Chapter 2. General Scalar
Conservation Laws
§2.1 Convex Conservation Laws
Consider the general conservation laws
B¢ u+ Oy F(u) =0 (2.1)

where f e C2. In chapter 1 we set f(u) = 3 u? in the case of

Burgers equation. We say (2.1) is a convex conservation law if
f"(u) > 0 for all u in the consideration.

Note that not all the stationary conservation laws is convex. For
example, 0r u + Oy (“;) = 0 with f(u) = %3 not be convex.



For the general convex conservation laws, we have all similar
results as in Burgers equation, such as existence and uniqueness of
the entropy weak solution, L!-contraction principle, large time
asymptotic behaviour of solutions with decaying order in time (for
periodic initial data, bounded and integrable initial data

upe Lt N L, and in the case limy_ 4o tp(x) = u+), and existence
of profile (N-wave). We omit the proofs of these properties and
leave them to readers as exercises since their proofs in convex
conservation laws are as same as in the Burgers equation.

Theorem 2.1

All the theory we derived for Burgers equations goes to the scalar
convex conservation laws.



§2.2 General Conservation Laws (Kruzkov’s theory)

Consider the general conservation laws

{ Oru—+ 0xf(u)=0 (2.2)

u(x,t =0) = up(x)

where f ¢ C1 needs not be convex, and initial data ug(x) e L.
Before considering all properties of solutions, we need to impose
stronger definition than in convex conservation laws which is in the
sense of distribution because the solution may fail to satisfy the
entropy condition in general. We give a definition of weak solution
of general scalar conservation laws as below.



Definition 2.1

A bounded function u(x, t)e L®(R! x [0, T]) is called an entropy
weak solution to (2.2) if

(a) for all smooth nonnegative test function
e CO(R' x [0, T]), » > 0, one has

// (u(x, £)— K|Dy o-+sgn(u(x, £)— k) (F(u(x, ) —F(K))Ds o dx dt > 0

for any constant k.



(b) there is a measure zero set Eg C [0, T] such that
f\x\<R |u(x, t)|dx is well defined for te[0, T]\Ep and

li ) — dx =0
50,6 ¢[0,TI\Es /|x|§R|U(X )~ tol)ex
Remark:

1. We can see clearly that if u is an entropy weak solution, then u
must be a weak solution in the sense of distribution, by taking k to
be large or small.

2. This formulation comes from entropy - entropy flux
consideration stated as below.



Definition 2.2 We say (n(u), g(v)) is an entropy - entropy flux
pairs if
Vaq(u) = Vn(u) -V f(u).

This definition does naturally come from the transformation.
Suppose u(x, t) is a smooth solution of general scalar conservation
law of (2.2), then 0y u+ V f(u) - Ox u = 0. Multiply V n(u) on
both sides and from the identity in Definition 2.2, we get

e n(u) 4+ 0x q(u) = 0.

In particular, if 1 is a convex function, then we call (1, g) a convex
entropy - entropy flux pair.



For weak solutions of (2.2), we claim that d; n(u) 4+ 0x g(u) < 0.
Assuming the claim, let n(u) be a regularization of |u — k| and k
be any fixed constant, one deduces that u satisfies (a) in Definition
2.1. To prove the claim, consider the viscous conservation laws
Oru+ 0y f(u)=e02u, &>0. Let (1,q) be a convex entropy -
entropy flux pairs, V2n(u) > 0. Multiply V 7(u) on both sides, we
have

den(u) +0xq(u) = eVin(u)dZu
= 0 (Vn(u)dy u) — e V2 n(u)(dx u)?
< edzn(v)
let € — 0, the viscous limit solution gives our claim.

For the general scalar conservation laws, we will adapt Kruzkov's
result on the well-posedness of the Cauchy problem.



Theorem 2.2 Assume that f e C1(R), uge L (R), then there
exists a unique entropy weak solution to the problem (2.2).
Furthermore, if u(x, t), v(x, t) are entropy weak solutions to (2.2)
with initial data wp(x), vo(x) € L®(R"), respectively, then

/ lu(x,t) — v(x, t)]dx < / lug(x) — vo(x)|dx (2.3)
Ix|<R [x|<R+Nt

for t €0, T]\Eo. Here

M =max__p{|uo(x)], [vo(x)[}, N =maxy<m|f ()], and Eqg is
the same as in Definition 2.1.



Remark: In the proof, we will show the existence and the validity
of (2.3) for smooth, compactly supported initial data. We can see
that (2.3) is much more than the uniqueness. It also allows us to
approximate the solution with “bad” initial data by solutions with
“good"” initial data. Actually, the proof also works for scalar
equations

Orut Y O f(x tu) =0, xeR’,

1<a<d
with d > 2.

Proof: Without loss of generality, we can assume ug ¢ C5°(R'). To
make the proof easy to follow, we will separate it into several steps.



Step 1: Approximate solutions
We consider

{ Oeu® + 0y f (%) = e 2 v, (2.4)

uf(x, t = 0) = up(x).

For fixed £ > 0, the maximum principle implies
||uf (x, t)HLOO(Rl) < ]|uo(x)\.|Loo(R1) < M, which is enOL.Jgh JFO
ensure the global (for t) existence of the smooth solution, i.e.

FeC®([0, T]x RY), VT>0.



