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1. Introduction

As an extension of the convexity, the prox-regularity expresses a variational behavior of “order two” and plays an
important role in optimization and variational analysis (see [1-10] and references therein). In this paper we first discuss
the prox-regularity of a multifunction, and we observe that the class of prox-regular multifunctions is much larger than the
class of convex multifunctions. The main aim of this paper is to study the metric subregularity for a generalized equation
defined by a prox-regular multifunction between two Hilbert spaces.

Recall that a closed multifunction F (between two Banach spaces) is metrically regular at (a, b) € Gr(F) .= {(x,y) : y €
F(x)} if there exist 7, § € (0, +00) such that

d(x, F7'(y)) < td(y, F(x)) Y(x,y) € B(a, 8) x B(b, §),

where B(a, §) denotes the open ball with center a and radius 4. As it is well recognized that the notion of the metric regularity
plays an important role in nonlinear analysis and variational analysis, and it has been well studied by many authors with a
lot of valuable results (for details see [11-18]). In particular, the following Robinson-Ursescu theorem is a cornerstone in
this field.

Theorem RU. Let F be a closed convex multifunction between Banach spaces X and Y. Let a € X and b € F(a). Then the following
statements are equivalent:

(i) b € int(F(X)).

(ii) There exists n > 0 such that B(b, n) C F(B(a, 1)).
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(iii) There exist n,r € (0, 400) such that
B(y, tn) C F(B(x,t)) V(x,y) € Gr(F)N(B(a,r) x B(b,r))andt € (0, 1).
(iv) F is metrically regular at (a, b).

In this paper, in the Hilbert space setting, we address the corresponding issue in Section 4 for a large class of (possibly
nonconvex) prox-regular multifunctions.

A weaker property (than the metric regularity of F) is that of the metric subregularity concerning generalized equations
of the form

b e F(x), (GE)

where and throughout we assume that b € Y is a given point. Recall (cf. [12]) that (GE) is metrically subregularata € F~1(b)
if there exists T € [0, +00) such that

d(x, F"1(b)) < td(b, F(x)) forallx close to a. (1.1)

This property provides an estimate of how far a candidate x (in a neighborhood of a) can be from the solution set F~!(b) of
generalized equation (GE). A multifunction M : Y = X is said to be calm at (b, a) € Gr(M) if there exists L € (0, +00) such
that

d(x, M(b)) < L|ly — b|| forall (y,x) € Gr(M) close to (b, a).

It is known and is easy to verify that (GE) is metrically subregular at a € F~'(b) ifand only if M = F~!is calm at (b, a). The
metric subregularity and calmness have been already studied by many authors under various names (see [19-23,16,24-28]
and therein references).

A special case of interest is the following one:

Y =R, b=XA and F(x) :=[f(x),+00) VxeX (1.2)

where f : X — R U {400} is a proper lower semicontinuous bounded below function and A := infycx f (x). In this case,
generalized equation (GE) reduces to optimization problem

min f (x)
xeX
while metric subregularity (1.1) reduces to
dx,S) < t(f(x) —A) forallxclosetoa, (1.3)

where S := {x € X : f(x) = A}. Usually a is said to be a weak sharp minimum of f if there exists t € (0, 400) such
that (1.3) holds. Weak sharp minima have important applications in sensitivity analysis and convergence analysis of
mathematical programming. In recent years, weak sharp minima have been extensively studied (cf. [29,23-25] and
references therein). In terms of the subdifferentials of f outside the solution set S, loffe [30] first studied weak sharp minima
(under a different name) when f is locally Lipschitz and proved the following result: if f is locally Lipschitz at a € S and there
exist n, § € (0, +00) such that

d(0,df(x)) >n VxeB(ad)\S

then a is a weak sharp minimum of f. His work has been followed by many others, and it is now well known that loffe’s result
is still true when f is a general proper semicontinuous function on X. In this line, in terms of the coderivatives, the authors [28]
further extended the loffe’s result to the case when F is a general closed multifunction and established the following result.

Result L. Let F be a closed multifunction between Banach spaces X and Y. Suppose that there exist n, 6 € (0, +00) ande € (0, 1)
such that

d(0, DXF(x,y)(J:(y — b))) > n V¥x € B(a,8) \F '(b)andy € Pg, (b) N B(b, 3), (1.4)

where Jo(y —b) := {y* € 3|l - |(y = b) + By : [ly*|| = 1} and P;,, (b) == {y € F(X) : |[b—y|| < d(b, F(x)) +¢}. Then (GE) is
metrically subregular at a.

In general, the converse of loffe’s result and that of Result [ are not necessarily true. But, under the convexity assumption,
the converse of each of these results does hold. Indeed, the authors [28] proved the following characterization: if F is a
closed convex multifunction between Banach spaces X and Y then (GE) is metrically subregular at a € F~1(b) if and only if there
exist n,§ € (0, 4+o00) and ¢ € (0, 1) such that (1.4) holds. It is a natural problem to ask whether the above characterization
can been extended to a larger class of possibly nonconvex functions. In Theorem 5.1, we provide an answer to this problem
for the class of prox-regular multifunctions. Moreover, under the prox-regularity assumption and in terms of the normal
cone of the solution set as well as some properties of the concerned multifunction on the solution set, we provide several
characterizations for the metric subregularity in Theorem 5.2. In particular, we extend some existing results on weak sharp
minima to the prox-regularity case from the convex one.
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2. Preliminaries

Let X be a Banach space and By (resp. Xx) denote the closed unit ball (resp. the unit sphere) of X. Forx € X andr > 0,
we denote by B(x, r) the open ball with center x and radius r. For a closed subset A of X and a point a in A, let T, (A, a) and
T(A, a) denote respectively the Clarke tangent cone and the contingent (Bouligand) cone of A at a (cf. [31,18,32]); they are
defined by

T.(A,a) .= liminf (A—Xx)/t and T(A,a) :=limsup(A —a)/t,

xAa ot t—>0F

where x 2> a means that x — a with x € A.Thus, v € T.(A, a) if and only if, for each sequence {a,} in A converging to a and
each sequence {t,} in (0, co) decreasing to 0O, there exists a sequence {v,} in X converging to v such that a, + t,v, € A for
all n, while v € T(A, a) if and only if there exist a sequence {v,} converging to v and a sequence {t,} in (0, o) decreasing to
0 such that a + t,v, € A for all n. We denote by N, (A, a) the Clarke normal cone of A at g, that is,

