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METRIC SUBREGULARITY AND CALMNESS FOR NONCONVEX
GENERALIZED EQUATIONS IN BANACH SPACES∗

XI YIN ZHENG† AND KUNG FU NG‡

Abstract. This paper concerns a generalized equation defined by a closed multifunction between
Banach spaces, and we employ variational analysis techniques to provide sufficient and/or necessary
conditions for a generalized equation to have the metric subregularity (i.e., local error bounds for the
concerned multifunction) in general Banach spaces. Following the approach of Ioffe [Trans. Amer.
Math. Soc., 251 (1979), pp. 61–69] who studied the numerical function case, our conditions are
described in terms of coderivatives of the concerned multifunction at points outside the solution set.
Motivated by the existing modulus representation and point-based criteria for the metric regularity,
we establish the corresponding results for the metric subregularity. In the Asplund space case,
sharper results are obtained.
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1. Introduction. In this paper we discuss metric subregularity of the general-
ized equation

(GE) b ∈ F (x),

where and throughout we assume that F : X ⇒ Y is a closed multifunction, b ∈ Y is
a given point, and X,Y are Banach spaces. Following Dontchev and Rockafellar [6],
we say that (GE) is metrically subregular at a ∈ F−1(b) if there exists τ ∈ [0, +∞)
such that

(1.1) d(x, F−1(b)) ≤ τd(b, F (x)) ∀x close to a.

This property provides an estimate of how far a candidate x (in a neighborhood of a)
can be from the solution set of (GE). A multifunction M : Y ⇒ X is said to be calm
at (b, a) ∈ Gr(M) if there exists L ∈ (0, +∞) such that

d(x,M(b)) ≤ L‖y − b‖ ∀(y, x) ∈ Gr(M) close to (b, a).

As observed by Henrion and Outrata [10], (GE) is metrically subregular at a ∈ F−1(b)
if and only if M = F−1 is calm at (b, a). The metric subregularity and calmness have
already been studied by many authors under various names (see [3, 6, 7, 8, 9, 10, 14,
15, 19, 20, 21, 22, 28, 29, 33, 34, 35, 36, 37] and references therein). A well-known
property (that is stronger than the metric subregularity) is the metric regularity of a
multifunction that has also been studied extensively (see [1, 2, 5, 14, 16, 17, 18, 23,

∗Received by the editors September 25, 2009; accepted for publication (in revised form) January
28, 2010; published electronically April 14, 2010. This research was supported by an earmarked grant
(GRF) from the Research Grant Council of Hong Kong and the National Natural Science Foundation
of People’s Republic of China (grant 10761012).

http://www.siam.org/journals/siopt/20-5/77217.html
†Department of Mathematics, Yunnan University, Kunming 650091, People’s Republic of China

(xyzheng@ynu.edu.cn).
‡Department of Mathematics (and IMS), The Chinese University of Hong Kong, Shatin, New

Territory, Hong Kong (kfng@math.cuhk.edu.hk).

2119



2120 XI YIN ZHENG AND KUNG FU NG

24, 25, 26, 27, 32] and references therein). Explicitly, F is metrically regular at a for
b if there exists τ ∈ (0, +∞) such that

(1.2) d(x, F−1(y)) ≤ τd(y, F (x)) ∀(x, y) close to (a, b).
Let regF (a, b) := inf{τ > 0|(1.2) holds}. It is known (cf. [24, Theorem 4.5]) that if X
and Y are Asplund spaces, then

(1.3) regF (a, b) = inf
ε>0

sup
{
‖D̂∗F (x, y)−1‖∣∣x ∈ B(a, ε), y ∈ F (x) ∩B(b, ε)

}
,

where D̂∗F (x, y) denotes the (Fréchet) coderivative of F at (x, y) and ‖D̂∗F (x, y)−1‖
denotes the inner norm of D̂∗F (x, y)−1. (See section 2 for undefined terms and further
notations.) The modulus of the metric subregularity of (GE) at a ∈ F−1(b) is denoted
by subregF (a, b) and is defined by

(1.4) subregF (a, b) := inf{τ ∈ (0, ∞)|(1.1) holds}.
The case subregF (a, b) = ∞ corresponds to that (GE) is not metrically subregular at
a. (Here and throughout we adopt the convention that the infimum over the empty
set is ∞.) Motivated by [24, Theorem 4.5] on the treatment regarding (1.3), one of
our aims is to provide an estimate of the modulus of the metric subregularity. In
particular, we prove that

subregF (a, b) ≤ inf
ε>0

sup
{
‖D̂∗F (x, y)−1‖|x ∈ B(a, ε) \ F−1(b), y ∈ F (x) ∩B(b, ε)

}
.

Unlike (1.3), here we do not have an equality (see a counterexample after Theo-
rem 3.1).

Let f : X → R ∪ {+∞} be a proper lower semicontinuous function, and consider
the special case that Y = R, b = 0, and

(1.5) F (x) := [f(x), +∞) ∀x ∈ X.

In this case, (GE) reduces to the following inequality:

(1.6) f(x) ≤ 0,

while the metric subregularity (1.1) reduces to

(1.7) d(x, S) ≤ τ [f(x)]+ ∀x close to a,

where S = {x ∈ X |f(x) ≤ 0} and [f(x)]+ = max{f(x), 0}. Usually inequality (1.6)
is said to have a local error bound at a if there exists τ ∈ (0, +∞) such that (1.7)
holds. Error bound properties have important applications in sensitivity analysis and
convergence analysis of mathematical programming. In recent years, error bound
properties have been extensively studied (cf. [3, 7, 12, 20, 21, 22, 28, 30, 34] and
references therein). In particular, studies on error bounds have been well carried out
in terms of subdifferentials; these studies are mainly carried out in two directions of
approach. The first direction is described by the subdifferentials of f at points inside
the solution set S and the normal cones of S. In this direction, it is known that if f
is convex, then inequality (1.6) has a local error bound at a if and only if there exist
τ, δ ∈ (0, +∞) such that

N(S, x) ∩BX∗ ⊂ [0, τ ]∂f(x) ∀x ∈ S ∩B(a, δ)
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(cf. [3, 11, 12, 20, 35]). The second direction is described only by the subdifferentials
of f at points outside the solution set S. In this direction, Ioffe [13] first studied
error bound (under a different name) when f is locally Lipschitz. His work has been
followed by many others, and it is now well known that, for a proper semicontinuous
function f on a Banach space X and positive constants κ, δ, the following implication
holds:

(1.8) d(0, ∂cf(x)) ≥ κ ∀x ∈ B(a, δ) \ S =⇒ (1.6) has a local error bound at a.

