let @ € B(#,70). Then 1 —
Az — Zo|| > 0 by (4.9), and so
1= (y+ellz —zoll = 1= (v + ) (2o — zoll + l|lz — Zoll)
- (r+e
=1—-(+eéel|z—=x 1-— —
> (1= (v +9llz — ol )(1 = Az = Zoll) >0,
where we have used the fact that
(r+9 2(y+¢)
A=+l —zol) = 1= (v + )7 — ol
Since (Ty, —|—A)*1F/(x0)Tm’01F]’5’(m) C (T +A) " Fp(z) and || (T, + A) 7L (z0)]| < 2
by (2.7) and (2.9) in Lemma 2.4, and making use of (4.7) and (4.9), together with
the second inequality in (2.3), it follows that

(T + A) T Fi (@)l < [(Toy + A7 F (20) |1 75, Fi ()

Recalling the definitions of 4, 7o, and ¢ (see (4.9)), we have then that 7y <

[l = o))

< 2-2(v+e)
T (I=(r+ellz—wol)?
(4.12) - 2-2(y +e€)
T A=+l —zol))? - (1 —Fllz — Zol])?
25

(1 =Fllz = Zol)*
The proof is complete. 0
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THEOREM 4.3. Assume that (3.1), (3.14) hold and A = ro. Let € € [0,+00) and
E € C*(B(wo,70),Y) be such that (4.6) holds and || T, 'E'(zo)|| < . Suppose that
there exists T € (1, 2"'2—‘/5] such that

T—1
T(y+e)(2Tr = 1)

(4.13) HTz_ol(—(F-i-E)(;vo))H _ .
Then, the perturbed inequality (1.2) is solvable, and its solution set S(E) satisfies
T-Y—(F+E
(o, 5(2)) < T CE+ E){aa)|
1 — || T B (o)

_ TN la[d((F + E) (o), € 0 (F(z0) + B(wo) + R(Tw, )))]
B 1 — || Tz E' (o) | '

(4.14)

If, further, —E(xo) € R(Ty,) and (Ty,, F) satisfies (3.12), then

I T5
(4.15) d(z0, S(E)) < o
’ 1 — || Tag B (o) |

(d(F (o), K) + [|E(xo)])-

Proof. Let Fg be defined by (4.5), i.e., Fg = F + E. Then
(Twy + E'(20))(u) = F'(wo)u — C + E'(w0)(u) = Fg(xo) — C.
Thus T, + E’(x0) is the convex process at xq as defined in (2.5) associated with the
pair (C, Fg) in place of (C, F'). Moreover, thanks to the assumption || T,.' E' (zo)| < 3,
we have, by (2.9) of Lemma 2.4, that
(4.16)

R(T2y) € R(Toy + E'(x0)),  [|(Tag + E'(20)) " F' (o) < :

1 — || Tz B (o) |

<2,

and, by (4.10) of Lemma 4.2, that (T, + E’'(x), Fg) satisfies the weak yg-condition
on B(zo, ), where g := 2(y+¢) and rg := (2—+/2)/2vp (that is, 7 is the number
ro given by (3.3) with vz in place of 7). Let

€p = ||(Tay + E'(20)) ™ (=Fr(0))|
and

. 2E
Pl pypte + V@ +7e€E)? — 8vEéE

(that is, £g is the number £ given in (3.1) but with Fg in place of F, and r3}, is the
number r* given by (3.3) but with g, vg in place of £, 7). We next show that

T—1

and rp <rg.

Indeed, applying (2.7) (to T, + E'(z0) in place of T') and (4.16), one has that

(T + E'(20) ™ (= Fe(o))l < [(Tay + E'(20) ™ F' (20) [T, (— Fi(20))|
_ T (=Fe (o))
T 1= 1T B (o)
< 2|7 (= Fp(wo))ll;

(4.18)
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hence, thanks to (4.13),

T—1 _ T—1
2r(y+e)(2r—1)  Ap7(2r—-1)’

€p < 2|15 (—Fr(z0))] <

showing the first inequality in (4.17), and that ygég < 3 —2v/2 as T(g%_ll) <3-2V2
(see (3.9)). It follows from (3.4) that v < rg < rg = A and so (4.17) is shown. By
Theorem 3.3 (applied to Fg, vg, {g, rg in place of F, ~, & A), we conclude that

the perturbed inequality (1.2) is solvable with the solution set S(E) satisfying

71T (= Fe(zo))|l

(4.19) d(x0, S(E)) < 7||(Tuy + E'(20)) (= Fr(x0))|| < 1= |T5 B (zo)|

where the last inequality is due to (4.18). Moreover, by inequality (4.13), we know
that —Fg(zo) € R(T%,), and so by (2.8) (applied —Fg(z) in place of y),

(4.20) 175, (= Fr(zo)ll < 175, la[d(Fe(20), C N (Fp(wo) + R(Tw, )]

Therefore (4.14) is shown by (4.19) and (4.20).
For (4.15), assume that —E(zg) € R(Ty,) and that (Ty,, F) satisfies (3.12). The
former implies that F(x0) + R(T%,) C Fr(zo) + R(T%, ), and so

d(Fp(z0), C N (Fe(zo) + R(T2,))) < d(Fe(zo), C N (F(zo) + R(T%,)))
< N E(o)[| + d(F (o), C N (F(xo) + R(T%,)))
= d(F(z0),C) + [ E(zo)]],
where the last equality is due to (3.12). This, together with (4.14), implies (4.15).
The proof is complete. ad

COROLLARY 4.4. In addition to the assumptions made in Theorem 4.3, suppose
further that xo € S and that —E(xg) € R(Ty,). Then

_ T-1 E
(421) B (o 1l e
1 —||Tz B (2o0) |

) NS(E) #0.