N:(A, a) .= {x" € X*|(x*, h) < Oforallh € T.(A, a)}.
Let N(A, a) denote the Fréchet normal cone of A at a; thus x* € N(A, a) if and only if for any € > 0 there exists § > 0 such
that

(x*,x—a) <é¢|x—a| VxeANB(a,?s). (2.1)

A relate but distinct notion of normal cone is that of proximal normal cone Np (A, a). This later notion is particularly relevant
for the investigation regarding variational behavior of “order two” (cf. [6-8,32]). We recall that x* € Np(A, a) if and only if
there exist o, § € (0, +00) such that

(X', x—a) <ollx—al|*> VxeANB(a,?). (2.2)
It is known that
Np(A,a) C N(A, a) C Ne(A, a).
The Mordukhovich (limiting) normal cone is denoted by N(A, a) and is defined by
N(A, a) .= limsupNp(A, X).
A

X—a

Thus, x* € N(A, a) if and only if there exist sequences {x,} and {x;} with each x; € Np(A, x,) such that x, A gand
{x*}weak*-converges to x*. It is known (cf. [7, Ch. 2, Theorem 6.1]) that if X is a Hilbert space then

N.(A, a) = @N(A, a), (2.3)

where co(-) denotes the closed convex hull. If A is convex, then T, (A, a) = T(A, a) and N (A, a) = Np(A, a) are respectively
the tangent cone and the normal cone in the sense of convex analysis; in this case,

N:(A,a) = Np(A, a) = {x" € X* | (x*,x) < (x*,a)forallx € A}.
Let ¢ : X — R U {400} be a proper lower semicontinuous function,

dom(¢) = {x € X | p(x) < +o0} and epi(¢) = {(x,t) e X xR | p(x) < t}.
For a € dom(¢), let dp¢p(a) denote the proximal subdifferential of ¢ at a, that is, dp¢p(a) is the set of all x* € X* satisfying
the property that there exist o', § € (0, +00) such that

(X, x—a) < px) — (@) +ollx—al®> VxeBa,3). (2.4)
Fora € dom(¢) and h € X, let ¢ (a, h) denote the generalized directional derivative introduced by Rockafellar, that s,

qﬁ(a, h) :=limlimsup inf (¢(z+tw)— ¢(2))/t,
el0 eh+eBx

w
zfm,tlo

where the expression z i ameans that z — a and ¢(z) — ¢(a). Let d.¢(a) denote the Clarke-Rockafellar subdifferential
of ¢ at g, that is,
dc(a) = {x* € X*|(x*, h) < ¢ (a, h) Vh € X}.

For a closed subset A of X, let §4 denote the indicator function of A, that is, §4(x) = 0 if x € A and §,(x) = +00 otherwise. It
is known that

Np(A,a) = d9pda(a) and N.(A, a) = 0.64(a).

For a closed multifunction F between Banach spaces X and Y and (x, y) € Gr(F), let DF (x, y) denote the tangent derivative
of F at (x, y), that is, DF (x, y) : X = Y is a multifunction from X into Y defined by

DF(x,y)(u) ={veY:(uv)eT(GrF), (x¥y)} VYuelX.
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We also need the coderivative DjF (x, y) of F at (x, y), which is a multifunction from Y* to X* and defined by
DpF(x, y)(y) = {x" € X" : (x*, —=y") € Np(Gr(F), (x,y))} Vy" €Y.
The following two lemmas (cf. [7, Ch. 1, Proposition 2.11 and Theorem 6.1]) are useful for us.

Lemma 2.1. Let X be a Hilbert space and f, g : X — R U {400} be proper lower semicontinuous and suppose that g is twice
continuously differentiable at xo € dom(f). Then

ap(f +8)(x0) = 3pf (x0) + &' (X0).
where g’(x) denotes the derivative of g at xo.

Lemma 2.2. Let A be a nonempty closed subset of a Hilbert space X and let x € X \ A be such that dpd(-, A)(x) # (. Then there
exists a € A satisfying the following properties:

(i) The set Ps(x) of closest points in A to x is the singleton {a}.
(ii) d(-, A) is Fréchet differentiable at x, and

apd(-, AX) = {d' (-, AX)} = {x —a)/llx—all}.
(iii) x —a € Np(A, a).

We also need the following Hilbert space version of the famous Borwein-Preiss smooth variational principle.

Lemma 2.3. Let X be a Hilbert space and f : X — R U {400} be a proper lower semicontinuous function. Let xo € X and
& € (0, +00) be such that f (xg) < infyex f(X) + €. Then for any A > 0 there exist y, z € X such that

lz —xoll < A, ly—zll <A, fO) =f(xo)
and

& &
fo+ )TZIIY—ZIIZ Ef(?<)+ﬁ||x—2||2 Vx € X.

In contrast with the approximate projection theorem established in [33] in terms of the Clarke normal cone, we use
Lemma 2.3 to establish the following approximate projection result in a Hilbert space in terms of the proximal normal cone.

Proposition 2.1. Let A be a closed nonempty subset of a Hilbert space X and y € (0, 1). Then for any x € X \ A there exist a € A
and a* € Np(A, a) with ||a*|| = 1 such that

yllx —all < min{(a*, x — a), d(x, A)}.
Proof. Define f : X — R U {+o00} by
fw) =64) + |Ju—x|| VuelX.
For each n € N, take a,, € A such that
la, — x|| < d(x, A) + 1/n?. (2.5)

Then d(x, A) = inf,ex f(u) and f(a,) < infyex f(u) + 1/n. By Lemma 2.3, there exist u, € X and a, € A (so a, # x) such
that

lun —anll < 1/n,  [lan —uall < 1/n (2.6)

and a, is a minimizer of the function u ~ f(u) + ||u — u, > /n. Noting that the function u > ||u — x|| + |lu — u,||?/n is twice
continuously differentiable at a,, it follows from the optimality condition and Lemma 2.1 that

0 € 9pda(@n) + (an —2)/llan — x|l + 2(an — un)/n
= Np(A, @n) + (@ — %)/l|an — X|| 4 2(@n — up)/n.

