
Real Analysis ao - og - 18

§ 1.4 Integration on measure spaces .

Let ( X , M, H ) be a measure space .

Let s be a simple function, i.e .

s = di XAI
,

with dis dis - - is 2N
,
Ai - { X EX : SAK di } ?M .

Def . Let s = III di Kai ( in its standard form ) be a

non- negative simple function .

Then we define

f
,

s die = di Mf Ain E)
,

V E EM
.

Prop 1.7. Let s = IT ti XE ; be a non- negative

simple function ( in a general form ) . Then

④ Ses du = 8in (Ein El , t EEN .

Consequently,
fest t die = SES du + Set dm

for any other snow- negative simple function t .



Pf . First observe that * I holds if Ei are
disjoint .

Next we prove # I in the general case that
Ei may not be disjoint .

The main idea
is to construct (Fj )

,

" it are disjoint , and
each Ei is the union of those Fj containing

( i.e . Ei = j.U.q.ee
,
.

Fi y
' " Ei

Indeed each Fj can be written as

A , n Azn. . - n A µ : Ai = Ei or Eic

I
-.

Now
g = F Vi X Ei
= E ti ( E. g. ee ;

"Fil



= Tj ( Fei sq. ti )
' Xfj

= § B- XF; (where B' = ? i )
Hence SES d te = § B- Mf Fj n E )

= F ( F. Eisai ) MEINE )
= F Ei

tutti NEI) Vi
= F µ ( Ein E ) - Vi

.

the

Next we define the integration for non- negative
measurable functions .

Def. Let f : X → Eo
,
-101 be measurable

.

We define for EtM ,

Jef du = sup { ↳ s dm :
*Sef , s is simple }

.



Remark : Alternatively , we can define
↳ fdµ = sup { SES dm : Sef a. e , s is non- negtiue

simple } .

where Sef a. e means I NEM with fully)=o

so that s Ef on Htt
.

( here we use the fact if se f are ,

then taking 5 = s . Xxlnr , then Jef
and fest du = SES dm )

.

propl.se .

Let f , g : X → Eo , -101 measurable
.

Then

ch Je f dm = f× f. XE dµ , t EE M
← I f× g du Z f×fdµ if gzfae .

Moreover
, if f×gdµ sis ,

then I
' ' holds

iff g -- f a. e
.



(3) SE
,
f du E fest dm if E , e Ez

(4) C f×fdµ = f Cf du t Ceo
.

X

Pf . Here we only prove it , i. e

Sef dm = f× f XE die . * *)
.

We first prove that (** ) holds if f is simple .

To see it , let

5- E
,

2iXAi

Then

Ses du = FaithAin E )
= f× s - XE dm

.

Next we consider the general case .

We prove
that

Sef da s f×fXE dm .



To see this
,
let oes = Edi XA ; E f XE

Then S - XE es and S E f
.

( since Sako if XIE)

Hence fefd.lu Z SES du
= f×sXEdM
= f× s die

,

taking supremum of S×sdµ oven of SE fixe

gives

[ ← fdn Z fxf HE DM .

Next we prove Sef du E f×fXzdM .

To see it
,
let o E S Ef , where s is simple .

Then SHE E f- XE
,

so

↳ f- Xedlu Z f×sXEdµ = SES du ,



taking supremum over of Sef gives

fxfx.edu Z Sef dm . 1¥

Prop 1.9 ( Markov inequality )
Let fi X → [ o , -101 measurable

.

Let M > o
.

Then

µ{ xi fans M } Emt f×f die .

Consequently is If fxfdte so , then
f is finite a.e

.

Cii , If f×fdm=o ,
then

f- = o a. e
.

Pf . Write
Em , = { x : fun ZM } .

Then f- Z M . X
Em



Taking integration gives

f×f dm s f×MXEmdM = M µ(Em) .

Hence
petting e Mt f×fdM .

Next assume fxfdlu so .

Write

Eis = { x : fan = to } . Then

Eis e Em V M > 0

So

then ) e NEM) E mtffdm
Letting M→ to gives µ( Ew ) - o , i.e .

f- is finite a.e
.

Finally assume ffdµ=o .

Let A = { x : fail > o }
.

is

Then A = U E yn (
clearly A 2 Eyn
conversely ht XE A

,
n -- I then fix ) so ,

so

far ) > yn for a large n
i. e x E Eph for some n )



8

Hence MLA) E §H(Eyn )ht

E ET
,
Fh, ffdiu

£0 .

Hence HLA ) - o ,
i.e

. f - o a. e

17h
.

Now suppose fn → f a. e
.

( this.tn = fan a.e )
,

Q : Do we have

↳ fndte → ↳ f- die ?

Example 't . Let the Leo, D , Leb
. measure on (0,1)

.

Take Gpa = o on ( 4k, l) and k on (9TH
.

Then lining = o on (0,1 )
.



However f %dµ = I
con)

so ling f 9ndµ
= 't t fling 9h dm

Examples . Take fk= HER
, htt )

Let fu = Leo ,
-101

.

Again fr → o are
,
but

linin §
,
# du

- I ¥ flimfndiu .

Example 3
. Take gpetkko.kz .

µ= Leo
, ol

.



Thin I. 10 (Lebesgue's Monotone convergence Thm)
.

Let fn
,
f : X → [o , -101 be measurable

.

Assume f-has Y' fan on XIN' with thy )=o

Then .

thin. f×frdM = f×f die .