In view of the facts that the coderivative for a multifunction is the counterpart
of the subdifferential for a real-valued function and that

D∗
cF (x, f(x))(1) = D∗

cF (x, f(x))(ΣR) = ∂cf(x)

(where F is defined by (1.5)), it is natural to study the metric subregularity for (GE)
in terms of coderivatives also along two directions of approach. In fact, in the first
direction of approach, the authors [36] studied the metric subregularity of (GE) and
proved that if F is a convex closed multifunction between Banach spaces X and Y ,
then (GE) is metrically subregular at a if and only if there exist τ, δ ∈ (0, +∞) such
that

N(F−1(b), x) ∩BX∗ ⊂ τD∗F (x, b)(BY ∗) ∀x ∈ F−1(b) ∩B(a, δ)

(which extends the corresponding result for numerical functions). Recently, this result
was further extended from the convex case to the subsmooth case in [37].

In the second direction of approach, Ledyaev and Zhu [19] established implicit
multifunction theorems in terms of coderivative in the Fréchet smooth Banach space
case. Inspired by [15] and [19], in terms of coderivatives at points outside the solution
set, we consider the metric subregularity of (GE) in a general Banach space case. Note
that (GE) is metrically subregular at a if and only if the inequality d(b, F (x)) ≤ 0 has
a local error bound at a. Based on (1.8), it is a straightforward idea to provide some
sufficient conditions of the metric subregularity for (GE) by finding some conditions
which imply that the function x → d(b, F (x)) is lower semicontinuous and that

(∗) ∂cd(b, F (·))(x) ⊂ D∗
cF (x, y)(ΣY ∗) for some y ∈ F (x).

Ledyaev and Zhu [19] established a relation similar to (∗) under the assumption that
X,Y are Banach spaces with Fréchet smooth Lipschitz bump functions and that F is
a closed upper semicontinuous multifunction. In this paper, we mainly consider the
case when F is a closed multifunction between two general Banach spaces. In this
case, the function x → d(b, F (x)) is not even lower semicontinuous, and ∂cd(b, F (·))
cannot be described by D∗

cF (·, ·).
2. Preliminaries. Let X∗ denote the dual space of X . Let BX and ΣX denote

the closed unit ball and unit sphere of X , respectively (similar notations for X∗). For
x ∈ X and r > 0, we denote by B(x, r) the open ball with center a and radius r. For
a closed subset A of X and a point a in A, let Tc(A, a) denote the Clarke tangent cone
of A at a, that is, v ∈ Tc(A, a) if and only if, for each sequence {an} in A converging
to a and each sequence {tn} in (0, ∞) decreasing to 0, there exists a sequence {vn}
in X converging to v such that an + tnvn ∈ A ∀n. We denote by Nc(A, a) the Clarke
normal cone of A at a, that is,

Nc(A, a) := {x∗ ∈ X∗|〈x∗, h〉 ≤ 0 ∀h ∈ Tc(A, a)}.
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For ε ≥ 0 and a ∈ A, the nonempty set

N̂ε(A, a) :=

{
x∗ ∈ X∗| lim sup

x
A→a

〈x∗, x− a〉
‖x− a‖ ≤ ε

}

is called the set of Fréchet ε-normals of A at a. When ε = 0, N̂ε(A, a) is a convex cone
and is called the Fréchet normal cone of A at a; it will also be denoted by N̂(A, a).
Let N(A, a) denote the limiting (Mordukhovich) normal cone of A at a, that is,

N(A, a) = lim sup
x

A→a,ε→0+

N̂ε(A, x).

Thus, x∗ ∈ N(A, a) if and only if there exists a sequence {(xn, εn, x∗n)} in A×R+×X∗

such that (xn, εn) → (a, 0), x∗n
w∗→ x∗ and x∗n ∈ N̂εn(A, xn) for each n. It is known

that

N̂(A, a) ⊂ N(A, a) ⊂ Nc(A, a)

(cf. [24, 25]). If A is convex, then Nc(A, a) = N̂(A, a) is the normal cone in the sense
of convex analysis; in this case,

Nc(A, a) = N̂(A, a) = {x∗ ∈ X∗|〈x∗, x〉 ≤ 〈x∗, a〉 ∀x ∈ A}.

Let φ : X → R ∪ {+∞} be a proper lower semicontinuous function,

dom(φ) := {x ∈ X |φ(x) < +∞} and epi(φ) := {(x, t) ∈ X × R|φ(x) ≤ t}.

For x ∈ dom(φ) and h ∈ X , let φ↑(x, h) denote the generalized directional derivative
introduced by Rockafellar (cf. [4]), that is,

φ↑(x, h) := lim
ε↓0

lim sup

z
φ→x,t↓0

inf
w∈h+εBX

φ(z + tw)− φ(z)

t
,

where the expression z
φ→ x means that z → x and φ(z) → φ(x). Let ∂cφ(x) denote

the Clarke–Rockafellar subdifferential of φ at x, that is,

∂cφ(x) := {x∗ ∈ X∗|〈x∗, h〉 ≤ φ↑(x, h) ∀h ∈ X}.

Recall that the Fréchet subdifferential of φ at x ∈ dom(φ) is defined as

∂̂φ(x) :=

{
x∗ ∈ X∗| lim inf

z→x

φ(z)− φ(x) − 〈x∗, z − x〉
‖z − x‖ ≥ 0

}
.

It is well known (cf. [24]) that

(2.1) ∂̂φ(x) ⊂ ∂cφ(x).

When φ is convex, the Clarke–Rockafellar and Fréchet subdifferentials reduce to the
one in the sense of convex analysis, that is,

∂cφ(x) = ∂̂φ(x) = {x∗ ∈ X∗|〈x∗, y − x〉 ≤ φ(y)− φ(x) ∀y ∈ X} ∀x ∈ dom(φ).
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For a closed set A in X , let δA denote the indicator function of A. It is known
(see [24, 25]) that

Nc(A, a) = ∂cδA(a), N̂(A, a) = ∂̂δA(a) ∀a ∈ A,

and

∂cφ(x) = {x∗ ∈ X∗|(x∗,−1) ∈ Nc(epi(φ), (x, φ(x)))} ∀x ∈ dom(φ).

Recall that a Banach space X is called an Asplund space if every continuous
convex function on X is Fréchet differentiable at each point of a dense subset of X .
It is well known (cf. [31]) that X is an Asplund space if and only if every separable
subspace of X has a separable dual space. In particular, every reflexive Banach space
is an Asplund space. In the case when X is an Asplund space, Mordukhovich and
Shao [25] proved that

(2.2) Nc(A, a) = cl∗(co(N(A, a))) and N(A, a) = lim sup
x

A→a

N̂(A, x).

The following sum rule and fuzzy sum rule (cf. [4, 24, 25]) play important roles in
variational analysis and are useful for our analysis.

Lemma 2.1. Let X be a Banach space and φ1, φ2 : X → R ∪ {+∞} be proper
lower semicontinuous functions. Let x ∈ dom(φ1) ∩ dom(φ2) be a local minimizer of
φ1 + φ2. Suppose that one of φ1 and φ2 is locally Lipschitz around x. Then

0 ∈ ∂cφ1(x) + ∂cφ2(x).

If, in addition, X is an Asplund space, then for any ε > 0 there exist x1, x2 ∈ B(x, ε)
such that |φi(xi)− φi(x)| < ε (i = 1, 2) and

0 ∈ ∂̂φ1(x1) + ∂̂φ2(x2) + εBX∗ .