Thus z; € Np(A, a,), where z; := (X — a,)/I|x — @, || + 2(u, — a,)/n. Moreover, by (2.5) and (2.6), one can verify easily that
lx —ayll — d(x,A) and (z;, x — a,) — d(x, A).Since y € (0, 1), noting ||z;|| — 1and letting a; := z;/||z;]|, it follows that

v lIx — @yl < min{(ay, x — a,), d(x, A)}

for all sufficiently large n. The proof is completed. O
3. Prox-regularity of a multifunction

For theoretical interest as well as for applications, many generalization notions have been introduced in the literature to
replace the convexity. Among them, prox-regularity is a useful and important one. Following [9], we say that a closed subset
A of a Banach space X is prox-regular at a € A if there exist o, § > 0 such that

X —u*,x—u) > —ollx —ul®
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whenever x, u € B(a, §) N A, x* € N.(A, x) N Bx+ and u* € N.(A, u) N By+. Readers can find some interesting properties of
the prox-regularity in [1-5,7-9,32]. Since 0 € N (A, x) N N:(A, u), it is easy to verify that A is prox-regular at a if and only if
there exist o, § € (0, +00) such that
W', x—u) <olx—ul? (3.1)
whenever x, u € AN B(a, §) and u* € N;(A, u) N Byx.
In this paper, we adopt the following notions which are motivated by (3.1).
Definition 3.1. Let A be a closed subset of a Banach space X and F be a closed multifunction between Banach spaces X and
Y. We say that
(a) Ais sub-prox-regular at a € A if there exist o, § € (0, +00) such that
(x*,x—a) <ollx—all*> VxeANB(a,s)andx* € N.(A, a) N Bxx.
(b) F is prox-regular at (a, b) € Gr(F) if there exist o, § € (0, +00) such that
X% —x1) < 05 y2 —y1) + o (Ixa — x1 0 + ly2 = y1l1)
whenever (;, y;) € Gr(F) N (B(a, §) x B(b, §)) (i = 1, 2),y] € By~ and x] € DIF(x1, y1)(¥7) N Bx+.
(c) Generalized equation (GE) is prox-regular at a € F~!(b) if there exist o, § € (0, +00) such that
W', x—u) < (v*,y —b) +o(|x—ul*+[ly — b[*)
whenever x € B(a, §),u € F~1(b) N B(a, §),y € F(x) NB(b, §), v* € By~ and u* € DZF(u, b)(v*) N Byx.
The following properties are immediate from the related definitions:
(i) If Ais sub-prox-regular at a € A then
Np(A,a) = N.(A,a) and T(A,a) =T.(A, a).

(ii) If F is prox-regular at (a, b) then (GE) is prox-regular at a € F~1(b).
(iii) If (GE) is prox-regular at a € F~1(b) then Gr(F) is sub-prox-regular at (u, b) for allu € F~1(b) close to a.

We will show that the class of prox-regular multifunctions is larger than that of convex multifunctions. To do this, we
need the primal-lower-nice property for proper lower semicontinuous functions. Let f : X — R U {400} be a proper
lower semicontinuous function and recall (cf. [34]) that f is primal-lower-nice at x € dom(f) (with respect to the Clarke
subdifferential) if there exist §, ¢, T € (0, +00) such that

W x =) = £ — @) + S x—ul?

whenever x, u € B(x, 8),t € [T, +00) and u* € d.f (u) N tBx+. Itis clear that A is prox-regular at a if and only if the indicator
384 is primal lower nice at a. The primal-lower-nice property has been found to have important applications in variational
analysis and optimization. Several authors proved that some important kinds of proper lower semicontinuous functions
have the primal-lower-nice property (cf.[34,35,32]). In particular, Combari et al. [34] proved the following interesting result
which will help us to prove that many composite-convex multifunctions are prox-regular.

Proposition 3.1. Let Y be a Banach space, g : X — Y be a continuously differentiable mapping with g’ being locally Lipschitz
atx € Xand ¢ : Y — R U {400} be a proper lower semicontinuous convex function with g(x) € dom(¢). Suppose that the
following Robinson qualification holds:

R (dom(¢) —g (X)) —g'()(X) =Y.
Then the composite function ¢ o g is primal-lower-nice at x.

The following proposition can be found in [9] and shows that the Clarke normal cone in (3.1) can be replaced by the
proximal normal cone in the Hilbert space setting. Here and throughout a Hilbert space and its dual space are identified as
usual.

Proposition 3.2. Let X be a Hilbert space and A be a closed subset of X. Then A is prox-regular at a € A if and only if there exist
o, € (0, 400) such that (3.1) holds whenever x, u € ANB(a, §) and u* € Np(A, u) N By. Consequently, a closed multifunction
F between two Hilbert spaces X and Y is prox-regular at (x,y) € Gr(F) if and only if there exist o, § € (0, 4+00) such that

(X5, = x1) < (75, ¥2 = y1) + o (Ixa = x1 11> + Iy = y1ll?)
whenever (x;, y;) € Gr(F) N (B(x, §) x B(y, 8)) (i =1, 2), ¥} € By= and x] € DjF(x1, y1)(¥]) N Bx=.
The following proposition provides a characterization of the prox-regularity.

Proposition 3.3. Let A be a closed subset of X and a € A. Then A is prox-regular at a if and only if there exist o, § € (0, +00)
such that

(u*, x—u) <dx A +olx—ul®> VxeB(a,s)
whenever u € AN B(a, §) and u* € N.(A, u) N Bxx.
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Proof. The sufficiency part is trivial. To prove the necessity part, suppose that there exist o, § € (0, +00) such that
o
W'z —u) < Zllz = ul” (32)
whenever z, u € AN B(a, 28) and u* € N.(A, u) N Bx+. Let x € B(a, §),u € AN B(a, §) and u* € N.(A, u) N Bx+. Then there
exists a sequence {u,} in A N B(a, 28) such that ||x — u,|| — d(x, A). It follows from (3.2) that
W', x—u) = (U x—uy) + (U, uy —u)

o 2
< X = unll + —llun — ull
4
g 2 2
< lIx —unll + E(”un =X+ lx —ull?).
Letting n — oo, one has
* g 2 2 2
U, x—u) <dx,A) + E(d(x,A) + X —ull?) <dx A) +ollx—ul”.
This completes the proof. O

Remark. The referee pointed out that Proposition 3.3 has been obtained in the paper “Prox-regular sets and applications”
by Colombo and Thibault. However as we cannot locate the paper (which, we guess, has not yet appeared in print). For the
sake of completeness, the proof and the proposition are kept here.