Now we assume that there is a subsequence {¢;}72;,&; — 0 as
Jj — 400, such that u%(x,t) — u®(x, t), a.e., which will be proved

in Step 2. Then here we show u° is an entropy weak solution to
(2.2).

Let (n(u), g(u)) be any convex entropy - entropy flux pair, then
multiply the equation (2.4) by V n(u®). By the definition of
entropy - entropy flux, i.e. Vg =Vn-Vf, we obtain

Or n(uf) + Oy q(u°)
- €V77(U€)U>€<x

= 0u(Vn(uf) - O uf) — e V2n(uf) - (Ox uF)?
< e0(Vn(u) - Ok uf).



Then multiply the above inequality by any
0eCSe([0, T] x RY), >0, and integrate by parts to give

_//Q( (u%) - Or o + q(u7)Ox ) dx dt

< —5/ Vn(u®) - 0x u° - Ox p dx dt
Q
= R.HS,
where Q = R! x (0, T).

Now we prove R.H.S. — 0 as ¢ — 0. Multiply (2.4) by v and
then integrate over Q to give

/ |u®(x, t)] dX+/ ut(x,t)0x f(u®)dx = —e/ |0y u° (x, t)[*dx,
2 dt R



The second term on the left hand side is zero. Then integrate the
above equation over (0, T) to give

/ |u5(x,t)|2dx+5// 10, 1 (x, )2 dt
R Q
- /|u‘5(x,t:0)2dX:/ Luo(x) 2.

R R!

Therefore the standard energy estimate shows that

5// |8 UF(x, t)]Pdx dt < My < 400, M :/ |ug(x)[*dx.
Q Rl



Then

Vn(u®) - Ox u° - Oy ¢ dx dt‘
Q

Cz- <g//anX ua\zdxdt>é (//C\)yaxqﬁ2dxdt>é

1
CE My} </ |6X¢|2dxdt> ’
Q

—~0, as e¢—0".

IN

IN

Hence, if we let ¢; — 0, then R.H.5. — 0, and by Dominated
Convergence Theorem,

/ / )0 6+ q(u°)y $)dx dt > 0, (25)

here we have used that |0; ¢|, |0x ¢| are bounded and compactly
supported.



In the above, we have assumed e C2. When (n(u), q(u)) is only
in Wh*°(R!), we can approximate (1(u), q(u)) by C? convex
entropy - entropy flux pairs. Then (2.5) holds true for any convex
(1, q)e WH(RY). In particular, we take

n(u) = |u— k|, q(u) = sign(u — k) - (f(u) — f(k)). This verifies
that ug is the entropy weak solution.

Step 2: To prove u%(x,t) — u%(x,t) a.e.

Actually, we cannot expect [0y u®(x, t)[ o (g1) to be finite. But we
can obtain the boundedness of u°(x, t) in BV(R'), i.e. the
L-estimate of O, u°(x, t).



Set P = 0, u®(x, t), then

{atPJra(f’( uF)P)=cd2P
P(x,t = 0) = Po(x) = 8y uo(x)

Claim: 0:|P| + 0x(f ( HIP|) <02 |P).

The proof of the Claim is just the same as what we have done in
§1.8 for Burgers equation. We will omit the proof here.

From the Claim,
/ |P|dX§/ |Poldx < Mp < +o0,
R! R!

e, TVwE(,t) = [p[0xuf(- t)]dx < My < +o0.



By Helley principle, there exists a subsequence {Ej}j'il,aj — 0 as
j — +o0, such that u% — u°, a.e. (by a similar argument and for
the Burger's equation).

Then we go to the next step to give the important L1- contraction
property.

Step 3: Kruzkov's stability estimate (doubling variable argument)

Proposition 2.1 Let u(x, t), v(x, t) be two entropy weak solution
to (2.2) with initial data ug, vp € L°(R'); respectively. Assume
further that |u(x, t)| < M, |v(x, t)| < M, for some M < +o0, then

/St lu(x, t) — v(x, t)|dx dt < /57 lu(x, ) — v(x,7)|dx,



where
Se={(x, )| x| < R},
Se={(n)lIx| < R+ N(t —7)},

N = £ ,
lﬁfg;;l (u)]
and t, 7 ¢ Ef UE], t>T.

Remark: The key idea of the proof of the Proposition is based on
the symmetry of the entropy 7.(u) = |u — k.

x——R—N(t—% X R+ N(t—s)

Figure 2.1




Proof of the Proposition: (doubling variable argument)

Step 3.1 By definition, u(x, t) is an entropy weak solution, then
Vpe(o(Q), ¢=>0,

//o(lu(x’ t) — k| 8e¢(x, t) + sign(u(x, t) — K)(f(u(x, 1)) — f(K)) Ox(x; t))dx dt > 0,

for all ke R,
Now for any positive C* function v (x, t,y,7), we choose

o(x,t) =¢(x, t,y,7), k=k(y,7)=v(y,T),

for any fixed (y,7)e Q. Here we view (y,7) as parameters. Then
integrate the above inequality with respect to (y,7) over Q to get



////QXQ (lu(x, t) — v(y, 7)|0xb(x, t, v, 7) + sign(u(x, £) — v(y, 7)) -

(f(u(x,t)) = f(v(y,7))) Oxt(x, t,y, 7)) dx dt dy dT
>0 (2.6)

Similarly, v(y, ) is also an entropy weak solution. Then for fixed
(x, t)e @, we choose

oy, 7) =v(x, t,y,7), k=k(x,t)=u(x,t).