Proof. Thanks to the assumption —FE(x¢) € R(7,,) and the assumption that
(3.14) holds, we have that ||, ' (—E(x0))|| < | Tp llallE(zo)|| < +o0. For (4.21), we
assume, without loss of generality, that zo ¢ S(E), so | T, (—E(z¢))|| > 0. By the
assumed (4.13), we take 7" € (1, 7) sufficiently near 7 such that

=1 - T—1
A7 (y+€)(21" — 1) ~dr(y+e)(21 — 1)

1T, (=(F + E) (o))l <

By (4.14) of Theorem 4.3 but applied to 7’ in place of 7, one has

< T CEFE) o)l T ITe (CE@o)ll _ 71T, (~Ezo))]

d(z0, S(E)) < = < = = ;
’ 1 — || 755" B (o) L= |75 B (o)l 1~ || Tag B (o) |

where the second inequality holds because zg € S;. Hence, there exists z* € S(FE)

such that . )
T Tey (E@o)Il _ 71Tz, llall £ (o)

1= T B/ (zo)|| — 1= | Ty B (o)l
Therefore, (4.21) is shown. d

[2" = ol <
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For Corollary 4.6 below, we need to recall the following lemma, which is known
in [57, Theorem 3.1] for the Hilbert space setting but the proof presented there can
be modified to suit the general Banach space setting.

LEMMA 4.5. Let D and Z be two closed convex subsets of Y with 0 € DN Z and
let p > 0 be such that pB C Z. Then, for any r > 0, one has that

(4.22) d(y,DNZ) < (1 + 4;) max{d(y, D),d(y, Z)} for any y € rB.

The following corollary is a consequence of Theorem 4.3 and will be useful.

COROLLARY 4.6. Assume that (3.1), (3.14) hold and A = rq. Let € € (0,+00),
T = (2 4+ +/2)/2, and suppose further that —F (x¢) € int(R(Ty,)). Then there exist
§ € (0,400) and p € [1,+00) such that

(423) T (- (F + B)ao)ll < w7 a(d(F (o), K) + [ E(o)])
and
421) Ao, 8E) < — W 10 Gpiag), ) 4 B

T 1= T E (o)

whenever E € C?(B(zo,70),Y) with |E(xo)| < J satisfies (4.6), (4.13) and that
|75 E (o)l < 3

Proof. By the assumption —F'(zg) € int(R(T%,)), we take § > 0 such that 26B C
F(x9)+R(Ty,), and set p := 1+4(||F(z0)||+9)/0. Below we show that § and u are as
desired. Indeed, let E € C3(B(z0,70),Y) with ||[E(zo)| < § satisfy (4.6), (4.13), and
that [|T,,'E'(z0)| < 3, and let Fg be defined by (4.5). Then ||Fg(zo)|| < [|[F(zo)| +
d and B(—Fg(x0),d) C B(—F(x0),20) C R(Ty,); hence éB C Fg(xo) + R(Ty,)-
Applying Lemma 4.5 to C, Fg(zo) + R(Ty,) in place of D, Z, we conclude that

d(Fg(zo), C N (Fe(w0) + R(Tw))) < pd(Fe(20), C) < p(d(F(x0), K) + || E(zo) ),

and it follows from (2.8) (applied to Fg(xo) in place of y) that (4.23) holds. Hence
(4.24) holds by Theorem 4.3, since E is assumed to satisfy (4.6) and (4.13). The proof
is complete. 0

THEOREM 4.7. Assume that (3.1), (3.14) hold and A = ro. Suppose that xg € S
and let R € (0,70]. Then
(i) the solution map S(-) : Hi(zo; R) = X is lower semicontinuous at (0, z),
(ii) the solution map S(-) : H*(z0; R) = X is lower semicontinuous at (0,z¢)
provided that —F (zq) € int(R(Ty,)).

Proof. Let € € (0,1) be arbitrary. Let § := 1 and p :=1if —F(z¢) ¢ int(R(T%,)),
and otherwise, let 6 € (0,1) and p € [1,+00) be the numbers determined by Corolligy
4.6: if E € C*(B(zo,70),Y) with ||[E(z0)|| < § satisfies (4.6), (4.13) (with 7 := Z£¥2)
and that ||T,,'E’(20)| < 3, then (4.23) and (4.24) hold. Now choose . € (0,4) such

that |7, a6 < min{ 7, 43#_(313)}. By the definitions of ||E||r (as in (4.3)) and 0.