The following propositions show that the class of prox-regular multifunctions is much larger than the class of convex
multifunctions.

Proposition 3.4. Let X, Y, Z be Banach spaces. Let G : Z = Y be a closed convex multifunctionand g : X — Z be a continuously
differentiable function such that g’ is locally Lipschitz at a and the following qualification holds:

R (dom(G) — g(@) — g'(@(X) = Z. (3.3)
Then, for any b € G(g(a)), the composite G o g is prox-regular at (a, b).
Proof. LetT : X x Y — Z x Y be such that

T(x,y) = (@E€x,y) Y&y €XxY.
Then T is continuously differentiable and

T'(u, v)(x,y) = §'W),y) Y(u,v),(xy) eXxY.
Hence T’ is locally Lipschitz at (a, b) and

T'(a,h)X xY) =g (@)(X) x Y. (3.4)
It is easy to verify that Gr(G o g) = T~!(Gr(G)), that is, 3G o g) = S(crcy) © T. It follows from (3.3) and (3.4) that

R, (dom(3¢g;) — T(a, b)) —T'(a,b))(X x Y) =Z x Y.

This and Proposition 3.1 imply that the composite function dr)) o T is primal-lower-nice at (a, b), and so the indica-
tor 8gr(c o g) 1S primal-lower nice at (a, b). This means that the composite G o g is prox-regular at (a, b). The proof is
completed. O

Let f : X — R U {400} be a proper lower semicontinuous function and recall that f is weakly convex at x € dom(f) if
there exist o, 6 € (0, +00) such that

tf (%) + (1= Of (%) < f(txi + (1= )x) + ot(1—t)||[x; — x>

forall (¢, x1, x2) € [0, 1] x B(x, §) x B(x, 8) (cf. [36,37]). In the case when X is a Hilbert space, it is known (cf. [37, Theorem
4.1]) that f is weakly convex at X € dom(f) if and only if there exist og, 8¢ € (0, +00) such that

(X*, %, — 1) < f(x2) — f(x1) + 00llX2 — x1]I>  Vx1, X2 € B(X, §o) and x* € 3f (x1).

This motivates us to introduce the following concepts.
For a closed multifunction F between Banach spaces X and Y, we say that F is weakly convex at (x, y) € Gr(F) if there
existo, § € (0, +00) and a neighborhood V of y such that for all (t, x, u) € [0, 1] x B(x, §) x B(x, §),

tFX)NV)+ (1 —t)(Fw) NV) CF(tx+ (1 —t)u) + ot(1 —t)||x — u*By. (3.5)

The weak convexity is closely related the paraconvexity introduced by Rolewicz (cf. [38,39]).
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Proposition 3.5. Let F be a closed multifunction between Hilbert spaces X and Y. Let x € X andy € F(x) be such that F is weakly
convex at (x, y); more precisely, suppose that there exist o, § € (0, +00) and a neighborhood V of y such that (3.5) holds for all
(t,x,u) € [0, 1] x B(x, §) x B(x, 8). Let 8¢ € (0, &§] be such that B(y, §o) C V. Then,

X% —x1) < 5Ly —y1) +olx —xi? (3.6)

whenever (x;,y;) € Gr(F) N (B(x, 8o) x B(y,80)) (i = 1,2),y7 € Byx and x; € Dj(x1,y1)(y7) N Bxx. Consequently, F is
prox-regular at (X, y).

Proof. Letx; € B(x, 80),y1 € F(x1) N B(Y, 8), y; € By~ and x] € D3F(x1, y1)(¥7) N Bx=. Then there exist o4, §; € (0, +-00)
such that

(K x—x1) < 1y =y Hor(x = x> + lly = yil®) (3.7)

for any (x,y) € Gr(F) N (B(x1, 81) X B(y1, 81)). Let (x5, y2) € Gr(F) N (B(x, §g) x B(y, 8g)) and t € (0, 1) sufficiently close
to 1 be such that

max{(1 — 0)[lx; — x1]l, (1 = O)([ly2 = y1ll + otlxa — x1[*)} < 81
Then, by (3.5), there exists e; € By such that
tyr + (1= 0y +ot(1 = 0)x, — x1[%e; € F(tx1 + (1= 0)x2)
and it follows from (3.7) (applied tox = tx; + (1 — t)x; and y = ty; + (1 — )y, + ot(1 — t)||x2 — x1]|%e;) that
(K5 % —x1) < 01,92 —y1 + ot —xlPe) +01(1 = O — x> + lly2 — y1 + ot — x| ec®)
Letting t — 17, one sees that (3.6) holds. This and Proposition 3.1 imply that F is prox-regular at (x,y). O

4. Metric regularity for a prox-regular multifunction
Ursescu [40] and Robinson [10] proved independently that if F is a closed convex multifunction between Banach spaces
Z and Y and (a, b) € Gr(F) then b € int(F (X)) if and only if
B(b,n) C F(a+ Bz) (4.1)

for some n > 0. This equivalence can be regarded as an extension of the classical open mapping theorem on a bounded
linear operator between Banach spaces. In an earlier paper than [10,40], in the topological linear space case, Ng [41] had
established an open mapping theorem for a multifunction whose graph is a closed convex cone. In [10], Robinson further
proved the metric regularity result in the Robinson-Ursescu theorem (namely Theorem RU mentioned in Section 1). In this
section, we will address the corresponding issue for a possibly nonconvex prox-regular multifunction between two Hilbert
spaces.

Under the convexity assumption on F, it is clear that

(4.1) < [B(b, tn) C F(a + tBx) Vt € (0, 1]].
Thus, the following theorem can be regarded as a result of the Robinson-Ursescu theorem type in the prox-regularity setting.

Theorem 4.1. Let F be a closed multifunction between Hilbert spaces X and Y and suppose that F is prox-regular at (a, b) € Gr(F)
with the corresponding constants o, § € (0, +00), namely

K u—x) < ¢ v =y +o(lu—xI>+lv—ylI* (4.2)

forall (u,v), (x,y) € Gr(F) N (B(a, §) x B(b, 8)), y* € By and x* € D}F(x,y)(y*) N Bx. Then, the following statements are
equivalent:

(i) There exist n,r € (0, +00) such that
B(y,tn) C F(B(x,t)) VxeB(a,r),y € F(x)y NB(b,r)andt € (0, 1).
(ii) There exist y € (0, %) and 8 € (0, &) with 8 > o (4y? + B?) such that
B(b. p) C F(B(a, ). (43)
(iii) There exist T, A € (0, +00) such that
d(x, F71(y)) < td(y, F(x)) Y(x,y) € B(a, ) x B(b, 1).