Then we obtain

////QXQ v(y, ) — u(x, )| 0-Y(x, t, y, 7) + sign(v(y, ) — u(x, t)) -

(f(v(y, 7)) — f(u(x, 1)) dytb(x, t,y, 7)) dy dT dx dt
>0 (2.7)

From (2.6) and (2.7), we immediately get a symmetric inequality

////QXQ”“(Xv t) — v(y, 7)|(0c + 0-)0(x, t,y,T) + sign(u(x, t) — v(y, 7)) -

(f(u(x, t)) = f(v(y, 7)) (O« + 0y )1b(x, t,y,T)) dx dt dy dT
>0 (2.8)



Step 3.2 Choice of the test functions
Let ¢(x,t) e C§°(Q), ¢ > 0. For any h > 0, define

ol tir) =0 (LT ) il = ) an(e = ).

where 05(x) = }(%) is the positive approximation to the Dirac

mass at the origin and §e C°(R'), [ 6(x)dx = 1, the support
of § is [-1,1].

Then

(8f + 8T)¢(X7 t,y, 7_) = 0O ¢(’ ')5h(X - y)(sh(t - T)
(Ox + 0 )(x, t,y,7) = Ox (-, )0n(x — y)on(t — 7),

where (-,-) = (53£, £47). Substitute them into (2.8) to give



o
IA

////onlu(x’ t) = v(y, 7)|0:b(, )0n(x — y)on(t — 7)dx dt dy d7

+////oxosign(U(X7 t) = v(y,7)) - (Flulx, 1)) = F(v(y, 7)) -

Oxd(+, )on(x — y)dn(t — T)dx dt dy dr
= Il + I2.

Now we want to prove

h — // lu(x, t) — v(x, t)|0:p(x, t)dx dt,

b // sign(u(x, £) — v(x, £)) - (F(u(x, £)) — F(v(x, £)))ud(x, t)dx dt,
Q

ash— 0t.



The two quantities are in the same form, so we only need to work
with one of them, say 4.

Note that [[ odn(x — y)dn(t — 7)dy d7 =1, then
h— //Q|u(x, t) — v(x, t)|0rp(x, t)dx dt
— - ////QXQW(X, £) — v(x, £)|9ed(x, )0n(x — y)On(t — 7)dx dt dy dr

- //// vt~ It 6,0

+u(x, f) —v(x,0)| - (0ed(-, ) — Oeg(x; 1))]
Op(x — y)on(t — T)dx dt dy dr
i+ b



Then

|4
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////oxoMX’ t) = v(y,7)[19:4(, )| - On(x — y)dn(t — 7)dx dt dy d7

//// |v(x,t) — v(x — hy,t — h7)]
Qx[—1,1]x[0,1]

1 h
O (X - §hy, t— 27’)
Jo(V).

-0(y)d(r)dx dtdy dr

Let U be a compact neighborhood of the support of ¢. Then for h
sufficiently small, the above integral is taken on a bounded set

U x [-1,1] x [0,1], and the integrant is also bounded by a
bounded function

2M - 10 3(+, M oo - 0(y) O(7).



If v is continuous, then |v(x,t) — v(x — hy,t — h7)| — 0 as

h — 0%. Hence the dominated convergence theorem shows that
Jo(v) — 0 as h— 0", If v is not continuous, then for any small
positive constant 3, we can choose a continuous function w, such
that [[v — wl[;1q) < 8.

Then

Jo(v) < Jo(v =w) +Jo(w) < 2-[[0¢ &(- )] 1o - B+ Jo(w)
= 2:-]|0: ()l ooy as h— 0t

Since f3 is arbitrarily small, we get Jo(v) — 0 as h — 0™, which
implies |J1| — 0 as h — 0.



Also note that J; ¢(x, t) is Lipschitz continuous in t and x and
with compact support. Then as h small enough,

s W////
Ux[-1,1]x[0,1]

0(y)o(r) dx dtdy dr
2M - C - h2//// (ly| + |71)6(y)6(7) dx dt dy d
Ux[-1,1]x[0,1]

< 2M-C-h* meas(U) -0 as h— 0",

dr(x — ) Oro(x, t)

IN

Therefore,

h — // lu(x, t) — v(x, t)| Orp(x, t)dxdt as h— 0"
Q



Similarly,
h— //Qsign(U(X, t)—v(x, t))-(f(u(x, t))—f(v(x,t))) Oxp(x, t)dx dt
In conclusion, we obtain

// u(x, t) — v(x, t)] 0rp(x, t)dx dt + sign(u(x, t) — v(x, t)) -
x, t)) = f(v(x, 1)) Ox¢(x; t)dx dt > 0 (2.9)



Step 3.3 L- Contraction

Let dp(x) be the standard Friedrichs mollifier. Define

Sh(x) = / " aly)dy.