(noting that p > 1), one has that if

(4.25) E € H*(zo; R) with | E|g < 0.,
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then
3—2v2

4.26 E 5, T allE < |IT=Y[gd. < mind <, 2~ 2V2
(4.26)  [[E(zo)l <6, [Tz [lallE(@o)ll <175 lla <mm{4ﬂ74ﬂ(’7+6) ;

_ _ _ € 1
(4.27) T B (o) | < T3 lall B (zo) | < 1T lade < DA
and, if R=1ry = % (and so R > 22(;;/3)),

—1 —1 17 € 2¢

(4.28) || T E"(z)|| < 15, [[allE"(2)] < — <

dp (1= ellz = xol)?

2—+/2
for eachxelB%(:z:o, f)

2(y+e€)

For the rest of our proof, we suppose that (4.25) holds. To complete the proof, we
will verify that

(4.29) B(zo,€) NS(E) #0

for each of the following cases: (i) E € Hi(wo; R) and (ii) —F(xo) € int(R(T%,))-
Recalling the assumption that R € (0,r], let us first consider the special case in
which R = rg.

For case (i), the present E satisfies —FE(zg) € R(T},), and observe that, with
7= (2+v2)/2 (so 7(577_711) = 3 — 2V/2), all the assumptions in Theorem 4.3 are
met. Indeed, (4.6) holds by (4.28), and [T, ' E'(z¢)|| < 1 by (4.27). To check (4.13),
note first that, by the assumption xg € S, one has 0 € —F(xq) + K and so, by (2.6),
0 € T, (—F(x0)) and ||T,,}(—F(x0))|| = 0. This implies that
(4.30)

175 (= (F + B) (o) | < 175" (= F(zo))l| + | To (= E(wo)) | < 1T lall (o).

Thus, noting that x4 > 1, one has by (4.26) that

T—1

@80 TN+ B)ao)| < T B < ooy

Therefore we can apply (4.14) of Theorem 4.3 to conclude that S(E) # 0 and

(4.32) d(xo S(E)) < T/‘HT:v_olHdHE(l‘O)H

< - < Ap|| T lall (o)l < €
1= |75 B (o) ’

thanks to (4.26), (4.27) and noting that 7 < 2. Thus (4.29) is proved for case (i). For
case (ii), the proof is much the same but we use Corollary 4.6 in place of Theorem 4.3.
In particular, noting d(F(xo), K) = 0 as F(zg) € K, we see that (4.31) and (4.32)
continue to hold by (4.23) and (4.24), respectively. Therefore, we have completed the
proof for the case in which R = ry.

It remains to prove the same for the case in which R # 7y (and so R < rq as
R € (0, ro] by assumption). In this case, set
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Then 7' > ~, and so rj < rg and rj = R < % Hence (T,,, F)) satisfies the weak
v'-condition on B(xg,7(). Thus one applies the result just established (with ' in
place of v), and we conclude that (4.29) also holds for the case in which R # ro. The
proof is complete. 0

Recalling that (3.14) holds automatically in the case in which K is closed, we
have the following corollary.

COROLLARY 4.8. Assume (3.1) and A = ro. Suppose that xy € S, and let R €
(0,79]. If K is closed, then conclusions (i) and (ii) in Theorem 4.7 hold.

4.2. Lipschitz-like continuity. To prepare the main theorem in this subsec-
tion, it is convenient to note the following simple lemma.
LEMMA 4.9. Lety € [0,4+0), and Fy, Fy € C*(B(xo, 25%/5),Y) be such that each

(Tyy, F3) satisfies the weak ¥-condition on B(xo, %) and that

(4.33) R(F!(z0)) C R(T,) for eachi=1,2.
Then, for any Ty € B(zo, 25%/5), the following equivalence holds:
(434) Fl(fig) — FQ(QZ’()) S R(Tmo) <~ Fl(l‘o) — FQ(JZ()) € R(Txo)

Proof. Fix &y € B(xo, 2_2%/5) and consider i = 1,2. Then, by assumption, and
using (2.18) of Lemma 2.6 (applied to 2_2%/5, Zo, 7 in place of r, x, 7), we hence get
that
(4.35) + / / [SEY (20 + ts(Fo — w0))] (Fo — x0)? dsdt € R(Th,).

[0,1]2

By Taylor’s formula, we also have that
Fi(li'()) = FZ(.’E()) + Fil(l'())((%() — (E(]) + // ) [SFZH(.’EO + tS(fﬁO — 550))](.%() — (E())2 det,
[0,1]

and so
F1(Z0) — Fa(Zo) = Fi(xo) — Fa(wo) + (Fy(z0) — F3(x0))(Z0 — o)

+ // [sF)' (w0 + ts(Zo — x0))](Fo — 20)? dsdt
0,12

- / / [SFY (w0 + t(i0 — w0))] (7o — 0)? dsdt,
0,12

which, together with (4.33) and (4.35), implies (4.34), as R(T%,) is a cone. The proof
is complete. a
THEOREM 4.10. Assume that (3.1), (3.14) hold and A = ry := 2_2;/5 Let € €
[0, +00), r € (0, 22(;[3)), and o € S (that is F(zg) € K = C).
(i) Suppose that —F (xq) € int(R(Ty,)). Then there exists a pair (6, 1) of positive
numbers with § < r such that

T lall By — Eollr =
2 — |1 Ta;" By(o)ll = 1/(1 = (v + €)r)?