Proof. (i) = (ii). Suppose that (i) holds. Then B(b, tn) C F(B(a, t)) forallt € (0, 1). Let t; € (0, 1) be sufficiently small
such that > o (4t + ton?). Thus, one can see that (ii) holds with 8 := ton and y = t,.
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(ii) = (iii). Suppose to the contrary that for any n € N there exist (x,, y,) € X x Y such that

X, —all < minfy, 1/n}, lyn — bl < min{B, 1/n} (4.4)
and d(x,, F~'(y,)) > nd(y,, F (x,)). Then, by Zheng and Ng [28, Lemma 3.1] there exist X, € X and y,, € F(x,) such that
1% — %all < d@n. F7' ). 0 < [IFn — Yall < dn, F~'(y)) /0 (4.5)

and
(0,0) € {(0, ¥n — ¥n)/Iyn — ynlD} + (Bx x By)/n + Nc(Gr(F), (Xn, ¥n))-
Hence there exists (x}, —y¥) € Nc(Gr(F), (Xp, ¥n)) such that
Xl < 1/n, yy € Gn—yn)/I¥n — yull + By /n, (4.6)
and so
(x4, =Y¥y)/ (1 +1/n) € Ne(Gr(F), (Xa, yn)) N (Bx x By). (4.7)
By (4.3) and (4.4), for each n € N there exists z, € F~'(y,) N B(a, y). Then
dén, F7' ) < %0 — zall < %0 — all + lla — zall < 1/n+y
and it follows from (4.5) that
% —all <2/n+y and [y, —bll <2+ y)/n. (4.8)
Consider all large n such that 2+ y)/n < Band 3y + 2/n < é.Letv, = (B — 2+ y)/n) Ilj/:/z:ﬁll . Then, by (4.8), one has
B(a, y) C B(Xy, 2y +2/n) C B(a,8) and y, — v, € B(b, B).
It follows from (4.3) that there exists w, € B(x,, 2y + 2/n) such thaty, — v, € F(w,). Hence, by (4.7) and 8 € (0, §), one

can apply (4.2) to (wn, ¥n — vn), (X, yn) and 1;1 (x5, y») in place of (u, v), (x, y) and (x*, y*) respectively, and we get

(X5, wn — Xn) < ¥, —vn) + (14 1/m)o (|lwn — Xl + vall). (4.9)
By (4.6) and our choice of v, and w;,, we have

—1/nQy +2/n) < (X3, wa —Xx) and (yy, —vn) < =B+ Q2+ y)/n+1/n(B -2+ y)/n).
It follows from (4.9) that

—1/nQy +2/n) < =B+ Q2 +y)/n+1/n(B— 2 +y)/m)+ A+ 1/mo(Qy +2/0)’ + (B — 2+ y)/n)?).
Letting n — oo, one has 8 < o (4y? + B2), contradicting the given in (ii). This shows that (ii) = (iii) holds. Since (iii) = (i)
is immediate from [ 13, Proposition 2], the proof is completed. O

5. Metric subregularity for generalized equations

In extending several known results in the literature, this section is devoted to provide two characterizations for the metric
subregularity of generalized equation (GE): one is in terms of the points of the solution set F~!(b) while the other in terms
of the points not belonging to F~!(b). A major novelty here for our consideration is that the usual convexity assumption
regarding F is replaced by considerably weaker assumption that F is prox-regular. As in the preceding section, we assume
throughout that X, Y are Hilbert spaces; F denotes a closed multifunction from X to Y, b € Y and a € F~'(b). In this
Hilbert space framework, the implication (ii) = (i) in the following theorem is a strengthened version of Result I (as

DpF(x,y)(y*) C DiF(x,y)(y*) for any y*).
Theorem 5.1. Consider the following statements for the data F, a, b specified above:

(i) (GE) is metrically subregular at a.
(ii) There exist n, § € (0, 400) and ¢ € (0, 1) such that

d(0, DpF(x, y)(Je (v — b))) = (5.1)
forallx € B(a,8) \F~'(b) and ally € P, (b) N B(b, 8).
(iii) There exist n, § € (0, +00) and ¢ € (0, 1) such that
d(0, DpF(x, y)((y — b)/lly — bll + &By)) = n (5.2)
forallx € B(a,8§) \ F~'(b) andy € F(x) N B(b, §).
Then (iii) = (ii) = (i). Moreover (i) < (ii) < (iii) if F is assumed to be prox-regular at (a, b).
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Proof. Foranyy € Y \ {b}, noting that J(y — b) = {(y — b)/|ly — b||}, one has J.(y — b) C (y — b)/|ly — bl| + eBy. Hence
(iii) = (ii) is evident. To prove (ii) = (i), suppose to the contrary that (GE) is not metrically subregular at a. Then, for each
n € N there exists x, € B(a, 1/n) \ F~!(b) such that d(x,, F~1(b)) > nd(b, F(x,)). Thus

d(xa, F' (D)) < [IXa — @] < 1/n (5.3)
and

llyn — bll < d(xn, FY(b))/n  with some y, € F(x,). (5.4)
Define¢ : X x Y - RU {+o0} by

¢x,y) = |ly — bl + darr) (%, ) V(x,y) €X x Y.

Then ¢ is lower semicontinuous and

: -1
d(Xn, yn) < (XTyl)g;quﬁ(x,y) + d(xq, F~7(b))/n.