Then Sp(x) satisfies
(1) Su(x)=0, x < —h;
(2) Sp(x) =1, x> h;
(3) Sp(x)=0n(x) >0, 0<Su(x)<1.
-h h X

Figure 2.2



Now for any fixed t,7€[0, T]\(E2 U E?), t > 7, we define for
TIs<t

Xe(x,8) = 1=5(x]— R+ N(s—t)+¢)
h(x,s) = (Sn(s —7) = Sa(s — t))xe(x, s).

Figure 2.3



Then, it is easy to get

Js D5(x, s)

= —N(Sn(s —7)— Sn(s —t))d(|x] — R+ N(s—t)+¢)
+(0n(s — 7) — 0n(s — t))xe(x, s), (2.10)
05 (x, s)

= (Sp(s —7) — Sn(s — t))(—0:(|x| — R+ N(s — t) + ) signx)

(2.11)

Figure 2.4



Substitute (2.10), (2.11) into (2.9) to give
0 < //| %,5) — v(, 5)[(5n(s — 7) — 6n(s — £))x=(x, 5)dx ds

//[\ u(x,s) — v(x,8)[(=N)(Sn(s — 7) — Sn(s — t))

de(|x| = R+ N(s — t)+5)
+sign(u(x, s) — v(x,s)) (f(u(x, s)) — f(v(x,5))) -
(Sn(s — 7) — Sh(s — t))(—signx)d(|x| — R+ N(s — t) + ¢)]dx ds
I1 + I2.



It is clear that
b
= // |u(x,5) — v(x,8)[(Sh(s — 7) — Sh(s — t))0:(|x| = R+ N(s — t) +¢)
{_ N~ (sign0) f(ulx,s) = F(ves)] 4 oo

u(x,s) — v(x,s)

< 0.

where we have used the fact N = max), <y 1 (u)|.

Therefore, it yields

h = // u(x,s) ) (0n(s — 7) — 0n(s — t))xe(x,s)dx ds

>



That is
// lu(x,s) — v(x,s)|0n(s — t)xe(x,s)dx ds
< / / lu(x, 5) — v(x, $)|0n(s — 7)xe(x, 5)dx ds.
Let h,e — 0" to reduce

/ lu(x, £) — v(x, £)|dx < / u(x, 7) — v(x, 7)|dx.
Ix|<R [x|<R+N(t—7)
(2.12)



After let 7 — 0T, we obtain

/ lu(x,t) — v(x, t)|dx < / |ug(x) — vo(x)|dx. (2.13)
Ix|<R

[x|<R+Nt

This is L1-Contraction of weak entropy solutions of (2.2).
Certainly, uniqueness of the weak entropy solutions can be deduced
from L['-Contraction.

Remark: In the stability argument for (2.12), there was no
requirement on the weak entropy solution except that v is bounded
measurable. However, for the existence, we assume ug e C°(R').
For general L™ initial data, one can use the [1-contraction to
approximate up by a sequence uf € CSO(RI).



§2.3 Existence by Weak Convergence Method

As shown in previous sections, when one deals with existence of
weak solutions of conservation laws or other PDEs, the usual
strategy is to construct approximate solutions for them. Then a
priori estimates and compactness discussions for approximate
solutions are crucial parts. Certainly, strong convergence is always
good thing. However, strong convergence is not always easy to
achieve. In most cases, we only have weak convergence or weak - *
convergence in LP-space (1 < p < o0). What we are concerned
with is whether weak or weak - * convergence guarantees the
global existence of weak solutions. The answer is decidedly
negative in general. We give some examples to illustrate the point.



Consider a scalar equation:

{8tu+8(a( t)u) =ed?u, xeR', te(0,T),
(x,t =0) 0(x)

where a(x, t) e C1(R' x [0, T]) for instance. Then maximum
principle gives us an estimate on the approximate solution v®, that
is,

(2.14)

0 e R0,y = C(T t0):

We have
¥ 20 in (R % (0, T)).

Then it is easy to see that u%(x, t) is a weak solution of the
following equation:

{ O u+ Ox(a(x, t)u) =0,
u(x,t =0) = up(x).



Indeed, since
u® Orp + a(x, t)uf Oxp)dx dt = —¢ uf 92 dx dt,
( ;
Ve G(R x (0, T)),

as € — 0T, we get it. This argument works just because a(x, t)u is
linear. Now, for the equation

_ 92
{ Ot u+ 0x f(u) = €02 u, (2.15)

u(x,t =0) = up(x),



We still have
|U€’L°° <C

due to the maximum principle. Then
vt > in (R x (0, T)).

The question is whether u® be a solution to (2.15) with ¢ = 0? Or,
under what condition, we can obtain that there exists a
subsequence {u%} of {u®} such that

f(u) — f(u) (2.16)

in the sense of distribution?



Some weak convergence methods are introduced to deal with this
problem. The basic idea of weak convergence method is to get
(2.16) without touching hard estimates. Compensated
compactness is one kind of weak convergence methods in essence,
which was introduced by L. Tartar and F. Murat in the end of
1970's. As we shall see, it is an efficient tool provided that the
system has a sufficiently large number of entropies. This is the
case for a scalar conservation law and also for 2 x 2 systems. On
the other hand, since it needs more entropies, compensated
compactness method has its limitation for more extensive
applications for general systems.



In this section, we first give some preliminaries in §2.3.1, including
some well-known inequalities and compactness theorems.
Subsection §2.3.2 is about Young measures. Then we prove div-curl
Lemma in §2.3.3 and finally, in §2.3.4 we give applications of the
compensated compactness method to general conservation laws.