For a multifunction F from X to Y , the graph of F is defined by

Gr(F ) := {(x, y) ∈ X × Y |y ∈ F (x)}.
As usual, F is said to be closed (respectively, convex) if Gr(F ) is a closed (respectively,
convex) subset of X × Y . Let (x, y) ∈ Gr(F ). The tangent derivative DcF (x, y) of F
at (x, y) is defined by

Gr(DcF (x, y)) = Tc(Gr(F ), (x, y)).

By virtue of different kinds of normal cones of Gr(F ), one defines corresponding
different kinds of coderivatives of F as follows: For any y∗ ∈ Y ∗,

D̂∗F (x, y)(y∗) := {x∗ ∈ X∗|(x∗,−y∗) ∈ N̂(Gr(F ), (x, y))},
D∗F (x, y)(y∗) := {x∗ ∈ X∗|(x∗,−y∗) ∈ N(Gr(F ), (x, y))},

and

D∗
cF (x, y)(y

∗) := {x∗ ∈ X∗|(x∗,−y∗) ∈ Nc(Gr(F ), (x, y))}.
The history of the coderivatives can be found in Mordukhovich’s book [24].

Let G : X → 2Y be a positively homogeneous multifunction (i.e., Gr(G) is a cone
in X × Y ). The norm of G is defined by ‖G‖ := sup{‖y‖|y ∈ G(BX)}.
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3. Metric subregularity for generalized equations. Throughout this sec-
tion, let X,Y be Banach spaces and F : X ⇒ Y be a closed multifunction. Let b ∈ Y
and a ∈ F−1(b).

Let J denote the normal dual mapping of Y , that is,

J(y) := {y∗ ∈ ΣY ∗ | 〈y∗, y〉 = ‖y‖} ∀y ∈ Y \ {0}.
Thus,

J(y) = ∂‖ · ‖(y) ∀y ∈ Y \ {0}.
The following lemma will be useful for our later analysis; it describes quantitatively
properties for a point that violates (1.1).

Lemma 3.1. Let u ∈ X and τ, r ∈ (0, +∞) be such that

(3.1) τd(b, F (u)) < r < d(u, F−1(b)),

and let η, ε ∈ (0, +∞). Then there exist x̄ ∈ X and ȳ ∈ F (x̄) satisfying the following
properties:

‖x̄− u‖ < r, 0 < ‖ȳ − b‖ < min
{ r
τ
, d(b, F (x̄)) + ε

}
,(3.2)

‖ȳ − b‖ ≤ ‖y − b‖+ 1

τ
(‖x− x̄‖+ η‖y − ȳ‖) ∀(x, y) ∈ Gr(F ),(3.3)

(0, 0) ∈ {0} × J(ȳ − b) +
1

τ
(BX∗ × ηBY ∗) +Nc(Gr(F ), (x̄, ȳ)).(3.4)

If, in addition, X and Y are Asplund spaces, then for any σ > 0 there also exist
x̃σ ∈ X and yσ, ỹσ ∈ Y \ {b} such that

(3.5) max
{‖x̃σ − x̄‖, ‖ỹσ − ȳ‖, ‖yσ − ȳ‖} < σ, ỹσ ∈ F (x̃σ)

and

(3.6) (0, 0) ∈ {0} × J(yσ − b) +
1

τ
(BX∗ × ηBY ∗) + N̂(Gr(F ), (x̃σ , ỹσ)).

Proof. By (3.1), there exists τ ′ > τ such that τ ′d(b, F (u)) < r < d(u, F−1(b)).
Then there exists y0 ∈ F (u) such that

(3.7) ‖y0 − b‖ < r

τ ′
and (u+ rBX) ∩ F−1(b) = ∅.

Define the function φ by φ(x, y) := ‖y− b‖ for all (x, y) ∈ X × Y . Then φ+ δGr(F ) is
lower semicontinuous (due to the closedness of Gr(F )), and

φ(u, y0) <
r

τ ′
≤ inf

(x,y)∈X×Y
(φ(x, y) + δGr(F )(x, y)) +

r

τ ′
.

Taking η′ ∈ (0, min{η, τ}) with 2η′‖y0−b‖
τ ′−η′ < ε and equipping the product X×Y with

the norm

‖(x, y)‖η′ := ‖x‖+ η′‖y‖ ∀(x, y) ∈ X × Y,

it follows from the Ekeland variational principle that there exists (x̄, ȳ) ∈ Gr(F ) such
that

(3.8) φ(x̄, ȳ) ≤ φ(u, y0), ‖(x̄, ȳ)− (u, y0)‖η′ < r,
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and

φ(x̄, ȳ) ≤ φ(x, y) + δGr(F )(x, y) +
1

τ ′
‖(x, y)− (x̄, ȳ)‖η′ ∀(x, y) ∈ X × Y.

Hence

(3.9) ‖ȳ − b‖ ≤ ‖y − b‖+ 1

τ ′
(‖x− x̄‖+ η′‖y − ȳ‖) ∀(x, y) ∈ Gr(F ).

Since τ ′ > τ and η > η′, this entails (3.3). Substituting (x, y) by (x̄, y) in (3.9), one
has

‖ȳ − b‖ ≤ ‖y − b‖+ η′

τ ′
‖y − ȳ‖ ≤

(
1 +

η′

τ ′

)
‖y − b‖+ η′

τ ′
‖ȳ − b‖ ∀y ∈ F (x̄).

This implies that

‖ȳ − b‖ ≤ τ ′ + η′

τ ′ − η′
d(b, F (x̄)) = d(b, F (x̄)) +

2η′

τ ′ − η′
d(b, F (x̄)).

Since d(b, F (x̄)) ≤ ‖ȳ − b‖ ≤ ‖y0 − b‖ < (τ ′−η′)ε
2η′ (by the first inequality of (3.8) and

our choice of η′), it follows from (3.7) and (3.8) that (3.2) holds. Let

φ1(x, y) := ‖y − b‖+ 1

τ ′
(‖x− x̄‖+ η′‖y − ȳ‖) ∀(x, y) ∈ X × Y.

Then (3.9) implies that (x̄, ȳ) is a minimizer of φ1 + δGr(F ) over X × Y . Noting that
ȳ �= b (by (3.2)), it follows from Lemma 2.1 that

(0, 0) ∈ ∂cφ1(x̄, ȳ) + ∂cδGr(F )(x̄, ȳ)

= {0} × J(ȳ − b) +
1

τ ′
(BX∗ × η′BY ∗) +Nc(Gr(F ), (x̄, ȳ))

⊂ {0} × J(ȳ − b) +
1

τ
(BX∗ × ηBY ∗) +Nc(Gr(F ), (x̄, ȳ)).