By Lemma 2.3 (applied to ¢ = d(x,, F~'(b))/n and A = d(x,, F~'(b))/2), there exist (X, ¥), (Un, v;) € X x Y such that

[l (ttn, vn) = X, yu) || < d(xn, F~'(0)) /2, | Rns ¥n) — (Un, vn) || < d(xn, F~' (b)) /2 (5.5)
and (x,, y,) is a minimizer of the function ¢ + nd(x+*‘(b)) -, ©) = (tn, va)||%. By the optimality condition and Lemma 2.1,
we have

(07 0) € an’(;‘ns}_’n) + 8()_(11 - un»y_n - Un)/nd(xns F_l(b))~ (5-6)

This and the definition of ¢ imply thaty, € F(x,). Noting thatx, ¢ F~!(b) (by the second inequality of (5.5)), one has y, # b.
Hence the function (x,y) — |y — b|| is twice continuously differentiable at (x,,, y,,), and so one can apply Lemma 2.1 to
rewrite (5.6) as

(07 0) € aPSGr(F)()_(nv}_’n) + (05 (}_’n - b)/”}_’n - b”) + (X:vy:),

where (x}, i) == 8(Xy — Upn, Yo — vn)/nd(Xy, F~1(b)) (which is of the norm less than 4/n (by the second inequality of (5.5)).
Thus (—x5, =y — Gn — b)/I¥a — bll) € Np(Gr(F), (Xa, ¥a)) and so

d(0, DpF (Xn, Yn) Wy + On — b)/llyn — bID) < =X, 1l < 4/n,

which contradicts (ii) when n is large enough because (x,,, y,) — (a, b) by (5.3)-(5.5). Therefore (ii) = (i).
It remains to show that if F is prox-regular at (a, b) then (i) = (iii) holds. To do this, suppose by (i) that there exist
7,1 € (0, +00) such that

d(x, F~1(b)) < td(b, F(x)) Vx € B(a,r). (5.7)
By the prox-regularity of F at (a, b), there exist o € (0, +00) and r; € (0, r) such that
X u—x) < b—y) +o(lu—x|>+b—yl*) (5.8)

whenever x € B(a,r1),u € F~'(b) N B(a, 1),y € F(x) N B(b,11), y* € By and x* € DiF(x,y)(y*) N Bx. Lete € (0, 1),
¢’ € (g, 1) and take § € (0, ry/2) such that

(1—e—08)/t—08>(1-¢)/t.

We will prove that (5.2) holds for  := min{(1 — &’)/z, 1}. To do this, let x € B(a,8) \ F~'(b),y € F(x) N B(b, 8),
y* € (y —b)/lly — bll + eBy and x* € DyF(x,y)(y*). We have to show that ||x*|| > 7. Since n < 1, we can assume
that ||x*|| < 1. Noting that

0<dx,F'(b) < lx—al <38,
there exists a sequence {u,} in (F~1(b)) such that

IX — uq|l < min{(1 + 1/n)d(x, F~1(b)), 8} VneN.
Our choice of y* clearly implies that

W b=y) =(@=b/lly—bll.b—y)+ & — @ —Db)/lly = bll.b—y)
—(1—=2)lly — bl

IA
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Noting that ||u, — a|| < ||u, — X|| + ||x — a]| < 28§ < ry, it follows from (5.8) that
(X up —x) < =(1=2)lly = bl + o (Ix — ual* + lly — b[I?)

—(1=¢)lly = bll + o @Bllx — unll + 8lly — bl

—(1—e—=0d)lly —bll +oélx — unll

—(1—&—08)d(b, F(x)) + o8|x — u,||

(because —1+ ¢+ 08 <0andy € F(x)). Since x € B(a, r), it follows from (5.7) that
(xX*, x—up) = (1—¢—08)/td(x, F71(b)) — o8]|x — Uyl

>n(l—e—08)/(n+ DT||x — Uyl — o8)1x — uy||

INIAIA

(by our choice of uy). This implies that ||x*|| > n(1 —& —0§)/(n+ 1)t — 06 and so, in limits,
X = (1—e—08)/t—0d = (1-¢)/T
as wished to show. The proof is completed. O
Remark. Let Y, A and F be as in (1.2) with a proper lower semicontinuous function f. Then DjF (x, f (x))(1) = 9pf (x) and

dom(DjF(x,y)) = {0} for any x € dom(f) andy € (f(x), +00); thus Theorem 5.1 implies that a € S is a weak sharp
minimum of f if and only if there exist n, § € (0, +00) such that

d(0, Opf (X)) > n Vx € B(a,§) \ Swith |[f(x) — A| < 4.
The following example shows that if the prox-regularity assumption is dropped then Theorem 5.1 and the above
characterization are not true even if f is assumed to be Lipschitz.
Example. For any n € N, let ¢, : [272", 272™=D) — R be such that
3x 9—2n+1

on(x) = § 2 ’

272717 x € [27211’ 272n+1)'

LetX =Randf : X — R be defined as follows.

x e [2—2n+17 2—2(n—1))

X, x € [1, +00)
fx) =1, xe[272, 272" Dyandne N
0, x € (—o0, 0].
Then,
0, xe(1,+00)
3
Fo=132 xe (2721 272=Dyandne N

xe (27 27 Yandn e N
x € (—00,0).

OJON

Hence f is a Lipschitz function and infycx f (x) = 0. Note thatS = {x € X : f(x) = 0} = (—o00, 0] and f(x) > %x = %d(x, S)
for all x € [0, +00). Thus 0 is a weak sharp minimum of f. But, dpf (x) = {0} forany x € (272", 272" !)andn € N.

Theorem 5.1 are motivated by loffe’s work [30] and Result I in which the sufficient conditions and characterizations are
expressed in terms of the subdifferentials and coderivatives of the concerned function outside the solution set. In a different
line, in terms of some properties of the concerned function inside the solution set, many authors [29,20,23-27] studied the
weak sharp minima or the metric regularity. In this line and in the Euclidean space case, Burke and Ferris [42] used technique
of conjugate functions to study weak sharp minima of a convex function and established several interesting characterizations
for weak sharp minima. Using the same technique as [42], Burke and Deng [29] extended Burke and Ferris’ results to the
Hilbert space case. In particular, they proved the following result.

ResultIL. Let X be a Hilbert space and f : X — R U {400} be a proper lower semicontinuous convex function. The following
statements are equivalent.