(4.36) B(zo,0) NS(Ey) C S(E2) +
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whenever By, By € C2(B(xo,70),Y) with || E1lll-, | E2|- < § have the following prop-
erties:
(4.37)

1
T El(zo)|| < 5 (Ty,, E:) satisfies the weak e-condition on B (xo, 22(;73_/?))

(ii) Let T € (1, 2+2\/§]. Then (4.36) holds with § = r and p = T whenever Ey, Ey €
C%(B(z0,70),Y) are such that E1(zo)— F2(z0) € R(Ty,) and have the properties (4.37)
and the following (4.38):

T—1
8V3(y +e)r(2r — 1)

Proof. Let E1, Ey € C3(B(z0,70),Y) satisfy (4.37), and Fg, := F + E; be given
by (4.5) with E; in place of E for i = 1,2. By the assumed ~-condition in (3.1) and
the e-conditions in (4.37), we see from (4.7) of Lemma 4.2 (applied to E; in place of
E) that
(4.39)

(Ts,, F,) satisfies the weak (v + €)-condition on B ( 2_ﬂ> for each i =1, 2.

(4.38) 1T Hlalll Bl <

10 207+9)

Further, (4.37) implies in particular that R(E}(z¢)) € R(T%,), and so R(Ff, (w0)) C
R(T,,) (noting by definition that R(F'(x¢)) C R(T%,)). It follows from (2.19) of

Lemma 2.6 (applied to (T%,, Fr,) and 22(;3_/?) in place of (Ty,, F') and r) that

1
(1= (v +ellz—zol)?

(4.40) T3 (Fp, (2) — Fp,(w0))| < -1+

2—v2
fi hzeB|zy, —— |.
or each = (xo 2(74_6))

To prove (4.36) in (i) and (ii) we consider an arbitrary

(4.41) Zo € B(xo,7) NS(EY),

and correspondingly set

(4.42) A= Ey(%o) + F'(Z0) — F'(z0), &= |[(Tey + A) (= F, (%0))l;

and 7, 7o as in (4.9). Then v <4 and 7y < 7. It is routine to check that Ff, = F'+Ej
and that (T, + A)(-) = Fg,(%0)(-) — C and so Ty, + A is the convex process at
Zo as defined in (2.5) associated with the pair (C,Fg,) in place of (C,F). Since
r< 2=Y3 < 322V3 < 2-V2 o have by (4.41) that

= 2(y+e) = te = 2(v+e)
3—2v2
(4.43) Fo € B(zo,7) C B (xo, f) :
7te
and it follows from (4.40) that
1 1 1

|5 (Fiy (20) = Fig, (o) | < =1+

_ <—-l4—"=":.
(1= (v + 70 — zol])? (1_2=8) 3
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Since T,;! is convex process and noting the definition of A in (4.42), it follows from
(4.37) and the triangle inequality that

1T, Al < 175 By (o) || + 175" (Fis, (20) — Fp, (o))l

(4.44) < | T5 Ea(wo)| — 1+ (ECETDE
11 1
67372
Hence, by (2.9) of Lemma 2.4, we have that
(4.45)
1 1

(T + A) 7 F (20)]| < <2.

< -
L= |1 T" All — 2 = | T B (wo) || = 1/(1 = (v + €)r)2

Noting Zo € B(xo, 3;1‘?) and | T, ' Al < 3 by (4.43) and (4.44), respectively, one

can apply (4.8) to see that

2—4/2
(4.46) (Ty, + A, Fi,) satisfies the weak §-condition on B (5:0, %I\f) .

Recalling the definition of £ given in (4.42), one has from (2.7) and (4.45) that
(447) € < |(Tuy + A F (o)l - 1T (= Firy (o))l < 20T} (— Fi, (50)| < +o00s
similarly, (2.7) and (4.45) imply that

—1||d < ||Tgc_01||d
72— || T By (o)l = 1/(1 = (v + €)r)

(4.48) ||(Ty, + A) 5 <25 la < +oo,

where the last inequality holds by the last line of (3.1). Moreover, R(Ty,) = R(Ty,+A)
(by (2.9) and (4.44)), and so (3.14) implies that

(4.49) srec K NR(Ty, + A) # 0.
Assuming

~ T—1
4. 0 —_
(4.50) <y

with 7, € being defined as in (4.9) and (4.42), and 7 € (1, 2+2\/§}, we will verify that

(4.51) d(io S(E2)) < T ”Tz_olHd [d(FEz (*%0)7 cn (FE2 (fo) + R(Tzo)))]

= T TR - - (o

Indeed, by (4.50) and (3.4) (applied to 4, ¢ in place of 7, §), one has 7™ < 2’2%/5,
where