Hence (3.4) holds. It remains to show the assertion for the case when X and Y are
Asplund spaces. In this case, we apply the Asplund space assertion of Lemma 2.1 and
note that ȳ �= b; thus for any σ > 0 there exist xσ, x̃σ ∈ X and yσ, ỹσ ∈ Y \ {b} such
that (3.5) holds and

(0, 0) ∈ ∂̂φ1(xσ , yσ) + ∂̂δGr(F )(x̃σ, ỹσ) +

(
1

τ
− 1

τ ′

)
B(X×Y )∗ .

Noting

∂̂φ1(xσ, yσ) ⊂ {0} × J(yσ − b) +
1

τ ′
(BX∗ × η′BY ∗) and B(X×Y )∗ = B∗

X × η′BY ∗ ,

it follows that (3.6) holds.
The following theorem (which is motivated by equality (1.3) regarding regF (a, b))

provides an estimate of subregF (a|b).
Theorem 3.1. Let X and Y be Asplund spaces. Then

subregF (a, b) ≤ inf
ε>0

sup
{
‖D̂∗F (x, y)−1‖|x ∈ B(a, ε) \ F−1(b), y ∈ F (x) ∩B(b, ε)

}
.
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Proof. Let τ̄ denote the right-hand side of the above inequality. Suppose the
asserted inequality is not true. Then there exists τ ∈ R such that

τ̄ < τ < subregF (a|b).
Then, by (1.4), there exist sequences {un} in X \ F−1(b) and {rn} such that

‖un − a‖ → 0 and d(un, F
−1(b)) > rn > τd(b, F (un)) ∀n ∈ N,

where N denotes the set of all natural numbers. By the Asplund space version of
Lemma 3.1 (applied to u = un, r = rn, η = rn, and σ = d(un, F

−1(b)) − rn), there
exist x̃n ∈ X and yn, ỹn ∈ Y \ {b} such that ỹn ∈ F (x̃n),

(3.10) ‖x̃n − un‖ < rn + σ = d(un, F
−1(b)), ‖ỹn − b‖ < rn

τ
+ d(un, F

−1(b)),

and

(0, 0) ∈ {0} × J(yn − b) +
1

τ
(BX∗ × rnBY ∗) + N̂(Gr(F ), (x̃n, ỹn)).

Noting that N̂(Gr(F ), (x̃n, ỹn)) is a cone, it follows that there exist y∗n ∈ J(yn − b) ⊂
ΣY ∗ , u∗n ∈ BX∗ , and v∗n ∈ BY ∗ such that

(u∗n,−τy∗n − rnv
∗
n) ∈ N̂(Gr(F ), (x̃n, ỹn)).

Hence

τy∗n + rnv
∗
n ∈ D̂∗F (x̃n, ỹn)−1(u∗n) ⊂ D̂∗F (x̃n, ỹn)−1(BX∗).

This implies that

(3.11) ‖D̂∗F (x̃n, ỹn)−1‖ ≥ ‖τy∗n + rnv
∗
n‖ ≥ τ − rn.

Noting that 0 < rn < d(un, F
−1(b)) ≤ ‖un − a‖ → 0, (3.10) implies that (x̃n, ỹn) →

(a, b) and x̃n �∈ F−1(b). It follows from (3.11) that τ̄ ≥ τ , contradicting our choice of
τ .

It is possible that the inequality in Theorem 3.1 is strict. For example, let X = Y
and a, b ∈ X with a �= b. Let F (a) = {a, b} and F (x) = x ∀x ∈ X \ {a}. Then F is

closed, and F−1(b) = {a, b}. For any τ ∈ (0, +∞), let δτ := min{τ, 1} ‖b−a‖
2 . Then

d(x, F−1(b)) = ‖x− a‖ ≤ τ‖b− a‖
2

≤ τ‖b − x‖ = τd(b, F (x)) ∀x ∈ B(a, δτ ) \ {a}.

It follows from (1.4) that subregF (a, b) = 0. On the other hand, it is easy to verify
that

D̂∗F (x, y)(y∗) = y∗ ∀(x, y) ∈ Gr(F ) ∩ ((X \ {a})× Y ) and ∀y∗ ∈ Y ∗.

Hence

inf
ε>0

sup
{
‖D̂∗F (x, y)−1‖|x ∈ B(a, ε) \ F−1(b), y ∈ F (x) ∩B(b, ε)

}
= 1.

For any ε > 0, let

Jε(y) := {y∗ ∈ ΣY ∗ | d(y∗, J(y)) < ε} ∀y ∈ Y \ {0}.
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For x ∈ X , let PF (x)(b) and P ε
F (x)(b) denote, respectively, the projection and ε-

projection of b to F (x), that is,

PF (x)(b) := {y ∈ F (x)| ‖b− y‖ = d(b, F (x))}
and

P ε
F (x)(b) := {y ∈ F (x)| ‖y − b‖ < d(b, F (x)) + ε} ∀x ∈ X.

Theorem 3.2. Let ε, κ, δ ∈ (0, +∞) be such that

(3.12) d(0, D∗
cF (x, y)(Jε(y − b))) ≥ κ

∀x ∈ B(a, δ) \ F−1(b) and ∀y ∈ P ε
F (x)(b) ∩B(b, δ). Then

d(x, F−1(b)) ≤ 1

κ
d(b, F (x)) ∀x ∈ B

(
a,

δ

2 + κ

)
.

Proof. Suppose that the conclusion does not hold. Then there exist u ∈ B(a, δ
2+κ ),

τ ∈ ( 1κ , +∞), and r ∈ R such that

(3.13) ‖u− a‖ ≥ d(u, F−1(b)) > r > τd(b, F (u));

thus

(3.14) r +
δ

2 + δ
< ‖u− a‖+ δ

2 + δ
<

δ

2 + κ
+

δ

2 + δ
< δ and

r

τ
<

κδ

2 + κ
< δ.

Take η ∈ (0, τ) small enough such that

(3.15)
1

τ − η
< κ and min

{
2ηr

τ2
,

2η

τ − η

}
< ε.

Then, by Lemma 3.1, there exist x̄ ∈ X and ȳ ∈ F (x̄) such that (3.2) and (3.4) hold.
From (3.13), (3.14), and (3.2), it is easy to verify that

(3.16) x̄ ∈ B(a, δ) \ F−1(b) and ȳ ∈ P ε
F (x̄)(b) ∩B(b, δ).

By (3.4), there exist y∗ ∈ J(ȳ − b) ⊂ ΣY ∗ , x∗ ∈ BX∗ , and v∗ ∈ BY ∗ such that(
x∗

τ
,−y∗ − ηv∗

τ

)
∈ Nc(Gr(F ), (x̄, ȳ)).