(i) a € S is a weak sharp minimum of f:
(ii) There exist T, 6 € (0, 400) such that

N(S,x) NBx+ C [0, T]df(x) Vx € SNB(a,?).
(iii) There exist t, 8 € (0, +00) such that

U NesonBec | 10 lof@).

x€SNB(a,d) xeSNB(a,d)
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(iv) There exist T, 6 € (0, 400) such that
d(h, T(S,u)) < t[d*f(u)(h)]ly YueSNB(a,d)andh € X.
(v) There exist T, § € (0, +00) such that
[d¥fu)(h)]y = t|h]l YueSNB(a,8)andh € N(S, u).
(vi) There exist T, 6 € (0, 400) such that
[dTf(u)(x — u)]y > d(x,S) VxeB(a,8)andu € Ps(x),
wherePs(x) .= {ueS:|x—u| =dx,S)}

The authors [26,27] extended (i) < (ii) < (iv) to convex generalized equations and (i) < (ii) to subsmooth (not
necessarily convex) generalized equations in Banach spaces.

Next, in terms of some properties of the concerned multifunction inside the solution set, we consider sufficient and/or
necessary conditions for the metric subregularity of generalized equation (GE) in the prox-regularity case. In particular,
relaxing the convexity assumption, we generalize Result II to more general generalized equations in Hilbert spaces. To do
this, we need the following inclusions which are immediate from the related definitions.

T(F~'(b), u) C DF(u, b)"'(0) Vu e F~!(b) (5.9)
and
DiF(u, b)(Y) C Np(F~'(b),u) Vu e F~'(b). (5.10)

Theorem 5.2. Let (GE) be prox-regular at (a, b) and consider the following statements.

(i) (GE) is metrically subregular at a.
(ii) There exist t, 5 € (0, +00) such that

Np(F~'(b), u) N By C tD}F(u, b)(By) Vu € F~'(b) NB(a, ). (5.11)
(iii) There exist t, 8 € (0, +o00) such that
U  ME'®).wnBc J  DiF(u b)(xBy). (5.12)
ueF~1(b)NB(a,8) ueF~1(b)NB(a,8)
(iv) There exist T, 6 € (0, 400) such that
d(x, T(F~Y(b), u)) < td(0, DF(u, b)(x)) Yu € F~'(b) N B(a, §) and x € X. (5.13)
(v) There exist T, § € (0, +00) such that
d(0, DF(u, b)(h)) = t|lh|l Yu € F~'(b) N B(a, §) and h € Np(F~1(b), u). (5.14)

(vi) There exist T, 8 € (0, +00) such that for all x € B(a, §) and u € Pr-1;(x),
d(0, DF (u, b)(x — u)) > td(x, F~'(b)). (5.15)
Then (i) & (ii) < (iv), (i) = (iii) and (iv) = (v) = (vi).
Proof. Since (GE) is prox-regular at g, there exist o, r € (0, +00) such that
W', x—u) < (v*,y —b) +o(Ix—ul*+lly — bl*) (5.16)

whenever x € B(a,r),u € F~'(b) N B(a,r),y € F(x) N B(b, 1), v* € By and u* € D*F(u, b)(v*) N Bx. Hence Np(Gr(F),
(u, b)) = Nc(Gr(F), (u, b)) and so

T(Gr(F), (u, b)) = T.(Gr(F), (u, b)) Vu € F~'(b) N B(a,r).
This means that

DjF(u,b) = DiF(u,b) and DF(u,b) = D:F(u,b) Yu e F~'(b)NB(a,r). (5.17)
Hence DF (u, b) is convex and

D*(DF(u, b))(0, 0) = DF(u, b) Vu € F~'(b) N B(a,r). (5.18)
(i) = (ii). By Zheng and Ng [27, Theorem 4.2], (i) implies that there exist 7, § € (0, +00) such that

N(F~'(b), u) N Bx C tDF(u, b)(By) Vu € F~'(b) N B(a, )
and so (5.11) holds because N, (F~1(b), u) C N(F~1(b), u) for all u € F~'(b). Thus (ii) holds.
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The proof of (ii) = (i) is similar to that of [27, Theorem 4.4] (but with Proposition 2.1 replacing [33, Theorem 3.1]).
(i) = (iv). By (i) there exist T € (0, +00) and § € (0, r) such that

d(x, F"1(b)) < td(b, F(x)) Vx € B(a, §).

By the already established implication (i) =(ii), we may assume that (5.11) holds (take a smaller § and a larger 7 if necessary).
This together with (5.10) and (5.17) implies that

Np(F~'(b), u) = DjF(u, b)(Y) = D}F(u, b)(Y) Vu e F~'(b) N B(a, §). (5.19)
By (5.18), we can also rewrite (5.11) as

Np(F~1(b), u) N By C tD*(DF(u, b))(0, 0)(By) Yu € F~1(b) N B(a, 5). (5.20)
Letu € F~1(b) N B(a, 8). We claim that

T(F~'(b), u) = DF(u, b)'(0) (5.21)
and

N(T(F~'(b), u), 0) C Np(F~'(b), u). (5.22)

To show (5.21), let h € DF(u, b)~'(0); we need only show that h € DF(u, b)~'(0) (thanks to (5.9)). Noting that (h, 0) €
T(Gr(F), (u, b)), there exists a sequence {(t,, hn, yn)} in R x X x Y such that

t, —> 07, (hy, yn) = (h,0), b+ tyy, € F(u+t,h,) and u+ t,h, € B(a, J).
Then, by our choice of 7 and §,
d(u + tyhn, F71 (b)) < 7d(b, F(u + tyhn)) < Tty llynll.

It follows that there exists u, € F~'(b) such that |u + t,hy — unll < 27t,||lyall and so u, = u + t,(h, + «,) for some
o, € 27||y,||Bx. Noting that h,, + o, — h, this implies that h € T(F~1(b), u), as wished to show. To prove (5.22), suppose
to the contrary that there exists

v e N(T(E1(b), u),0) \ Np(F~1(b), u). (5.23)
We claim that Np (F~1(b), u) is closed. Let {x3} C Np (F~'(b), u) converge to x*. By (5.11) there exists a sequence {y;}in By
such that % € DjF(u, b)(y;) foralln € N, where M := 1+ sup,y ||x;|. It follows from (5.16) that

(x;/M,x—u) < (1+1)o|lx — ul> vx e FY(b)NB(a,r).
Letting n — o0, one has

X, x—u) <M+ 1)o|lx—u|®> VxeF Y(b)NBa,r)

and sox* € Np(F~'(b), u). This shows that Np(F~1(b), u) is closed. Since a proximal normal cone is always convex, it follows
from (5.23) and the separation theorem that there exists h € X such that

(x*,h) <0 < (v, h) Vx* e Np(F~'(b), u). (5.24)
This and (5.19) imply that
((X*,y*), (h7 0)> S 0 V(X*vy*) € NC(Gr(F)s (uv b))

This means that h € D.F(u, b)~'(0),and so h € T(F~'(b), u) (by (5.17) and (5.21)). It follows from (5.23) that (v, h) < 0,
contradicting (5.24). This shows that (5.22) holds. By (5.20)-(5.22), one has

N(DF(u, b)~1(0), 0) N Bx C D*(DF(u, b))(0, 0)(tBy).
It follows from [26, Theorem 3.1] that
d(x, DF (u, b)~1(0)) < td(0, DF(u, b)(x)) Vx € X.