. 2
7= - = -
1+ 56+ /(1+38)? - 85
is the number defined in (3.3) with 7, € in place of 7, &. Noting that Tyo + A is just
the convex process at & as defined in (2.5) associated with the pair (C, Fg,) in place
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of (C, F), it follows that (3.15) of Theorem 3.3 is applicable to Zo, Fg,, 7, 2_—%/5, 7,
S(E) in place of zg, F, ~, A, r*, S (thanks to (4.46), (4.48), (4.49), and (4.50)), and
S0

(4.52)  d(Z0, S(E2)) < 7[[(Tg + A)Hlad(FE, (T0), C N (Fr, (Z0) + R(T, + A)))-

Thus (4.51) holds (assuming (4.50)) by inequality (4.48) and the fact that R(T,,) =
R(T,, + A). The rest of our proof is divided into two parts dealing with (i) and (ii),
respectively. For this purpose, we first note from (4.9) that

Tl —aal? = (-8 (a0 To

because ||Zo — zo|| < 7 < Q(j\f) (see (4.43)).

(i) Since —F'(z0) € int(R(T%,)), we take dp such that 0 < d9 < r and

(4.54) (2+ L)doB C F(wo) + R(Tx, ),

where L > 0 is a Lipschitz constant of F' on B(xg,79). Let constants pg, u, 6 be
defined by

LAt VDo

po :=1+4(1+ L) , : ,
(4.55) % ?
0= min{50, 3-2v2 }

16V/3 40| Tag la (v + €)

Below we show that the pair (8, 1) is as desired. To do this, let ||| Fs|||l» < § satisfy
(4.37). To show (4.36), assuming o € B(zo,d) N S(E1), we have to show that

2+ v2)poll T, lalll 1 — Ealllr

(4.56) d(Zo, S(E2)) < 2(2 — | Ty "B (o) — 1/(1 = (v + €)r)2)

To this end, note first that
(4.57) 1F g, (Z0) = F(xo)|| < Ll|Zo — ol + [ E2[ll» < (1 + L)4,

and it follows from (4.54) that 5oB C Fg, (o) +R(T%,) (noting that § < dp), and this,
in particular, implies —Fg,(Z9) € R(Ty,). Thus by (4.22) of Lemma 4.5 (applied to
Fr,(Zo), C, Fg,(Zo)+R(Ty,) in place of y, D, Z), and noting Fg,(Z9) € Fg,(Zo) +
R(T%,), we have that

Az 10),€ 1 (Fr, o) + RT3 ) < (14 LT a0
(4.58) < ol Ex — B,

where the last inequality holds because, by Fg, (Z9) € C (as Zo € S(Fy)) and &y €
B(zo,7),

d(Fg,(%0),C) < [|[FE,(T0) — Fr, (Zo)| < [[E1(Z0) — E2(Zo)|| < (| E1 — B2l
and, by (4.57) and (4.55),

4| Fg, (Zo)||
do

4| F(x
<1440+ 1)+ AE@_

1
+ 5
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Thus, as noted earlier, —Fg,(Zo) € R(Ty, ), and so we can apply (2.8) (to Fg, (o) in
place of y), and so

|5, (= Fr (@)l < 175, |ad(FE, (Zo), € N (Fp, (To) + R(Tx,)))

(4.59) < ol T lall B — ol
Hence, by (4.47), we have that
(4.60) € < 2p0|| Ty, lall By — Bolll < 46110]| Ty, [la

and it follows from (4.53) and (4.55) that
M <3-2V2.
4V3(y +¢)

Therefore (4.50) holds (and so does (4.51)) with 7 replaced by 2+2\/§ (so the right-hand

side of (4.50) is 3 — 2v/2; see (3.9)). It follows from (4.51) and (4.58) that

242 poll Ex — Eal|»
2 2 — || Ta Eb (o) — 1/(1 = (v + €)r)?’

FE < dpoF| Tyt lad <

d(Zo, S(E2)) < N Tt -
verifying (4.56).

(ii) Assume that (4.37), (4.38) hold and Ej(zg) — Fa(zo) € R(T,). Clearly,
Fg,(20) — FE,(70) = E1(w0) — E2(x0) € R(T%,) and R(Fg, (z0)) € R(T%,) (see (4.37)
and note that R(F'(xo)) C R(T%,) ). Hence, making use of (4.39) and (4.43), we can
apply Lemma 4.9 to Fg,, Fg,, 7+¢€, T in place of Fy, Fs, 7, x, and so (4.34) tells
us that Fg, (To) — Fr,(Zo) € R(Ty, ), that is Fg, (Zo) € Fg,(Zo) + R(T%,). Also, since
Fr, (Z9) € K C C as &y € S(F1) by (4.41), it follows that

(4.61) d(FE,(Z0),C'N (Fg,(Zo) + R(T)) < [|Fe, (Z0) — Fi, (Z0))[| < [ Ex — Eal]-

Furthermore, the first inequality of (4.59) in the above proof of (i) is still valid for
the present case (since, as noted earlier, —Fpg,(Zo) € —Fg, (Z0) + R(Ty,) C R(Ty,),
and thus (2.8) is applicable). Therefore, it follows from (4.47), (4.61), and the first
inequality of (4.59) that