§2.3.1 Preliminaries

In this subsection, we first give some well-known facts, then we
give a proof of two theorems on compactness of measures.



Fact 1. Gargliardo - Nirenberg - Sobolev inequality

Let1<g<n, q"= 'f’q. Then

n
||f||Lq*(R") < CHVfHLq(R")-
Suppose 2 < R" be a bounded open domain. Then we have

Fact 2. If f e W19(Q), then
o) < C(Q 0 p)[fllwra), 1<pP<gq"

Fact 3. If ¢ > n, then W19(Q) imbeds into C(2) compactly.



Fact 4. (Rellich’s compactness theorem)

Let {fx};=; be a bounded sequence in W9(Q), then {f,}7° is
precompact in LP(Q), 1<p<qg*

Fact 5. (Weak compactness of Measures)

Let {px} be a bounded sequence in M(2) (space of bounded
measures). Then there exists a subsequence {1} such that

fi, = in M(Q),

/apd,uk—>/godu, Ve C(Q).
Q Q



Theorem 2.3 (Compactness of Measures)

Assume that {p}po is bounded in M(2). Then {p}%2 is
compact in W=19(Q),1 < g < 1* = -~

- n-1-

(W~19(Q) is the dual space of Wol’q/, % + % =1).

Proof:
Step 1. By the weak compactness of measures (fact 5), there must

be a subsequence of {y};-, which we still denote by itself, such
that

Pk — g in M(Q)7

(Nka¢> - <M> (b)a V¢6C0(Q) (217)



Step 2. We need to prove
ik — pllw-ra@) = 0 as k= +oo (2.18)
By definition of the norm of W~19(Q), one has

”Mk - MHw—l,q(Q) = sup , ’<,Uk - /.L,¢>|,
$eBrC W,

!
where Bj is the unit ball in Wol’q .

Since g < 1* = -1~ q > n, it concludes that B; C Wol’q is

n—1?

compact in Cp(2). Thus, for any ¢ € By, one has from (2.17)

<Mk,¢> - <AUJ7 ¢> as k — 400



However, this is not enough to get (2.18), which needs the

!
convergence is uniform on ¢ € By. Note that By C Wol’q (Q) is
compact in Cp(R2), so for any £ > 0, there exists a e-net, that is,

there exists a N(¢) and a sequence {¢k},l<vfl) C Gop(R) such that

. ]_’q/
i 6= el S5 VOB C W@ (19)

Then, for any ¢ € By, we first choose a function
pie Co(Q)(1 < i< N(e)) satisfying (2.19), then choose K > 0
large enough such that when k > K

(ke — 11 ¢i)| < e.



Consequently,

[k — 0 )| < (ke — 1, & — 0i)| + [ — 1, 91)|
< 2elimpoolik] + €= (2M + 1),

where M is the bound of {px}. Due to the arbitrary smallness of
e, we have

sup (k= p,9)| =0 as k= 4oo.
peByCc WHY

This proves (2.18) and the proof of the theorem is finished.



Theorem 2.4
Assume that

(1) {f}32 is bounded in W=1P(Q), p > 2;
(2) fx = gk + he.  {gk}r—q is bounded in M(Q), and {h};2; is
precompact in W~12(Q).

Then {fc}72 is precompact in W~12(Q).
Proof: Consider

{ —Au = fi, x€f,

2.20



By standard elliptic regularity results, one has u; ¢ WP(Q).
Decompose uy, = wy + vi such that

{ _AWk:gka XEQ?
wiloq = 0.

{ —Avg = h, xe,
viloq = 0.



Since {gx} is precompact in W~19(Q) for
1 <q<1"= "5 {w} is precompact in W9(Q) for 1 < g < 1*.
It is also clear that {v,} is precompact in W12(Q). Therefore, one

. . 1, x _ .n_
has that {uy} is precompact in W>9(Q), 1<qg<1* = _"3.

n

From (2.20), {f} is precompact in W~19(Q). Noting that
W=LP(Q) ¢ W12(Q) ¢ W19 for g <2 < p, and {f} is
uniformly bounded in W~1P(Q) by assumption, one easily get {f;}
is precompact in W—12(Q) through interpolation. Note that one
has used the fact that p/ <2 < ¢ = W19 c W2 c whr' —
w-tp c w12 c w-ba,



§2.3.2 Young measure

In most of weak convergence methods in PDE, usually we take the
approximate sequence and weak convergent subsequence argument
to find a weak limit, and try to prove the weak limit is the solution
to our problem. But the main difficulty which we deal with is the
convergency of the nonlinear effects, that is , the weak
convergency cannot apply to the nonlinear composition of the
sequences in general. So we rise the following question:

If the sequence fi is bounded in L*°(Q2; R™), is there a subsequence
fkj which is weak - * convergent to f so that, for any continuous
function F e C(R™), we have F(fy;) — F(f) in the sense of
distribution?



One of the accessible way is to work with Young measure. It is
rigorous for such a work because it gives an explicit form of the
weak limit provided that we know the Young measure. Also it is an
efficient tool to study concentration oscillation.