Let ỹ∗ :=
y∗+ ηv∗

τ

‖y∗+ ηv∗
τ ‖ and x̃∗ := x∗

τ‖y∗+ ηv∗
τ ‖ . Then, x̃∗ ∈ D∗

cF (x̄, ȳ)(ỹ
∗), and it follows

from (3.15) that ‖x̃∗‖ ≤ 1
τ(1− η

τ ) =
1

τ−η < κ and

‖ỹ∗ − y∗‖ ≤ ‖(1− ‖y∗ + ηv∗

τ ‖)y∗‖
‖y∗ + ηv∗

τ ‖ +
η‖v∗‖

τ‖y∗ + ηv∗
τ ‖

≤
η
τ

1− η
τ

+
η

τ − η

=
2η

τ − η
< ε.
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Hence, ỹ∗ ∈ Jε(ȳ − b) and d(0, D∗
c (x̄, ȳ)(Jε(ȳ − b))) ≤ ‖x̃∗‖ < κ. This contradicts

(3.12) and (3.16). The proof is completed.
Letting δ → +∞ in Theorem 3.2, we have the following global metric subregular-

ity result.
Corollary 3.1. Suppose that there exist ε, κ ∈ (0, +∞) such that

d(0, D∗
cF (x, y)(Jε(y − b))) ≥ κ ∀x ∈ X \ F−1(b) and ∀y ∈ P ε

F (x)(b).

Then

d(x, F−1(b)) ≤ 1

κ
d(b, F (x)) ∀x ∈ X.

The following example shows that the converses of Theorem 3.2 and Corollary 3.1
do not hold.

Example 3.1. Let X = Y = R and a = b = 0, and let F : X → 2Y be such that
F (0) = [0, +∞) and F (x) = [1, +∞) for x ∈ X \ {0}. It is clear that F is closed and
that the corresponding (GE) is metrically subregular at a. But, by the definition of
F , it is easy to verify that

N(Gr(F ), (x, 1)) = N̂(Gr(F ), (x, 1)) = {0} × (−∞, 0] ∀x �= a,

and so

Nc(Gr(F ), (x, 1)) = {0} × (−∞, 0] ∀x �= a

(by (2.2)). Hence, for any ε ∈ [0, 1) and x ∈ X \ {a},
D∗

cF (x, 1)(Jε(1 − b)) = D∗F (x, 1)(Jε(1− b)) = D∗F (x, 1)(1) = 0.

As a partial converse of Theorem 3.2, we have the following necessity result for
(GE) to be metrically subregular.

Theorem 3.3. Suppose that F is convex and that (GE) is metrically subregular
at a. Then there exist δ > 0 and a decreasing function κ : [0, 1) → (0, +∞) such
that

(3.17) d(0, D∗F (x, y)(Jε(y − b))) ≥ κ(ε)

∀ε ∈ [0, 1), x ∈ B(a, δ) \ F−1(b), and y ∈ F (x).
Proof. Since F is metrically subregular at (a, b), there exist τ, δ ∈ (0, +∞) such

that

(3.18) d(x, F−1(b)) ≤ τd(b, F (x)) ∀x ∈ B(a, δ).

Let x ∈ B(a, δ) \ F−1(b), y ∈ F (x), and y∗ ∈ Jε(y − b), and let x∗ ∈ D∗F (x, y)(y∗).
Then

〈x∗, u− x〉 ≤ 〈y∗, b− y〉 ∀u ∈ F−1(b),

and there exist y∗1 ∈ J(y − b) and y∗2 ∈ εBY ∗ such that y∗ = y∗1 + y∗2 . It follows that

〈x∗, u− x〉 ≤ −〈y∗1 , y − b〉+ 〈y∗2 , b− y〉 ≤ −(1− ε)‖y − b‖ ∀u ∈ F−1(b).

By (3.18), one has

〈x∗, x− u〉 ≥ 1− ε

τ
d(x, F−1(b)) ∀u ∈ F−1(b).
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This implies that ‖x∗‖ ≥ 1−ε
τ and hence that d(0, D∗F (x, y)(J(y − b))) ≥ 1−ε

τ . Thus
(3.17) holds with κ(ε) = 1−ε

τ .
Under some mild restrictions, the coderivative D∗

cF (x, y) in Theorem 3.2 can be
replaced with D̂∗F (x, y), as the following result shows.

Theorem 3.4. Let X be an Asplund space and Y be a Hilbert space. Let ε, κ, δ ∈
(0, +∞) be such that

(3.19) d(0, D̂∗F (x, y)(Jε(y − b))) ≥ κ

∀x ∈ B(a, δ) \ F−1(b) and ∀y ∈ P ε
F (x)(b) ∩B(b, δ). Then

d(x, F−1(b)) ≤ 1

κ
d(b, F (x)) ∀x ∈ B

(
a,

δ

2 + κ

)
.

Proof. Suppose that the conclusion does not hold. As at the beginning of the
proof of Theorem 3.2, one can take u ∈ B(a, δ

2+κ ), τ ∈ ( 1κ , +∞), r ∈ R, and η ∈ (0, τ)
satisfying (3.13)–(3.15), and by Lemma 3.1 there exists (x̄, ȳ) ∈ X×Y such that (3.2),
(3.3), (3.4), and (3.16) hold. Let

(3.20) σ ∈ (
0, min{δ − ‖x̄− a‖, δ − ‖ȳ − b‖, d(x̄, F−1(b))})

be sufficiently small such that

(3.21)
1 + η + τ

τ
σ < ε− 2ηr

τ2
and

4σ

‖ȳ − b‖ − σ
< ε− 2η

τ − η
.

Since X and Y are Asplund spaces, the Asplund space assertion of Lemma 3.1 implies
that there exist x̃σ ∈ X and yσ, ỹσ ∈ Y \ {b} such that (3.5) and (3.6) hold. By (3.3)
(applied to (x̃σ , y)), we have

‖ỹσ − b‖ − ‖ȳ − ỹσ‖ ≤
(
1 +

η

τ

)
‖y − b‖+ 1

τ
‖x̃σ − x̄‖+ η

τ
‖ȳ − b‖ ∀y ∈ F (x̃σ).

This and (3.5) imply that

‖ỹσ − b‖ − σ <
(
1 +

η

τ

)
d
(
b, F (x̃σ)

)
+
σ

τ
+
η

τ
‖ȳ − b‖

≤ d(b, F (x̃σ)) +
η

τ

(‖ỹσ − b‖+ ‖ȳ − b‖)+ σ

τ
.

Since η
τ (

2r
τ + σ) + σ

τ + σ < ε (by the first inequality of (3.21)) and

‖ỹσ − b‖+ ‖ȳ − b‖ ≤ 2‖ȳ − b‖+ ‖ỹσ − ȳ‖ < 2r

τ
+ σ

(by (3.2) and (3.5)), it follows that ‖ỹσ − b‖ < d(b, F (x̃σ)) + ε. Thus, by (3.5) and
(3.20), one has

(3.22) ỹσ ∈ P ε
F (x̃σ)

(b) ∩B(b, δ) and x̃σ ∈ B(a, δ) \ F−1(b).