(4.62)

7€ < AT all By = Ballle < 2915, la (Bl + 1 E2lll) <

(-1
2V3(y 4+ e)r(2r — 1)’
where the last inequality holds by the assumed (4.38), and therefore (4.50) holds by

(4.53) for the present case. Consequently, (4.51) is applicable and, together with
(4.61), one has that

7|75 lall E1 — Eoll»
2 — || s B (o)l = 1/(1 = (v + e)r)?’
and so (4.36) is shown with § = r and p = 7 as X is reflexive and Z¢ € B(zo,7)NS(E1)

is arbitrary. The proof is complete. a0

COROLLARY 4.11. Assume that (3.1), (3.14), A =rg := % hold and suppose
that xo € Sg is such that (Ty,, F) satisfies (3.20). Let € € [0,+00), r € (0, 22(;1?)),
T € (1, 2+2ﬁ], and E1, By € H3(xo;7) be such that (4.37) and (4.38) hold for each

it =1,2. Then (4.36) holds with § =r and p =7, and
. 71Tz la | Ei (o)
1 || Ta B (o) |

d(Zo, S(Es)) <

(4.63) B (x ) NS(E;) #0  for eachi=1,2.
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Proof. To verify (4.63), it suffices to show that Corollary 4.4 is applicable to each
E; (i = 1,2) in place of E. Indeed, thanks to the assumptions E; € H3(zo;7) and
xo € Sa1, we know that —FE;(20) € R(Ty,) and ||T},,'(=F(z))|| = 0. This and the
triangle inequality, together with (4.38), imply that

T—1

72 + B )| < 12 Bl | < oo

and so E; satisfies (4.13) stated for E. It also satisfies (4.6) by (4.37). Therefore
(4.63) holds by Corollary 4.4.

To show (4.36) (with p = 7), we only need to justify applying Theorem 4.10(ii)
to the present pair Fy, Eo, namely to show Ej(xg) — Ea(z9) € R(T%,). To do this,
take Zo € B(zg,r) N S(E1). Note that Fg, (%) € K C R(Ty,) by (3.22) (thanks to

(3.20)), and Zy € B(xo, 22(%\_[)) since r < 22(;4\-[5) by assumption. Thus, one applies
(4.34) of Lemma 4.9 (to Fg,, 0 in place of Fy, F3) to check that Fg, (z¢) € R(Ty,)-
Since —F(zg) € —C C R(Ty,) (as mp € Sa) and —Es(xg) € R(Ty,), it follows
that —FE2 (l‘o) = —F(l‘o) Eg(l‘o) S R( ) Hence El(l‘o) — EQ(J?Q) F‘E1 (l‘o) —

Fr, (o) € R(Ty,) as desired. The proof is complete. |

Recall that we introduced in Definition 4.1 the exact Lipschitzian bounds for
set-valued mappings.

THEOREM 4.12. Assume that (3.1), (3.14) hold and A = ro. Let zo € S and
R e (0,7‘0].
(i) Suppose —F(z0) € int(R(Ty,)). Then the solution map S : H*(xo; R) = X
is Lipschitz-like around (0, xo).
(ii) Suppose that (3.20) holds. Then the solution map S : H3(zo; R) = X
is Lipschitz-like around (0,z¢) and the exact Lipschitzian bound satisfies
lipygeS(0,20) < |75

Proof. Similar to the discussion in the proof for Theorem 4.7, we assume, without

loss of generality, that R = = % Let 0 < e < 3,1 <7< 2+f7 and
0<r< mm{27 22;+§’)} We select a pair (0, p) of two positive numbers according

to the following rules:
(a) If —F(zo) € int(R(T%y,)) but F(zo) ¢ R(Ty,), then we take our (d,, ur) to be
the pair (d, 1) as in (i) of Theorem 4.10.
(b) If F(a:o) € R(T,, ), then we take (d., ;) := (6, 7) with & € (0,r).

Since r < 1 and r < 2(7_‘() < R, it follows from (4.4) that

(4.64) |IE|l- <A 4+7r+7)|E|- < (1+2r)|E|r for each E € C*(B(xo, R),Y).

Now set

C[8 e T—1
(4.65) 0:= mm{ T la” 8v/3(L + 2r) || T la(y + €)7(27 — 1) }

and let By, Ey € V :={E € H?(xo; R) : ||E||r < 0}. Fix i = 1,2, and note that

_ _ _ 1
(4.66) 175 i)l < 1T all B (wo)ll < 1T lall Billr < € < =,

[=p}
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and that, similarly,

2¢

T-1g" < T Hall Billr < € < ——————%
|| o 7 (.’E)H - H To ||d|| ||R € (1 — €||1' - xO”)g

2 -2
f hxeB s =7 ’
or each x <x0 2(74_6))

and
T—1

8V3(y +e)r(2r — 1)

Thus, (4.37) and (4.38) of Theorem 4.10 are checked. Write 7, := min{d,,r}. Below
we will show that

1T all Bl < (1 + 20) |1 T3 all Eill 2 <

o T all By — Boll —
2—c—1/(L- (Y +or)?

