
Real Analysis so - lo - 16
.

• Regularity of Riesz measures

Def . Let fl be a Borel measure on a topological
space X . A set E e X is said to be

outer if

HE ) = inf { NG) : G is open, Go E}

we say that E is innerregular if

HE) - sup { luck ) : K is compact ,
ke E )

.

• Moreover
,
we say miser if

all measurable sets in X is both outer and

inner regular with respect to pl .



Prop 2.9 .

Let A be a positive linear functional
on a LCH S X

.

Let µ= Ha be

the rpiiesz measure associated with A .

Then the following hold :

(1) Every set in X is outer regular .
③ Every open set in X is inner regular .

(3) Every measurable set with finite measure

is inner regular .

Pf . ( it follows from the definition of pl .

Next we prove e) . Let G- ex be open .

Recall that

tuff ) = sup { Nfl : f- s G }
.

= sup { f×fdµ : f s G }

E sup { luck) i k compact, keGJ



( Reason : for given f s G , take K= suppff)
.

then

f×fdµ E Mlk) since fe Xx )

Now we prove (3) , lie every
measurable

set of finite measure is inner regular .

Let A EX be measurable and pet A) sis
.

Let E > o
. Pick an open G- such that

G- 2 A and

µ ( G ) s MCA ) t E .

By the additivity of µ , we obtain
'

µ( GIA) = MLG) - full Al se

( we used the assumption
HCA ) so )

pick another open G ,
3 GIA such that



tuff , ) E H (GTA ) te s ZE
.

Now observe that

A = G)( GTA )
I G) Ga .

Also we have

A = (G)Gi ) u ( AUGHT ))
= ( a- IG) u ( # Yatai)
= ( GIG .) u (Ar (G' w Cti ) )
= ( GIG .) u ( An Gi ) ( since A - G )

Henle KAI E te(GIG ,) t th GMA)
E Marfan) t Hai)
S H(Gl Gi) t 2 E



That is
,

M(GIGI ) > HA) - 2e .

Next we pick a compact KEG
such that µ (Gtk) SE .

Notice that

(KIG . ) u ( Gtk ) Z GIG ,

So

th Klan) t te( Gtk ) Z thatGi)
> NUH -2e .

Heme

peg Klay ) > HLA ) -2E - µ(Gtk)
> MA) - 3 E .

Notice that A s GIG ,
3 KI Gi

,

Hence I = KIG ,
is a compact subset



of H such that tells ) Z HLA) - 3E
.

This proves ( 31 . NIH

Prop 2. to
.
Let µ be a Riesz measure on

a Lotts X which is o - finite with respect to
µ .

( i.e . X = Uj Xj with H(Xj )as)
Then the following hold :

it for any measurable E EX and E > o
,

there exist an open set G and a

closed set f so that

F e EEG , and M( GIF) se
.

③
.
For any measurable set E EX ,

there

exists a Gg set A and a fr set B
such that Be E e A and fu ( AIB)=o

.



Consequently , Mc is the completion
of Bx

.

(3) Every measurable set is inner regular .

Recall that a Gg set is a countable intersection

of open sets ; a Fr set is

a union of countably many closed
sets ) .

Pf . Let Ee X be measurable
.

Let X - Y Xj with µ( Xj ) so .

Write Ej = Xj n E .

Then

µLEj ) so . Now let E > o .

Pick open set Gj 0 Ej so that

µ( Gjftj ) s e z?



is

Let G- = U Ej
.

j =/

Then GIE = ④ Gj ) IE

e y IED
Hence

Hafele ENGIE;) s E. E 25 E
.

j

Using a similar argument for E ?
we can find an open G, o E

'

such that

µ ( G. ICE4) se .

Notice that G)⇐ C ) = E n E
p I

= E)G:



set F- Gi . Then F is closed

and

Eff = G.IE '
Hence µ( EIF) se .

Since f e EEG ,

we have

µ( GIF) =µ( GIE )tM(Ett )
< 2E

.

( because GIF -_ ( Gl E) U ( E

This proves ( it
.

Next we prove a) . By Cl )
,
we can find

open sets ( Gn) , closed sets ( Fn ) such that

Fn E EE Gn
,

n C- IIT{ H ( Fn) Fn ) s 2-
h



Let A = An Gn .

B = Un Fn .

Then A is a Gs set and B is a Fr set
.

clearly Be EEA
,
and

µ ( AIB) E HC Griffin) s In,
which implies that B) =o .

This proves (2) .

Finally we prove (3) . It suffices to prove

sup { luck) : k compact , KEE } =D

if MEI - tis .

For this
,
let X = Y Xj with µ (Xj ) so



Letting Ej = E n Xj
,
we have

is

E = U Ej
j = ,

Hence feel
,
Ej ) = 0 ,

which implies

µ ( ft
,
Ej ) → is as N→ w

.

µC Ej ) so,
Now for each N,¥Vfind a compact
kN e ft , Ej with

luck a hit
'

Ej ) - fi .

→ + is as N→ b
.

EA



§ 2.5 .
Lu sin 's Thin

.

Thin 2.12 .

Let µ be a Riesz measure on

a KHS X
.

Let f : X → II be measurable such

that f vanishes on A
'

for some measurable set
A with finite measure.
such that

Then for any e > o,
7- g. E Cc (X) ,

µ { x : fan # gun } se .

Pf . Writing f - ft - f- , we may simply assume

f- is non- negative .

Also we may assume f is bounded and

A is compact by an approximation argument .

Dividing f by a large number, we may assume

'

off < I .



Next we construct simple functions Sn T' f
.

Such that for n -- I
,
2
,
. . .

,

Snax ,=/
' it ⇐ fans in"

for j=o, I, . . ; E. n - I ,
n otherwise

.

Notice that six , = I or o and

Small - Sh
. ,lx ) = In or co for nzz .

Letting Souto, then
I

shall - Sm ,
CX ) = I Ten

G )
,
n 21

,

where Tn is the set of points x at which
5h41 - Sh - INI = In .

Notice that The A
.

(because on Ac
,
fall =o So Shako )



Next notice that

•

fix , = E. , Sn.CH - Shiki )
= IT IT . Xena ) .

µ

Since A is compact , we can choose an

open set v such that

A - V
,
T is compact .

Now Let E > o . For each n
,
pick an open

set Gn and compact kn such that

Knc Tn e Gn TV

so that till Gnfkn ) s ÷ .



By the Urysohn lemma , I hn C- GCX )

kn s hn s Gn

Now we define

g= Et # hn
.

Hence GE GCX) . ( Became g - o on F
'

)
Notice that

fin = X. Tn except on the set Gnfkn .

( Sina on kn
,

h,n=XTn=1
on GE

,
hn=o=XTn )

Hence f- = g except on Un (Gnlkn )



It follows that

{ x : fan t ga , } e Un Gnlkn

However
,

µ ( Un Gnlkn ) e I µ( a-nlkn)
( q e . I

"

= E
.

Corollary 2 .
13

.

Under the assumption of Thin 2.12,
let f- be a measurable function satisfy ng

'

Ift El .
then ⇒ a sequence (Gn ) e GCX)
such that

him gncxi = fan a. e
.

ht is



Pf . By Lu sin 's Them
,
we can find for NEIN

,

g. E GLX) and En EX measurable

such that

µ(En) < In and f- = In on EF
.

Then
go µLEn ) so .

Al

By Borel- Cartelli lemma
,

µ{ Xi XE En for infinitely many n }=o
Hence for almost all point x ,

X belongs to finitely many En !
and let no be the largest such n .

Then
guy , = fcx , for all n Zhocxl .

Hence this Gnat = fun . tax