By (3.6), there exist y∗ ∈ J(yσ − b), x∗ ∈ BX∗ , and v∗ ∈ BY ∗ such that(
x∗

τ
,−y∗ − ηv∗

τ

)
∈ N̂(Gr(F ), (x̃σ , ỹσ)).
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Let ỹ∗ :=
y∗+ ηv∗

τ

‖y∗+ ηv∗
τ ‖ and x̃∗ := x∗

τ‖y∗+ ηv∗
τ ‖ . Then, x̃∗ ∈ D̂∗F (x̃σ, ỹσ)(ỹ∗). As in the

corresponding part of the proof of Theorem 3.2, we have

‖x̃∗‖ < κ and ‖ỹ∗ − y∗‖ ≤ 2η

τ − η
.

Hence d(0, D̂∗(x̃σ , ỹσ)(ỹ∗)) ≤ ‖x̃∗‖ < κ. It follows from (3.19) and (3.22) that ỹ∗ �∈
Jε(ỹσ − b). Hence d(ỹ∗, J(ỹσ − b)) ≥ ε. Since Y is a Hilbert space,

J(ỹσ − b) =

{
ỹσ − b

‖ỹσ − b‖
}

and y∗ =
yσ − b

‖yσ − b‖ .

Hence ∥∥∥∥ yσ − b

‖yσ − b‖ − ỹσ − b

‖ỹσ − b‖
∥∥∥∥ ≥

∥∥∥∥ỹ∗ − ỹσ − b

‖ỹσ − b‖
∥∥∥∥− ‖y∗ − ỹ∗‖ ≥ ε− 2η

τ − η
.

This implies that

(3.23)
2‖yσ − ỹσ‖
‖ỹσ − b‖ ≥ ε− 2η

τ − η
,

thanks to the following elementary inequality:

2‖u− v‖
‖v‖ ≥

∥∥∥∥ u

‖u‖ − v

‖v‖
∥∥∥∥ ∀u, v ∈ Y \ {0}.

On the other hand, (3.5) implies that ‖yσ − ỹσ‖ < 2σ and ‖ỹσ − b‖ > ‖ȳ − b‖ − σ,
and it follows from (3.23) that

ε− 2η

τ − η
≤ 2‖yσ − ỹσ‖

‖ỹσ − b‖ <
4σ

‖ȳ − b‖ − σ
,

contradicting (3.21). The proof is completed.
In the proof of Theorem 3.4, we used the fact that

(∗∗) J(y − b) =

{
y − b

‖y − b‖
}

∀y ∈ Y \ {b}

when Y is a Hilbert space. (∗∗) is not true if Y is not a Hilbert space but an Asplund
space. We don’t know whether or not Theorem 3.4 (as well as Theorem 3.5(i)) holds
when Y is an Asplund space (not a Hilbert space).

It is interesting and significant to establish a point-based characterization for the
metric subregularity. Mordukhovich [23] established a characterization for the metric
regularity in the finite dimensional setting. To deal with the infinite dimensional
setting, Mordukhovich and Shao [26, 27] introduced the concepts of mixed coderivative
and partial sequential normal compactness. Recall that the mixed coderivative of
F at (x̄, ȳ) ∈ Gr(F ) is a multifunction D∗

MF (x̄, ȳ) : Y ∗ ⇒ X∗ defined as follows:

x∗ ∈ D∗
MF (x̄, ȳ)(y

∗) if and only if there exist xn → x̄, yn → ȳ, x∗n → x∗, and y∗n
w∗→ y∗

such that yn ∈ F (xn) and x∗n ∈ D̂∗F (xn, yn)(y∗n) for each n ∈ N. Also recall that
F is partially sequentially normally compact (PSNC) at (x̄, ȳ) ∈ Gr(F ) if, for any
sequence {(xn, yn, x∗n, y∗n)} in Gr(F )×X∗ × Y ∗ satisfying

(xn, yn) → (x̄, ȳ), x∗n ∈ D̂∗F (xn, yn)(y∗n), x
∗
n

w∗→ 0, and y∗n → 0,
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one has x∗n → 0. By virtue of the mixed coderivative and PSNC, Mordukhovich and
Shao [27] (also see [24]) proved the following result in Asplund spaces.

Theorem MS. F is metrically regular at a for b if and only if F−1 is PSNC at
(b, a) and D∗

MF (a, b)
−1(0) = {0}.

In the spirit of Theorem MS, we consider a point-based condition for the metric
subregularity. Motivated by the outer coderivative introduced by Ioffe and Outrata
[15] in Euclidean spaces, we define the mixed outer coderivative of F at (x̄, ȳ) ∈ Gr(F )
to be a multifunction D∗

M>F (x̄, ȳ) : Y ∗ ⇒ X∗ whose graph consists of all pairs
(y∗, x∗) such that there exists a sequence of quintuples {(εn, xn, yn, x∗n, y∗n)} such

that εn → 0+, (xn, yn) → (x̄, ȳ), x∗n → x∗, and y∗n
w∗→ y∗ with each xn �∈ F−1(ȳ),

yn ∈ P εn
F (xn)

(ȳ), y∗n ∈ R+Jεn(yn − ȳ), and x∗n ∈ D̂∗F (xn, yn)(y∗n).
Theorem 3.5. The following statements hold:
(i) Let X be an Asplund space and Y be a Hilbert space. Suppose that F−1 is

PSNC at (a, b). Then (GE) is metrically subregular at a whenever
D∗

M>F (a, b)
−1(0) = {0}.

(ii) Suppose that F is convex. Then D∗
M>F (a, b)

−1(0) = {0} whenever (GE) is
metrically subregular at a.

Proof. To prove (i), by Theorem 3.4, it suffices to show that there exist ε, δ, κ ∈
(0, +∞) such that (3.19) holds. To do this, suppose to the contrary that there exists
a sequence of quintuples {(εn, xn, yn, x∗n, y∗n)} such that εn → 0+, (xn, yn) → (a, b),
and x∗n → 0 with each xn �∈ F−1(b), yn ∈ P εn

F (xn)
(b), y∗n ∈ Jεn(yn − b) ⊂ ΣY ∗ , and

x∗n ∈ D̂∗F (xn, yn)(y∗n). Since BY ∗ is (sequentially) weak∗-compact, without loss of

generality we assume that y∗n
w∗→ y∗ ∈ Y ∗ (pass to a subsequence if necessary). Hence

0 ∈ D∗
M>F (a, b)(y

∗), that is, y∗ ∈ D∗
M>F (a, b)

−1(0) and so y∗ = 0. By the PSNC
assumption, one has y∗n → 0. This contradicts the fact that ‖y∗n‖ = 1 for all n.

To prove (ii), let y∗ ∈ D∗
M>F (a, b)

−1(0), and suppose that (GE) is metrically reg-
ular at a. We need to show only that y∗ = 0. Let {(εn, xn, yn, x∗n, y∗n)} be a sequence

of quintuples such that εn → 0+, (xn, yn) → (a, b), x∗n → 0, and y∗n
w∗→ y∗ with each

xn �∈ F−1(b), yn ∈ P εn
F (xn)

(b), y∗n ∈ R+Jεn(yn − b), and x∗n ∈ D̂∗F (xn, yn)(y∗n). Take

tn ∈ R+ and ỹ∗n ∈ Jεn(yn − b) such that y∗n = tnỹ
∗
n. It suffices to show that tn → 0.