Theorem 2.5 (Existence of Young measure)

Assume that {fi} is uniformly bounded in L>°(€2; R™). Then there
exists a subsequence {fi.} of {fs} and for a.e. x€(, there is a

Borel probability measure v, on R™ such that for any continuous
function F e C(R™), we have

F(fy) = F(x) = /R” F(y)duve(y) weak- x convergent in L°°(Q; R™).



We call dvx(y) is a Young measure associated with {fy }. First we
give some remarks for Young measure.

Remark:

1. This theorem is nontrivial because it gives a representation of
the weak convergence.

2. If K C R™ is a compact set such that fx(x) e K for a.e. xeQ
and all k, then the support of the Young measure suppry C K for
a.e. xefd.

3. One sufficient condition to give a positive answer to the
question is that vy = d¢(x)(y) = (y — f(x)). Furthermore, the
following proposition says that we can take limit for a.e. x €.



Proposition 2.2 Suppose the measure dv, is a unit point mass for
a.e. xef, then f, — f a.e. and F(fy,) — F(f) a.e.

Proof: Suppose fi; X f weak - x in L(; R™). Since duy is a
unit point mass, dvy(y) = 6(y — g(x)) dy. Take F(y) =y and
apply the Theorem 2.5, we get

i, =7 = [ y6(y — g(x))dy = g(x), that is g(x) = £(x) and
dvy(y) = 6(y — f(x))dy.

Now let F(y) = |y|?, then

]2 2 |y = [1y126(y — f(x))dy = |F(x)|?. Assume Qs a
bounded open set and xq is the corresponding characteristic
function of Q. Then yqe L}() and

1oy = [ 15 00xa(d = [ 1F200xa()ek = [ ey



From this and the weak - * convergence fkj X fin L>(2; R™), we

deduce that ||, — f||L2(Q) — 0, which implies fi, — f a.e. x €.

Proof of Theorem 2.5: We follow the standard measure theory
to find Young measure by taking projection of some product
measure constructed by the sequence.

Step 1: Define a sequence of measure ux on Q x R™ by
1k(E) = Jq xE(x, fi(x))dx for any measurable subset E of
Q x R™.

Then d puk(y) = 0(y — f(x))dx and |pk|(2 x R™) < Ln(Q2) for all
k, where L,(Q) is the n-dimensional Lebesgue measure.

By the weak convergence of measures, there is a measure
pe M(Q x R™) such that g, — pin M(Q x R™).



Step 2: Let o be the projection of i onto €, i.e.,

o(E) = u(E x R™) for any measurable set E C Q. We claim that
o is actually an n-dimensional Lebesgue measure, that is,

o(E) = Ln(E) for all E C Q measurable.

First, for any open set V' C £, by the weak convergence of
measure, we get

o(V) = u(V x R7) < liminf i (V x R™) < Lo(V)

hence o < L,,.

Conversely, since {fi; } is uniformly bounded in L>°(€2; R™), there is
an R > 0 such that

supp g = {(x,t)e Q2 x R™ d((lﬁ;) (x,y) #0} C Qx B(0,R). Then
for any compact set K C €,




o(K) = u(K x R™) = u(K x B(0,R)) > limsup uux, (K x B(0, R)) = La(K)

kj~>oo
hence o > L,. This proves the claim.

Step 3: By slice measure theorem, we can find a Borel probability
measure v, on R™ such that

[ ctxndutern) = [ [ 6xpdninds @2

for all continuous bounded function G on Q x R™. We state the
slice measure theorem as follows.



Theorem 2.6 (Slice measure theorem)

Let 41 be a finite Radon measure on R™*". Let o be the canonical
projection of 1 onto R". Then for a.e. xe R", there exists Radon
probability measure v, on R™ such that

(i) the function x — [pn G(x, y)dvx(y) is measurable with respect
to o.

(ii) me+n G(x,y)dp = [pr [pm G(x,y)dvy(y)do.

This theorem is well-known in measure theory and we omit the
proof.



Step 4: The only thing to do is that the Borel probability measure
vy found in Step 3 is the measure we required. For any
e Co( ) FeCo(R™), we want to prove

[ &(x) F(fy) da—>fRn£(x F(x)do.
In (2.21), we choose G(x,y) = &(x)F(y), then

lim /5 F(fi)do = lim /f y)dpuk(x,y)

kj—o0 kj—o0

=/§ y)du(x,y)

- // ECF(y)dux(y) do
= /5 F(x)do

therefore F(fy;) SF in L°(Q; R™).



§2.3.3 Div-Curl Lemma
In this subsection, we consider the question as follows:

If {vi},{wk} are two bounded sequences in L?(Q; R™). Assume
that v — v in L2, wx — w in L2. When vj - wy converges to v - w
in the sense of distribution?

In most of previous analysis we may assume much stronger
conditions on convergence, such as D vj converges weakly in L.
Div-Curl lemma gives less conditions on the derivatives of the
sequence, which is convenient to checking the convergence in
various problems such as conservation laws and fluid mechanics.



Theorem 2.7 Let Q be a bounded set in R". {v}, {wk} are
uniformly bounded sequences in L2(Q; R") and v — v in
L2, wy — w in L2, Assume further that

(i) div vk = D71 Oy, V,Ei) is precompact in W~12
(i) curl wy is precompact in W =12 (curl wk); = Ox, w) — Ox; W,Ei).