Pf . Since fr are monotone increasing ,

so are f×fkdm .

Clearly we have §fhdMEf×fdM
( since fkefae)

.

Hence lining, f×fhdµ E fxfdtl .

Now we prove the other direction .

Let o e Sef be simple . Let * 8<1 .

Define : Er : = { x c- XIN : frat Z 8. San }
bet, 2,

n . .



Since Fk I' fan on XIN' and sane fat

we have
w

U En = XIN'
bet

and Ek E Ertl
,
t k

.

Now notice that

fr Z S SCH X Ek

Taking integration gives

f×frdµ Z Sfs XErdµ
= 8 SE! DM

µ

= (s - Edi Kai )N it

8 ' ?,2iM(Ain Er )
since Ert' XIN

,
so Ain Er I' AinXUN)

as k → b
.



Letting k→ is , we see that

8 II di HCA in Ek )
→ s aim (Ain (HM )
= s II dint Ail
= s . f× s d µ

Hence

this. ffhdlu Z S 1×5 dm
×

Since 8 is arbitrarily taken in (o , l )
.

Letting 8 → I
, 5×5 die → ff du

×

we have

this. ffhdte is f× f dm
X

' Ah



Thin 1.11
. ( Fatou 's Lemma )

Let Fai X → Eo , 01 be measurable
,

he Zl
.

Then

Stiff.fr dm ⇐ thing, ffrdte .

X
x

Pf . Notice that

II. fam - s:P ijfhfjcxlH

Now write of all = inf fjcx ,
k jzk

get = thing, frat .
Then Gr /" G

,

also ga are non- negative,
measurable

.

By Leb 's Montone convergence Than

Shinn
.

fran = Sg dm
x



= Ii 'm f, Gr DM
k→ is

E. things f, fr DM (since 9ns fr ) .

Next we prove the linearity of integration .

Prop : Let f
,
Gi X → Eo , -101 measurable .

Let 2 , B Zo .

Then

↳aft pg dm = a f×fdµtpf×gdµ.

Pf . First the identity holds if f , g are

simple functions .
Next choose Sr Tf

,
th T G

,

where Sn
,
th ane non- negative simple .

Then asrtptk I
'

aft pg



So by the Monotone convergence Thm

faftpgdlu = thin . fasnt ftp.dte
= things ( afspedlutpftndn)
= affdlutpfgdte .

H
.

Now we are ready to define the integration
of general measurable functions .

Def . Let f : X → E- is , 01 be measurable
.

Then we define

↳ f- dm = Sx ft du - fxf
'

dm

if one of fxftdte ,
5×5 is finite

.

hmmmm

where ft- maxff , o }
,

F- max { o , - f }



Def . We say a measurable function f is

integrable if Holmes and

f.× f
-

dm so
.

( Notice If I = f't f-
.

Hence by Prop 1.12 ,

f Ifl dµ= fftdiutff -du ) ,
so f is integrable ⇐ ↳ Ifl du so .

Prop 1.13 .

Let f
, g be integrable and 2

, GEIR
Then 2ft pg is integrable and

[ aft pg die = dff dnt pfgdlu .

x x x

Pf . We first prove ft g is integrable and

fftg die = ffdlut Sg dm

since If -181 E Ift -1181 , so

J If -181dm E flfldlut 5181dm so



Hence ft g is integrable .

Now we prove f ft g du = ffdlutfgdiu .

Notice that

ft g = Rft g)
+
- ( ft g )

-

= (ft-5) t ( gt - g-)
Hence

fftg 'T tf
-

+5=(5-+8)
-

tf't St
.

Taking integration on both sides
,
we obtain

f g)
+
diet ffdiutf g-dm = ffftg)

-

dm

+ fftdlutfgtdte
from which we obtain

f ft g)' din - ffftgjdlu = fftdiu - Sf
-

dm

+ fgtdm - f g-dm
i.e f ft g dm = Sf diet f g dm .

Next we show Cffdlu = fcf dm ,
f CE IR

.



If c > o , then it follows from the def of integration
of meas . function since @f) ' = oft

left = Cf .
If Cso

,
it suffices to show

- ff du = f- f dm .

Again it follows from the def . EA

-1hm 1.14 ( Lebesgue 's dominated convergence
Thm)

.

Let f, fr : X → [- o ,
is 't be measurable

such that

f-hats fan a.e
.

as k→w
.

Moreover
, suppose I an integrable of such that

( frail E ga , a.e
. for all ke IM

.

Then

this fhdlu = Sy f- dm .

Pf
.
First I fail = limffhcxif Egan a. e

KY is

So f is integrable .



Now let us apply Fatou 's lemma to the

sequence 2g - Ifk - fl , hit , 2, '
. .

( Ifk- ft e lfhltlfl E 2g a. e )
.

We have

this
.
J 28 - Ifk- ft dm

Zfhnin. ( 29 - Ifn- ft dm)
> Jag die

.
(* * *)

However
, this. ) 28 - Ifk- ft dm
= fzgdlut tinny. C- 1) flfnifldlu
= fzgdlu - thingy f Ifk- ft dm
Z fzg dm ( by #** t )

,

from which we have thing, f Ifk- fl dm fo .



Hence things flfn- ft dm = o .

So

lining, I ftp.dm-ffdte/
E thing , Ifk - fl dm =o .

Therefore
lining , ffndiu-ffdM.iq,