(4.67) B(zg,7m) NS(E1) C S(Es) +

for each of the cases in (i) and (ii). Granting this and making use of the fact from
(4.64) that |||(E1 — E2)||l» < (14 2r)|[(E1 — E2)||r, we have that

(1+2r)pr |5 ol By — Eallr—
2—e—1/(1—(y+e)r)?

(4.68) B(zg,7-) NS(E1) C S(Es) +

(i) —F(zo) € int(R(Ty,)). Without loss of generality, we may assume that
F(z0) ¢ R(Ty,) (otherwise, 0 € int(R(Ty,)); hence R(Ty,) = Y and (3.20) holds).
Then, noting r, < 6, = § and ||T,,' E{(20)|| < € (by (4.66)), we have by Theorem
4.10(i) that (4.67) and (4.68) hold for all Ey, F5 € V; consequently, S : H?(zo; R) = X
is Lipschitz-like around (0, zo).

(ii) E1, B2 € H3(wo; R) and (3.20) holds. Then, thanks to the assumption zg € S,
F(z0) € C CR(Ty,) (noting (3.22)), and so u, = 7 by our selection in (b). Therefore,
as noted earlier, we can apply Corollary 4.11 to see that (4.67) and (4.68) hold with
pir = 7 because r; < 6, = § and ||T, ;' E{(z0)|| < € (see (4.66)). Thus the proof can
be completed as in (i). |

As noted earlier, (3.14) holds if K is closed. Thus we have the following corollary.

COROLLARY 4.13. Assume that (3.1) holds and A = ro. Suppose that xg € S and
let R € (0,19]. If K is closed, then conclusions (1) and (ii) in Theorem 4.12 hold.

Under the Robinson condition made in [34], Ty, is surjective and we have the
following Lipschitz-like property for the solution map, which is a direct consequence
of Theorem 4.12.

COROLLARY 4.14. Assume that (3.1) holds and A = ry. Let v € (0,+00) and
xo € S be such that Ty, is surjective. Suppose further that srec K # 0. Then, for any
R € (0,7¢], the solution map S : C%(B(z0,70),Y) = X is Lipschitz-like around (0, z¢)
and the ezact Lipschitzian bound satisfies lipez S(0, o) < 1T Hla < +oo.

Remark 4.1. Considering the special case in which F' and the perturbation are
affine, the results of Theorems 4.7 and 4.12 are new for the abstract inequality system
(1.1) in the case in which either K is not closed (such as for the inequality/strict-
inequality system (1.4) with nonempty Ip) or X is of infinite dimension. Even when
K is closed (such as for the inequality/strict-inequality system (1.4) with empty Ip)
and X = R"™, part (ii) of Theorem 4.12 is new, while part (i) is essentially known as it
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can be deduced from the corresponding results in [26]. Moreover, for the finite/infinite
inequality system (1.3), part (ii) of Theorems 4.7 and 4.12 is new while part (i) is
essentially known as it can be deduced from the corresponding results in [5, 11, 18].

We end our paper with two examples illustrating the use of Theorem 4.12 and
Corollary 4.14 for showing the lower semicontinuity and/or the Lipschitz-like property
of the concerned solution map.

Example 4.1. Let X = R2, Y = R3, and let the “cone” K C R? be given by

K :={(t1,ta,t3) : 13+ (tz —t2)? <13 and t5 < 0},

that is, C = K is the closed cone generated by the origin and the plane disk
{(tl,—l,tg) : t% + (tg + 1)2 < 1} while K = C\{O} Let (/\1,)\2,)\3) € K, and
define F' by

1+t + M
Flx):=| # + % + Ao for each = = (t1,t2) € R X (—o0, 1).
—t2
+A3
Then
2ty 1
F'(z) = 1 —1+ﬁ for each = = (t1,t2) € R x (—o0, 1).
0 0

Let o := 0. Then F(xp) € K C C (so xg € S and £ = 0), and also
0 1
F/(Jjo) = 1 0
0 0

Hence
Trou = (u27u1,0)T —C for each u = (u1,u9) € R2.

This implies that R(T,,) = R? x R,. Hence, (3.14) holds (as (0,—1,0) € srecK N
R(T%,)). Moreover, for any z = (21, 22, 23) € R? x R, one sees that

Tz_olz = {(u1,uz) : (ug — 21)% 4 (23 + (u1 — 20))? < (w1 — 22)% and u; < 2 };

hence (22 — 23, 21) € T}, ' (21, 22, 23). Thus we have that

(4.69) || T, 2|l < \/22 + (22 — 23)2 < V2||z|| for each z = (21, 2, 23) € R? x Ry.