Then vi - wx — v - w in the sense of distribution.



Proof: The main idea is to separate wy into divergence free part
and exact in gradient part by Hodge decomposition so that we can
apply (i) and (ii) to each term multiplying with v to show the
convergence.

Step 1: Consider the Laplace equation

{ —A U = Wg
uk|aQ=0

Since wy is bounded in L2(Q), from the elliptic regularity with
assuming the boundary 9 Qe C2, we obtain that uy is bounded in
W22 (Q).



Step 2: Let zx = —div uy be a bounded sequence in
W12 (Q), yk = wx — Vzx be bounded in L2 (). We claim that y;
is compact in L2 by (ii). Indeed,

yW = (o u)D + oy (divu)
= —8)29 UI((i) + aX,' an U&l)
— 0,0 u) — 0, )
= Ox(curl uy);

from the fact —A(curl ux) = curl(—A ug) = curl wy is precompact
in W=12(Q), curl uy is compact in W12 (Q) by the elliptic theory,
hence yj is compact in L2 (). Also zj is compact in L2 ().



Step 3: Taking a subsequence of z, yy, still denoted as zx, yx
respectively, such that

z — z weakly in W12 (Q), y, — y strongly in L%(Q),
ue — u weakly in W22 (Q)

—Au=w

ulpa =0
since all the involved terms are linear. Then we go to prove this
proposition.

then z = —divu and



Step 4: For any ¢ e C3°, we need to show that

/Q(vk-wk)godx—>/9(v-w)g0dx

Now wy = yx + Vz, substitute into the integral on the left hand
side and then take integration by parts, we get

/vk-wkcpdx

Q

= /vk-yk<pdx—|—/ vk - Vzi o dx
Q Q

= /vk-ykgodx—/divvkzkcpdx—/ Vi - zk Vip dx
Q Q Q



The first integral fQ Vk - Yk @ dx converges to fQ v -y pdx for

vk — yin L2(Q) and vx — v in L2(Q). The third integral

— Jo vk -z Vpdx — — o v-zVpdx for ze — z in L*(Q). The
second integral converges to — [, divv z ¢ dx by (i) since

—/ divvk-zkgodx—i-/ divv -z pdx
Q Q

= /(divv—divvk)zk<pdx+/ divv(z — zx) p dx
Q Q

— 0

and z, — z weakly in W12(Q). This finishes the proof of theorem.



§2.3.4 Application to scalar conservation laws

Employing the div-curl lemma, we consider the following scalar
conservation laws

O U + 05 F(UF) = €02 1°,  u¥(x,t =0) = uj(x), (2.22)
Oru+0xf(u)=0, u(x,t=0)=uw(x). (2.23)

Without loss of generality, we assume that
’U€|L00(K) < Cl(K), Ve K £€0- (224)

g// 10, u*[2dx dt < Go(K) (2.25)
K



where K = Rx (0, T). So we can extract a subsequence {u*}.7 ;,
such that there exists u® ¢ L°(K) and

u* — u®  w-x in L°(K)as e, — 0.
Now we want to know whether u° is a weak solution to (2.23).

Since uf is a classical solution to (2.22), multiply (2.22) by a test
function and do integration by parts to deduce

Ve Cgo(RY x [0, T]), suppy C K,
—// (Orp U° + Oxp f(ue))dxdtza// D2 uFdx dt.
K K



Since 0y, Oxp, 02¢ are bounded and have compact support, it
follows that the first term on the left hand side tends to

— J[ 1k Or u°, and the right hand side tends to 0 as 4 — 0. Hence
u9 is a weak solution iff [[ Oy f(uf)dx dt — [[ Oxp f(u®)dx dt,
i.e. u®is a weak solution iff f(u®) — f(u®) in the sense of
distribution. In most cases, the question is whether v — 19 a.e.
(x, t). Therefore, the question becomes whether the Young
measure associated with the weak convergence is a Dirac mass.

Theorem 2.8 Under (2.24) and (2.25), and f ¢ C}(R'). Then u°,
the weak limit of u®*, is a weak solution.



Proof:

Step 1: Let v, 1)(y) be the Young measure associated with the
weak convergence. Then

F(ue)ﬁF:/F(y)dV(m(y), VFeC(RY.
In particular,
e u:/ydu(x,t)(y)7

Fus) fz/f(y)dwx,t)(y)-



Step 2: Compensated compactness (Div-Curl lemma)

To apply the div-curl lemma, we will construct two sequences of
functions, namely {v} and {wy} using (2.22).

First choose v = (u*, f(u*)), then div v = g4 O2u°*.

Let (n(u), g(u)) be a C2- convex entropy - entropy flux pair, i.e.
Vn - Vf =Vq and V?3(U) > 0, then
Oen(u%) + Oxq(7) = £ Rn(uF) — & V2(u°) - (8xu7)*,



Now we choose wy = (—q(u®), n(u®v)), then

curlwy = 9en(u™*) — di(—q(u™))

= 0Om+0xq

= ek Oxn(u) — ek V2(u™) - (9xu+)?
fx + hyg.

It can be easily seen that {v,} and {w} are bounded in L?(K).
Claim: div v, is precompact in W—12(K).