Suppose to the contrary that there exists t > 0 such that tn > t and

x∗n
tn

∈ D̂∗F (xn, yn)(ỹ∗n) ⊂ D̂∗F (xn, yn)(Jεn(yn − b))

for infinitely many n. By the convexity of F , Theorem 3.3 implies that there exists

κ0 > 0 such that ‖x∗
n

tn
‖ ≥ κ0 for infinitely many n, contradicting the fact that x∗n → 0.

The proof is completed.
Note that F is automatically PSNC at (a, b) when Y is finite dimensional. The

following corollary is immediate from Theorem 3.5.
Corollary 3.2. Let X be an Asplund space and Y be finite dimensional.

Suppose that F is convex. Then (GE) is metrically subregular at a if and only if
D∗

M>F (a, b)
−1(0) = {0}.

Remark. By Example 3.1, the convexity assumption cannot be dropped in The-
orem 3.5(ii) and Corollary 3.2.

It is both natural and useful to provide conditions ensuring that ε can be replaced
by zero in Theorems 3.2 and 3.4. Before the statement of our next result, let us recall
that the set-valued mapping z → Nc(Gr(F ), z) is closed (norm-weak∗ closed, more
precisely) if the following implication holds ∀(x, y) ∈ Gr(F ), (x∗, y∗) ∈ X∗ × Y ∗,
nets (generalized sequences) {(xn, yn)} ⊂ Gr(F ) and {(x∗n, y∗n)} ⊂ X∗×Y ∗ with each
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(x∗n, y
∗
n) ∈ Nc(Gr(F ), (xn, yn)),

(3.24) (xn, yn) → (x, y), (x∗n, y
∗
n)

w∗→ (x∗, y∗) =⇒ (x∗, y∗) ∈ Nc(Gr(F ), (x, y)).

Theorem 3.6. Consider the following two cases:
(i) The set-valued mapping z → Nc(Gr(F ), z) is closed, and there exist κ, δ ∈

(0, +∞) such that

(3.25) Gr(F ) ∩ ((a, b) + δ(BX ×BY )) is compact

and

(3.26) d(0, D∗
cF (x, y)(J(y − b))) ≥ κ

∀x ∈ B(a, δ) \ F−1(b) and ∀y ∈ PF (x)(b) ∩B(b, δ);
(ii) X and Y are Asplund spaces, and there exist κ, δ ∈ (0, +∞) such that (3.25)

holds and

(3.27) d(0, D∗F (x, y)(J(y − b))) ≥ κ

∀x ∈ B(a, δ) \ F−1(b) and ∀y ∈ PF (x)(b) ∩B(b, δ).
Then each of (i) and (ii) implies that

(3.28) d(x, F−1(b)) ≤ 1

κ
d(b, F (x)) ∀x ∈ B

(
a,

δ

2 + κ

)
.

Proof. We proceed as in the proof of Theorem 3.2: supposing that the conclusion
does not hold, take u ∈ B(a, δ

2+κ ), τ ∈ ( 1κ , +∞), and r ∈ R satisfying (3.13)

and (3.14). By Lemma 3.1 with η = ε = 1
n , there exist x̄n ∈ X , ȳn ∈ F (x̄n),

y∗n ∈ J(ȳn − b) ⊂ ΣY ∗ , x∗n ∈ BX∗ , and v∗n ∈ BY ∗ such that

(3.29) ‖x̄n − u‖ < r, ‖ȳn − b‖ < r

τ
,

(3.30)

(
x∗n
τ
,−y∗n − v∗n

nτ

)
∈ Nc(Gr(F ), (x̄n, ȳn)),

and
(3.31)

‖ȳn− b‖ ≤ ‖y− b‖+ 1

τ

(
‖x− x̄n‖+ 1

n
‖y − ȳn‖

)
+ δGr(F )(x, y) ∀(x, y) ∈ X×Y.

It follows from (3.14) and (3.29) that

(3.32) ‖x̄n − a‖ ≤ ‖x̄n − u‖+ ‖u− a‖ < r +
δ

2 + κ
< δ

and ‖ȳn − b‖ < δ. Hence {(x̄n, ȳn)} is a sequence in Gr(F ) ∩ ((a, b) + δ(BX × BY )).
By (3.25) and the weak∗-compactness of BX∗ and BY ∗ , we can assume that

(3.33) (x̄n, ȳn) → (x̄, ȳ) ∈ Gr(F ), x∗n
w∗
→ x∗ ∈ BX∗ and y∗n

w∗
→ y∗ ∈ BY ∗

(passing to generalized subsequences if necessary). It follows from (3.29) and (3.31)
that

ȳ ∈ F (x̄), ‖x̄− u‖ ≤ r, ‖ȳ − b‖ ≤ r

τ
,
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and

‖ȳ − b‖ ≤ ‖y − b‖+ 1

τ
‖x− x̄‖+ δGr(F )(x, y) ∀(x, y) ∈ X × Y

(in particular ‖ȳ − b‖ = d(b, F (x̄))). Thus, by (3.32), (3.13), and (3.14), one has

(3.34) x̄ ∈ B(a, δ) \ F−1(b) and ȳ ∈ B(b, δ) ∩ PF (x̄)(b).

We now split our proof into two cases.
Case (i). By the assumption that z → Nc(Gr(F ), z) is closed, one can pass to the

limit in (3.30) to conclude that (x
∗
τ ,−y∗) ∈ Nc(Gr(F ), (x̄, ȳ)), and so

d(0, D∗
cF (x̄, ȳ)(y

∗)) ≤
∥∥∥∥x∗τ

∥∥∥∥ ≤ 1

τ
< κ.

It follows from (3.26) and (3.34) that y∗ �∈ J(ȳ − b). Hence 〈y∗, ȳ − b〉 < ‖ȳ − b‖
(because y∗ ∈ BY ∗). But since y∗n ∈ J(ȳn − b), we also have from (3.33) that

〈y∗, ȳ − b〉 = lim
n→∞〈y∗n, ȳn − b〉 = lim

n→∞ ‖ȳn − b‖ = ‖ȳ − b‖,

a contradiction.
Case (ii). Since X and Y are Asplund spaces, one can apply the corresponding

assertion of Lemma 3.1 (with σ = 1
n ) to conclude that there exist x̃n ∈ X , ỹn ∈ F (x̃n),

yn ∈ Y \ {b}, ŷ∗n ∈ J(yn − b), x̂∗n ∈ BX∗ , and v̂∗n ∈ BY ∗ such that

max{‖x̃n − x̄n‖, ‖ỹn − ȳn‖, ‖yn − ȳn‖} < 1

n

and

(3.35)

(
x̂∗n
τ
,−ŷ∗n − v̂∗n

nτ

)
∈ N̂(Gr(F ), (x̃n, ỹn)).