This immediately yields that | 7,.!|| < v2. Now let « = (t1,t2) € R x (—00,1), and
u = (uy,us), v = (v1,v2) € B. One checks by definition that

2 0\ o
u ( 0 0 > v 2'LL1’U1
2usv,
F'(x)(u,v) = w < 0 (2) > oI | T (—t2)°
0 (1—t2)3 0

0
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Therefore, R(F"(z)) € R(Ty,), and, thanks to (4.69),

(2’&2’02)2
(1 —t9)8

2V2(|ugv1| + |ugvs|) 2V2

= (=5 =t

IN

Ty F” () (u, )| < \/5\/(21&1@1)2 +

(noting that |uyvi| + [ugve| < 3(u? + v + u3 +v3) < 1); hence we have in particular

that
V2 2V/2

(L =t2)* = (1= V2|
Therefore, assumption (3.1) holds with v = v/2 and A = rp = (2 — v/2)/2V/2 (see
(3.3)). Let R € (0,(2 — v/2)/2v/2]. Thus Theorem 4.7 is applicable and the solution
map S() : Hi(zo; R) = X is lower semicontinuous at (0,0). Furthermore, if it is
assumed that A3 < 0 then —F(x) € intR(T},), Theorem 4.12 is applicable to getting
that the solution map S : H2(wo; R) = X is Lipschitz-like around (0, 0).

—1
I, F ()] <

1
for each x € B (O, ﬁ)

For the following example, let {f; : i € N} be a pointwise bounded family {f; :
i € N} in C?(B,R), and we need some general observations on the family {f; : i € N}.
Let [*° denote the classical Banach space consisting of all bounded sequences of real
numbers endowed with the supremum norm given by

lly|| ;== sup|t;| for each y := (¢;) € I*°.
€N

Define F : B — [*° by
(4.70) F(x) :=(fi(z)) for each z € B.

Fixing € B and assuming that {f/ : ¢ € N} is equicontinuous around Z, one can
verify by definition that F' is twice differentiable at Z, and the first and the second
derivatives are given by

(4.71) F'(z)u = (f/(x)u) for each u € X

and
F" (%) (u,v) = (fI'(Z)(u,v)) for each (u,v) € X x X,

?

respectively. In particular, if {f/’ : ¢ € N} is equicontinuous on any closed subset of
B, then F' € C?(B,[°°). Furthermore, we have that

IF"(@)]| < sup || fi(@)]-
€N

In Example 4.2 below, we tailor (1.4) to the case in which I := N, Ip := Ny consists
of all odd natural numbers, Iy := Ny consists of all even natural numbers, and Iz is
the empty set, namely the following infinite inequality /strict-inequality system:

fn(x)>0, n € Ny,

(4.72) fulz) >0, neN,.

We pick and fix a sequence {A,, : n € N} of symmetric matrices and (\,) € {* such
that

(4.73) A, € R A, <1 for each n € N,
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and
(4.74) Ap >0 foreachn e Ny and M, >0 for each n € Ns.

Let X denote the Hilbert space 12 consisting of all square-summable sequences of real
numbers. For each x := (t,,) € X and k € N, we write x| for (¢,...,t;) € R.
Ezxample 4.2. For each n € N, let f,, : X — R be defined by

n+1 tk+1

folz) =Xy +t1+ 1t + = (A z|™, z|™) +Z knjri—ll for each x = (¢,) € X.

Then, fixing z = (t,) € X, one checks by definition that

n+l ,k
(4.75)  fr(x)u = uy + up + (Apz|™, ul™) + Z "Tﬂunﬂ for each u = (u,) € X,
k=1
and
n+1
" n n k k—1 2
fil(x)(u,v) = (Apul|™, v|™)+ Z §tn+1 Up41Unt1  for each (u,v) = ((uy,), (vn)) € X7
k=1

Then it is trivial to check by elementary calculus that {f/' : i € N} is equicontinuous
on any closed subset of B and, for each x € B,

1 L2
(= ftnsa])* = (1= l2])*

Thus the function F defined by (4.70) is in C%(B,[*°), and

(oo} k B
£ @) < Al + ) §|tn+1|k T<1+
k=1

2
|F"(x)[| < sup || f{'(z)|| < ~— =5 for each z € B.
i€l (1= [l=))?

Let K C [* be the “cone” consisting of all sequences (s,) € {* such that s, > 0 if
n € Ny and s, > 0 otherwise. Then srecK # ), and the infinite inequality/strict-
inequality (4.72) coincides with (1.1). Let zp := 0. Then z¢ € S, the solution set of
(4.72) (noting that F(xzg) = (Ay) € K), and £ = 0. Since by (4.71) and (4.75)

F'(xo)u := (f! (zo)u) = (uy +u,) for each u= (u,) € X,

it follows that T, is surjective and || T} '|| = 1. Indeed, for any z := (z,) € [ with
||z]] = 1, one has that

T;)lz:{(un)eX:ulz%, unzzn—mVan};

hence (1,0,...) € T,.'z and [T} < 1. On the other hand, for z := (1), we have
that

Tw_()li: {(u1,0,...) s ug > 1}
and so || T;.'|| > || T;.'2] = 1. Therefore, assumption (3.1) holds with v = 1 and
A=rg= 272‘5. Thus, Corollary 4.14 is applicable, and, for any R € (0, 2*2‘5)7 the
solution map S : C%(B(xo, 2’2‘/5),10") = X is Lipschitz-like around (0,0) and the
exact Lipschitzian bound satisfies 1ipc§ S(0,z0) < 1.
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