Proof of the claim: V6 ¢ Hi(K) = Wy ?(K),

(div v, 0 //dlvvk dedt—ek/ 82 u®x 0 dx dt.



Integrate by parts to give

// O Uk 0,0 dx dt‘
K
1 1
) 3 ) H
€k <// (Oxu®r) dxdt> <// (0x0) dxdt>
K K
1
£k |2 ?
ol [ [ o P axat) - gy

|{div vk, 0)] = e

IN

IN



Since @ is arbitrary,

1
div v |y —1.2 < &x O Ut |2 dx dt i
W12(K)
K
%
= (ex) (sk// |0 x| dxdt)
K

— 0QOaser — 0.

Nl=

by (2.25). This means div vy is precompact in W~12(K).



Now we consider wy with curl wy = fi + hi. A similar proof to
that for div v shows that f, = g, 92n(u®*) is precompact in
W=12(K). And hy = —e, V23(u)|0xu|* is a bounded
sequence in M(K) since

// |hi| dx dt < e C(K)// D u® 2dx dt < C(K) Go(K) < 4.
K K

So by the compactness theorem of measures, curl wy is precompact
in W=12(K) if curl wy is bounded in W=19 g > 2. This is true
because ||u®¥|| o (xy is uniformly bounded which implies that
0n(uf%) + Oxq(ufx) is uniformly bounded in W—1°(K).
Therefore, curl wy is uniformly bounded in W~19(K) for any
qg>2.



Then we can use the div-curl lemma and have
Vi - wg — v-w in the sense of distribution
where v = (%, f), w=(-q,7). Thatis
—F(uF)n(u*)+u g(us) — —F7+u®G  in the sense of distribution

(2.26)
Step 3: Tartar's commutative relation

By Young measure theorem,

— f(u™)n(u™) + v q(u™) — —f(y)nly) +yaly)
= —f)nly)+yaly) (227)
in the sense of distribution




Comparing (2.26) and (2.27), we have

—f(y)n(y) +yaly) = —n(y) - f(y) + * q(»).
By definition, it reads
[ =101 dvgm) + [y a) de )
- - / F(y) dvgey(y) / n(y) dvi(y) + o0 / a(y) dven (v).

then we rewrite it into a compact form

(F = Omv) +{(y — u*)g,v) =0,
or ((f—Ff)n+(y—u’)gq,v)=0. (2.28)



Although we have assumed (7, q) € C2 in deducing (2.28), it
actually holds for general convex (7, q) through approximation
procedure.

The equation (2.28) shows that (f — f)n + (y — u®)q must vanish
on the support of v, . But it is not enough to prove the strong
convergence. We will analyze the support of v, 1) in the following
step.

Step 4: Reduction to the Dirac mass by choosing special
entropy-entropy flux.




Case 1: Convex case, i.e. f > 0.
We fix any (x, t) and denote u = u®(x, t). Then choose

m(y) = fly) = f(u) — £ (u)(y — u),

so that qu(y) = [ (£ (€))" d€ — £ (u)(F(y) — F(u)), and
V2n=f"(y).

Substitute (71, g1) into (2.28) to give

0 = ((F=FO(F(y) — Fu) = F (u)(y - u)
+(y - U)/ (F(€))de — (v — u)f ()(F(y) — F(u)).)
</1 + b+ /3, I/>. (2.29)



We rewrite /1 as
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Then by (2.29),
(=(F(u) = £ +(F=F()my) +(y—u) /y (F(€)) de.v) = 0.
That is

(@) — 10D +0-0) [ (7O der)+(F~Fw)m.v) =0,



Noting that

4 ’ 2
(@) = )+ (=) [ (F(©)den) 20,
which follows from the Cauchy - Schwartz inequality, one has

<(? f(u))m(y),v) <0, e
<0.

Since f is convex, we have f > f(u) and 71(y) > 0. Thus either
f—f(u) =0or (nm(y),v) = 0. In the first possibility, together

with the convexity of f, we must have v, ;) = 6(y — u). In the

second possibility, we also have v, ;) = d(y — u). Therefore we

always have v(, 1) = 6(y — u), and then u® is a weak solution.



Case 2: f is not convex. Here we will use Kruzkov's entropy.

Let n(y) = |y — ul, so that q(y) = sign (y — u) (f(y) — f(v)).

Tartar's commutative relation also holds for this (7, g). And (2.28)
reads

0 = ((F=FWly —ul+ 1y — ul(f(y) — f(u)),v)
= ((F=f)ly —ul,v)
= (F=fWNly —ul,v).
So either f = f(u) or (|y — u|,v) = 0. But in the second
possibility, ¥ must be a Dirac mass, v = 6(y — u), and f = f(u)

follows immediately. Therefore we always have f = f(u), and this
implies 19 is a weak solution.

The proof is complete.



We conclude this section and this chapter by the following remarks.
Remarks:

(1) One can see from the previous proof that when f is convex, the
Young measure v must be a Dirac mass. However, when f is not
convex, we may have f = f(u) but v is not be a Dirac mass.

(2) One can also see that the existence of entropy is crucial in the
proof. Actually, this method is applicable to 2 x 2 systems but only
for some special n x n(n > 2) systems. For general n x n systems,
the existence of entropy is a very difficult problem because the
systems determining the entropy and entropy flux is usually
overdetermined and has no solution.



