
Real Analysis 20- H - 27

• Vitali convergence Thm .

Def . ( Unif . Integrability)
Let Ifn ) e hitch

.

We say Cfn ) is unit . integrable
if

① sunpftfnld.tt so .

② V-E > 0 , I f > o such that

↳ Ifni du se if EEM, MEEKS , neat.

-1hm 4.27 ( Vitali convergence -1hm)

Let thx ) so and f-ne ITH)
,
nai

.
Assume

① fn → f a.e
.

② ( fn ) is uniformly integrable
.

Then f-n → f in Eau)
,
i.e

. flfn- ft du → o
.



Proof . Rete > o . I 8>0 such that

sunpfglfnl.dk SE if KLEISS
.

( o )

By Fatou lemma, if MEK -8
,
then

↳ Ifl dm = feeling. tfnl DM

£ thing f⇐lfnl du
SE

.

(2)

Since H( X ) so
,
fn→f a. e , by Egrov -1hm,

7- A EM with H(A) as such that

fn Is f- on XIA .

Hence I NEAT such that

ffncxs - fcxslse if XENA ,
n > N

.



Now for NZ AT
,

[ Ifn - ft dm = fxytafn-ffdntftfn-fld.luA

E E .pe/XfAltfAtfnldlu-fAtfldM
§ E . fU(X) + 2E ( by Nanda)

Hence we obtain the desired result
.

Dk



Chap 5 . Radon - Niko dym Thin
.

§ 5. I Signed measures ( FFF l 'RE )
.

Def . Let ( X
,
M ) be a measurable space .

A function fu : M → HR is said to be

a signed measure if

µfEJ= ⇐ µ( En ) if ( En) is

a partition of E
,

t E EM
.

( i.e . En EM
,
nzi

,

are disjoint subsets of E
with Unni

,

En - E )

Remark : as It is clear that M(01=0

also Hulk ) Isis .

Hence a measure ft may be not a signed
measure .



Def .

Given a signed measure tie on ( X, M)
,

the total variation of H is

1H ( E ) : = sup { EE
,
Huf Ent :

(En ) is a partition
of E }

9

tf EEM
.

Remark : Hel ( Er ) E ful lez ) if E. EEL
.

Prop 5.1 If µ is a signed measure on ( X
,
ML
,

then its total variation IN is a finite
measure on ( X

,
M)

.

Pf . first notice that flat (01 = o .

Next we prove that

IMI (E) = EI , IMI ( En ) if ( En) is a partition
of E .



Let us first prove the countable sub - additivity .

1 MICE) E EI ful (En ) if (En ) is a partition
of E .

Let (Ak ) be a partition of E .

⇐ 1 MAN I = II / EI Mf Ann Enl /
E EY

,
EY / Ml Ann En ) /

= ET
,
EY

,
/ HC Ann En ) /

E EI Hut ( En )

Taking supremum of all partitions (Ar) of E gives

Int ( El e NE 1H ( Enl
.



Next we prove
IMI CE) Z EY

,
Imf (En)

,

ht a patina
( En) of E

clearly if IMI (En) - b for some n
,
then

fluke) Z IMI ( En) -b , so the inequality
holds

Now we assume that 1H ( En ) s is for all n .

Then for each n , I a partition (Ent) n of En
such that

full En ) E (EI / Ml Enki / ) + in . e
Hence

Eni
,
Hutten) e (EI EI INEGI) t e

(Notice (Erik! n.es
,
*is

a partition of E)
Hence I

,
ful (En) E Int ( E) t E .



We obtain

EI Iml (En ) Ellul CE ) ,
since E. so is arbitrary . .

Next we show that ful (x) so ,

we need the following .

Lem 5.2
. If fluff E) = is for some E EM

,

then I A
,
B EM

,
AUB - E

,
A
, B are djoint,

such that

IMLAY ,
I MCB) I 31 and fluffAl - o .

We postpone the proof of Lem 5.2 Until we

complete the proof of prop 5- I .

Now suppose on the contrary that



t.lu/( X ) ⇐ is .
Then by Lem 5.2

,
we can find a partition
{ Ai , B , } of X

such that

µAi ) 131, flu ( Bill 71, Hull Ai ) =D
.

×

Using Lem 5.2 again , we can find a partition
{ As , Bz } of A ,

such that

IMANI
,
1mLBbl H, ful ( Az ) - w

.

Continuing this process , we can find a

sequence of ( Bn ) such that



they are disjoint , and

µ(Bn ) I 21 , it n
.

Now take D= ⇐ Bn
.

Then

HLB) = Et MLBn )
However

,
the series in the RHS diverges since

ful Bnl l X o
.

It leads to a contradiction . He

Pf of Lem 5.2
..

Let t so .

Since fluffE) = is , I a partition (En) of E
such that

w

E /µ(En ) / > t .

a- I

⇒ a large At such that



It
,

talent I > t
.

We rearrange the sets En such that

MfEid
,

. .

; them) so
and

µ ( Emm ) , - e -

,
h(EN ) so

Heme
I NCE , it . . . -1 NCEmy t I frftmti ) t -" t KLEMM
= til men 't s t

WLOG
,
we assume that

I tutti ) ti . - t te CEm) I > th
.

Then take A = E , u . . - v Em

B - EIA .

Clearly INA) I ? th
,

( Hl B) I =/ HEI -MAY Z HAH - INE't



z E - INE ) I
Take a large t such that

I - fulfil > I
.

Then
HUAN

,
I MLB) I > I

.

Notice that

← IMRE ) = full A) t full B)

So one of INKA) , IMI ( B ) is a
.

ahh



Prop 5.3 .
Let ( X

,
M
,
m) be a measure space .

Let ft L'ful . Define
' AGE I - Je f dm , EE M

.

Then ① d is a signed measure on ( X, M ) .
② The total variation Idl of d satisfies

IN (E) = JE Ift dm , Eth .

ipf . Clearly di M → KR is well - defined .

Let E EM and ( En) be a partition of E .

Then HE = this FIXER
By the Dominated Convergence Thm ,

↳ f- die = SHE f du
= hey, / Eh

,
XEhf du

= this. EI ftp.fdh



That is
,

NE) = thing. ÷ ,
Henk )

= II MEK) .
Hence d is a signed measure on ( X, M) .
This proves ID .

Next we prove 41 , i.e .

µ ICE ) = See If I dm ,
EE M

.

Let E EM
. Let (En ) be a partition of E

Then

⇐
,

I N Ent I = Ei
,
I fEn f dm /

E FI
, Sen Ifl dm .

Taking supremum over all partitions ⇐n ) of E



gives

Idl (E) E ET Sen Ifl dm .

On the other hand , let

A = { xEE i fcx , so } ,
B = f x c- E : fan so I

.

clearly { A , B } is a partition of E .

Html - I Saf dm I
= JA Ifl DM

IdfB) I = I SB I dm I
= / fB Ef ) dm I
= Jpg C- f) dm

= Spo Ifl dm



So

INA ) / t INB) I = SA Ifl dm
1- SB Ifl dm

= ffxatxiz ) Ift du
= f XEIFIDM
= Jet ft dm

since

IM (E) Z IMAI It IXCBII (since { It , B}
is a patina
of E )

we obtain

HICE ) Z SE Ifl dm
.

178