This and (5.21) imply that (5.13) holds because u is arbitrary in F~'(b) N B(a, 8). This completes the proof of (i) = (iv).
(iv) = (ii). Suppose that there exist T > 0 and § € (0, r) such that (5.13) holds. Since a contingent cone is always closed,
this implies that

DF(u,b)™'(0) c T(F~'(b),u) Vu e F~'(b) N B(a,Ss).

It follows from (5.9) that (5.21) holds for allu € F~1(b) N B(a, §). Therefore, (5.13) means that for eachu € F~1(b) N B(a, §),
the sublinear generalized equation

0 € DF(u, b)(x)
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is metrically subregular at 0 with the modulus 7. This and [26, Theorem 3.1] imply that
N(DF (u, b)~'(0), 0) N By C D*(DF(u, b))(0, 0)(tBy) Yu € F~'(b) NB(a, §).
Thus, by (5.17), (5.18) and (5.21), to prove (ii) it suffices to show that

Np(F~'(b), u) C N(T(F~1(b), u), 0) Yu € F~(b) N B(a, 5). (5.25)
Let u € F~1(b) N B(a, §) and u* € Np(F~1(b), u). Then there exist 17, 8, € (0, +00) such that

(u*, x —u) < nllx—ull®> VxeF1(b) NB(u, &).
Forany h € T(F~1(b), u), there exists a sequence {(t,, h,)} in R x X such that

t, —> 0%, ha— h and u+t,h, e F-Y(b) VneN.

Hence (u*, t,h,;) < n||tah,||? for all sufficiently large n. This implies that (u*, h) < 0 forall h € T(F~!(b), u). Noting (by
(5.17)and (5.21)) that T(F~'(b), u) is a closed convex cone, it follows that u* € N(T(F~'(b), u), 0). Therefore (5.25) holds,
and (iv) = (ii) is shown.

(ii) = (iii) is trivially true.

To prove (iv) = (v), suppose that there exist 7,8 € (0, +00) such that (5.13) holds. Let u € F~'(b) N B(a, §) and
h e Np(F~1(b), u). Then, there exist o,r € (0, +o00) such that (h,x — a) < o?||x — a|| forallx € F~'(b) N B(a, r).
From the definition of the contingent cone, it is easy to verify that (h, v) < 0 for all v € T(F~!(b), u). This implies that
d(h, T(F~1(b), u)) = ||h|. It follows from (5.13) that (v) holds.

(v) = (vi). Suppose that there exist 7,5 € (0, +00) such that (5.14) holds. Let x € B(a, %) and u € Pg-1,(x). Then
x —u € Np(F~1(b), u). Noting that

lu—al < llu—x|+llx—all <2|lx—al] <34,
it follows from (5.14) that
d(0, DF (u, b)(x — w)) > 7||x — ul| = rd(x, F~"(b)).
Hence (vi) holds. The proof is completed. O
In Theorem 5.2, if F is assumed to be locally convex at (a, b) then the following proposition shows that each of (iii) and
(vi) implies (i).
Proposition 5.1. Suppose that F is locally convex at (a, b), namely there exists r > 0 such that Gr(F) N (B(a, r) x B(b, r)) is
convex. Further suppose that one of the following properties is satisfied.

(1) There exist t > 0and § € (0, r) such that (5.12) holds.
(2) There exist 7, § € (0, +00) such that (5.15) holds for all x € B(a, §) and u € Pg-1, (X).

Then (GE) is metrically subregular at a.

Proof. First suppose that (1) holds. By Theorem 5.2, we need only show that (ii) of Theorem 5.2. Let u € F~!(b)NB(a, §) and
u* € Np(F~'(b), u) N Bx. It follows from (1) that there exist z € F~(b) N B(a, 8) and v € By such that u* e DF(z, b)(Tv).
From the local convexity assumption, it is easy to verify that

(u*,x—z) — (tv,y—b) <0 VxeB(a,r)andy € F(x) NB(b,1). (5.26)
Setting y = b in (5.26), it follows that

(u*,x—2z) <0 VxeF Y(b)NB(a,r). (5.27)
On the other hand, noting that u* € Np(F~1(b), u) and F~'(b) N B(a, r) is convex, one has

(u*,x—u) <0 VxeF '(b)NB(a,r).

Since § < r, it follows from (5.26) that (u*, u) = (u*, z). By (5.25), one has u* € DjF(u, b)(rv). This shows that (ii) of
Theorem 5.2 holds.

Next suppose that (2) holds. Without loss of generality, we assume that § < % Let x € B(a, §). Since Gr(F) N (B(a, r) x
B(b, r)) is convex, F~'(b) N B(a, 28) is a closed convex set. By the projection theorem, there exists u € F~'(b) N B(a, 28)
such that u € Pg—1 54,25 (X). Since |x — al| < 8, d(x, F~'(b)) = d(x, F~'(b) N B(a, 28)). Hence u € Pp—1(x). This and (2)
imply that (5.15) holds. By the convexity of Gr(F) N (B(a, r) x B(b, r)), one has

(x—u,y—>b) € T(Gr(F) N (B(a,r) x B(b, 1)), (u, b)) = T(Gr(T), (u, b))
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for ally € F(x) N B(b, r). It follows from (5.15) that
ly — bl > td(x, F~'(b)) Vy e F(x)NB(a,r).
Since d(x, F~'(b)) < %, one has
d(b, F(x)) > min{z, 2}d(x, F~'(b)).

This shows that (GE) is metrically regular at a. The proof is completed. O

Remark. In the special case when F(x) = [f(x), +00) and f : X — R U {400}, Theorem 5.2 together with Proposition 5.1
extends Result II.
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