Thus we have

(x̃n, ỹn) → (x̄, ȳ) and yn → ȳ

(by (3.33)) and assume without loss of generality that x̂∗n
w∗
→ x̂∗ ∈ BX∗ and ŷ∗n

w∗
→

ŷ∗ ∈ BY ∗ . Passing to the limits in the relation ŷ∗n ∈ J(yn− b) and in (3.35), it follows
that ŷ∗ ∈ J(ȳ − b) and ( x̂

∗
τ ,−ŷ∗) ∈ N(Gr(F ), (x̄, ȳ)). This implies that

x̂∗

τ
∈ D∗F (x̄, ȳ)(ŷ∗) ⊂ D∗F (x̄, ȳ)(J(ȳ − b)),

and so d(0, D∗F (x̄, ȳ)(J(ȳ − b))) ≤ 1
τ < κ. But, by (3.27) and (3.34), one also has

d(0, D∗F (x̄, ȳ)(J(ȳ − b))) ≥ κ, a contradiction. The proof is completed.
Remark. The coderivative D∗F (x, y)(J(y − b)) in Theorem 3.6(ii) cannot be re-

placed by D̂∗F (x, y)(J(y−b)); we don’t even know whether the coderivativeD∗F (x, y)
(J(y − b)) can be replaced by D̂∗F (x, y)(Jε(y − b)) for some ε ∈ (0, 1) in Theo-
rem 3.6(ii), unlike Theorem 3.4, where, thanks to the Hilbert space assumption, we
have made use of the fact that J(y) = { y

‖y‖} for y ∈ Y \ {0}.
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The following corollary is immediate from Case (ii) of Theorem 3.6.
Corollary 3.3. Let X be finite dimensional and Y be a Euclidean space. Sup-

pose there exists κ ∈ (0, +∞) such that

d(0, D∗F (x, y)(y − b)) ≥ κ‖y − b‖ ∀x ∈ X \ F−1(b) and ∀y ∈ PF (x)(b).

Then

d(x, F−1(b)) ≤ 1

κ
d(b, F (x)) ∀x ∈ X.

Based on (1.8), one can provide some sufficient conditions of the metric sub-
regularity for (GE) by finding some conditions which imply that the function x →
d(b, F (x)) is lower semicontinuous and that ∂cd(b, F (·)) can be described by D∗

cF (·, ·).
In this direction, Ledyaev and Zhu [19, Lemmas 3.3 and 3.5] provided the following
relationship between ∂d(b, F (·)) and D∗F (·, ·).

Lemma LZ. Let X and Y be Banach spaces with Fréchet smooth Lipschitz bump
functions and F be a closed upper semicontinuous multifunction between X and Y .
Let U ⊂ X be an open set, and suppose that, for any x ∈ U \ F−1(b),

(3.36) σ ≤ lim
ε→0+

inf{d(0, D∗F (x′, y′)(ΣY ∗))| x′ ∈ B(x, ε), y′ ∈ P ε
F (x′)(b)}.

Then σ ≤ d(0, ∂d(b, F (·))(x̄)) for any x ∈ U \ F−1(b). If, in addition, F is compact-
valued, then (3.36) can be replaced with

σ ≤ inf{d(0, D∗F (x, y)(ΣY ∗))| y ∈ PF (x)(b)}.

Under the convexity and reflexivity assumption, we have the following exact for-
mula for ∂d(b, F (·)).

Lemma 3.2. Let X be a Banach space and Y be a reflexive Banach space. Suppose
that F : X ⇒ Y is a closed convex multifunction. Then the following statements hold:

(i) For any x ∈ dom(F ), PF (x)(b) �= ∅.
(ii) The function x → d(b, F (x)) is lower semicontinuous.
(iii) For any x ∈ dom(F ) \ F−1(b) and y ∈ PF (x)(b),

∂d(b, F (·))(x) = D∗F (x, y)(J(y − b)).

Proof. (i) Let x ∈ dom(F ). Since F is closed and convex, F (x) is a closed convex
nonempty subset of Y . It follows from the reflexivity of Y that PF (x)(b) �= ∅.

(ii) Suppose to the contrary that F is not lower semicontinuous at some x0 ∈ X .
Then there exists a sequence {xn} in X such that xn → x0 and

(3.37) d(b, F (x0)) > lim
n→∞ d(b, F (xn)).

By (i), take yn ∈ F (xn) such that ‖yn−b‖ = d(b, F (xn)). By (3.37) and the reflexivity

of Y , without loss of generality we assume that yn
w→ y0. Hence (xn, yn)

w→ (x0, y0).
It follows from the convexity and closedness of F that y0 ∈ F (x0). Hence,

d(b, F (x0)) ≤ ‖y0 − b‖ ≤ lim
n→∞ ‖yn − b‖ = lim

n→∞ d(b, F (xn)),

contradicting (3.37).
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(iii) Let x ∈ dom(F ) \ F−1(b), y ∈ PF (x)(b), and x
∗ ∈ ∂d(b, F (·))(x). Then

(3.38) 〈x∗, u−x〉 ≤ d(b, F (u))−d(b, F (x)) ≤ ‖v− b‖−‖y− b‖ ∀(u, v) ∈ Gr(F ).

Let ψ(u, v) := ‖v − b‖+ δGr(F )(u, v) ∀(u, v) ∈ X × Y . By (3.38), we have

〈x∗, u− x〉 ≤ ψ(u, v)− ψ(x, y) ∀(u, v) ∈ X × Y.

This means that (x∗, 0) ∈ ∂ψ(x, y) = {0} × J(y − b) + N(Gr(F ), (x, y)), that is,
x∗ ∈ D∗F (x, y)(J(y − b)). Hence ∂d(b, F (·))(x) ⊂ D∗F (x, y)(J(y − b)). Conversely,
let y∗ ∈ J(y − b) and x∗ ∈ D∗F (x, y)(y∗). Then for any (u, v) ∈ Gr(F ),

〈x∗, u−x〉 ≤ 〈y∗, v−y〉 = 〈y∗, v−b〉−〈y∗, y−b〉 ≤ ‖v−b‖−‖y−b‖ = ‖v−b‖−d(b, F (x)).

Hence 〈x∗, u−x〉 ≤ d(b, F (u))−d(b, F (x)) ∀u ∈ X . This shows that x∗ ∈ ∂d(b, F (·))(x).
The proof is completed.

Based on (1.8), Lemma 3.2, and Theorem 3.3, we have the following characteri-
zations of the metric subregularity for a convex closed multifunction.

Proposition 3.1. Let Y be a reflexive Banach space, and suppose that F is
convex and closed. Then the following statements are equivalent:

(i) (GE) is metrically subregular at a.
(ii) There exist κ, δ ∈ (0, +∞) such that

d(0, D∗F (x, y)(J(y − b))) ≥ κ ∀x ∈ B(a, δ) \ F−1(b) and ∀y ∈ PF (x)(b) ∩B(b, δ).

(iii) There exist κ, δ ∈ (0, +∞) such that

d(0, D∗F (x, y)(J(y − b))) ≥ κ ∀x ∈ B(a, δ) \ F−1(b) and ∀y ∈ F (x).
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