Solutions of MATHS5360 Assignment 2

1. (a)Set up the tableau and apply pivoting operations, we have

Y1 Ya2 Y3 Y1 X2 Y3
r1| 3 2 2 15 _ x| 3* —1/2 —1/2 3 _
ro| 0 4% 5 24 yo | O 1/4 5/4 6
3 5 4| -12 3 —5/4 —9/4 —42
T1 T2 Y3
_ Y1 1/3 —1/6 —1/6 1

| 0 —1/4 5/4 | 6
1 —3/4 —7/4| —45

Thus an optimal vector for the primal problem is (y1,y2,v3) = (1,6,0) and
the maximum value f is 45.
The dual problem is

min g = 15z + 2425 + 12
subject to 3x; >3
21’1 + 4.CE2 Z 5!
211 + 9519 > 4

Thus an optimal vector for the primal problem is (z1,xs) = (1,3/4) and the
minimum value ¢ is 45. (b)Set up the tableau and apply pivoting operations,

we have

Y1 Y2 Y3 Ya Y1 T3 Y3 Ya
z113 1 1 4 |12 | 1 -1 =2 5* 2
zo| 1l =3 2 3|7 — x9| 7 3 11 0 37 —
z3| 2 1* 3 —-11]10 Yo | 2 1 3 -1/ 10

2 4 3 110 -6 —4 -9 5 | —40




hn T3 Ys T
ys | 1/5 —1/5 =2/5 1/5] 2/5
— Iy 7 3 11 0 37 .
ye | 11/5 4/5 13/5 1/5{52/5
—7 -3 -7 =11 —42

Thus an optimal vector for the primal problem is (y1, y2, y3, v4) = (0,52/5,0,2/5)
and the maximum value f is 42.
The dual problem is

min g = 1221 + Txo + 1023
subject to 3xy + w9 + 223 > 2
ry — 3ZE2 + T3 Z 4
1'1+2$2+3l'3 Z 3
41+ 320 —x3 > 1

Thus an optimal vector for the primal problem is (xy, 22, x3) = (1,0,3) and

the minimum value ¢ is 42.
2.(a) Add k = 3 to every entry to get

= = Ot
= O O
O = O

Set up the tableau and apply pivoting operations, we have

Y1 Y2 Y3 1 Y2 Y3
1|5 0 61 yi| 1/5 0 6/5 1/5
o |1 6 4|1 = x| —=1/5 6 14/5 4/5
r3| 4 4 811 x3 | —4/5 4° 16/5 1/5
1 1 110 -1/5 1 —-1/5 —-1/5

1 T3 Y3

y1 | 1/5 0 6/5 1/5

— T 1 -3/2 =2 1/2

yo | —1/5 1/4 4/5 1/20

0 —-1/4 -1 -1/4

Therefore, d = 1/4 and a maximin strategy for the row player is

p:

1

d

(Ilv Ta, ZE3) = (07 07 1)7



a minimax strategy for the column player is

the value of the game is v =2 —k = 1.
(b) Add k =5 to every entry to get

q:

QU

W = ©o
= w O

0
11
7

(1,92, y3) = (4/5,1/5,0),

Set up the tableau and apply pivoting operations, we have

Y1 Y2 Y3 T Y2 Y3
r1 |8 6 0|1 U1 1/8 3/4 0 1/8
zol 4 3 11|1 — x4 —1/2 0o 117 1/2 —
r3 |3 4 7|1 T3 —3/8 7/4 7 5/8
1 1 110 —1/8 1/4 1 —1/8
T Y2 T2 29! W T2
Y1 1/8  3/4* 0 1/8 Y 1/6 4/3 0 1/6
— ys | —1/22 0 1/11 /22 — ys | —1/22 0 1/11 1/22
T3 —5/88 7/4 —7/11 27/88 T3 —23/66 —7/3 —7/11 35/132
—7/88 1/4 —1/11 | —15/88 —4/33 —-1/3 —1/11 —7/33

Therefore, d = 7/33 and a maximin strategy for the row player is

a minimax strategy for the column player is

q

P=7

1

1
d

the value of the game is v = 2 — k = —2/7.
(¢) Add k = 2 to every entry to get

N — Ot

2 3
4 0
31

3

(1, 29,23) = (4/7,3/7,0),

(Y1, 42, y3) = (0,11/14,3/14),




Set up the tableau and apply pivoting operations, we have

Y1 Y2 Y3 T Y2 Y3
ry | D 2 3|1 v | /5 2/5 3/5 | 1/5
x| 1 4 0|1 — x| —1/5 18/5* —=3/5| 4/5 —
3|2 3 1|1 x3 | —2/5 11/5 —1/5| 3/5
1 1 110 -1/5 3/5 2/5 |—-1/5
T T2 Y3 T T2 hn
yi | 2/9 -1/9 2/3* | 1/9 ys | 1/3  —=1/6  3/2 1/6
— Yo | —1/18 5/18 —1/6| 2/9 — 1y 0 1/4 1/4 1/4
r3 | —5/18 —11/18 1/6 | 1/9 x3 | —1/3 =7/12 —1/4| 1/12
-1/6 —1/6 1/2 | —1/3 -1/3 —1/12 —-3/4| —=5/12
Therefore, d = 5/12 and a maximin strategy for the row player is
1
p= 8(9517352,553) = (4/5,1/5,0),
a minimax strategy for the column player is
1
q= 3(ylay27y3) = (073/572/5>7
the value of the game is v = 2 — k = 2/5.
(d) Add k& = 3 to every entry to get
5 3 1
2 0 6
1 5 3
Set up the tableau and apply pivoting operations, we have
Y1 Y2 Y3 T Y2 Ys
ry [ 3 1|1 v | /5 3/5 1/5 1/5
2|2 0 6|1 — x| —-2/5 —6/5 28/5"| 3/5 —
r3| 1 5 3|1 xg | —1/5 22/5 14/5 | 4/5
1 1 110 -1/5 3/5 2/5 |—-1/5
T Y T T T3 L2
y1 | 3/14  9/14 —1/28 | 5/28 y1 | 3/14  —=9/70 1/35 4/35
— ys | —1/14 -3/14 5/28 | 3/28 — ys|—1/14 =3/70 11/70 | 9/70
x3 0 5* —-1/2 | 1/2 Yo 0 -1/5 —=1/10| 1/70
—-1/7  4/7 —=1)7 | =2/7 —-1/7 —4/35 —-3/35| —12/35
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Therefore, d = 12/35 and a maximin strategy for the row player is

a minimax strategy for the column player is

the value of the game is v =2 — k = —1/12.

p

q=-

1

= “(z1, 29, 73) = (5/12,1/4,1/3),

d

1
d

(e) Add k = 2 to every entry to get

—_ W oW

W O N =

O = = W

(yla Y2, y3) = (1/37 7/247 3/8)7

Set up the tableau and apply pivoting operations, we have

Y Y2 Y3 T Y2 Y3
1|3 1 3|1 yi | 1/3  1/3 1 1/3
o 0 2 111 _ T 0 2 1 1 N
z3| 3 0 41 3| —1 -1 1 0
a1 3 01 Ty —1/3 8/3* -1 2/3
1 1 110 —1/3 2/3 0 —1/3
1 T4 Y3 T Ty hn
Y1 9/24 —1/8 9/8* 1/4 Y3 1/3 —1/9 8/9 2/9
N x| 1/4 =3/4 T7/4 1/2 N xo | —1/3 =5/9 —14/9| 1/9
T3 —9/8 3/8 5/8 1/4 x3 | —4/3 4/9 —5/9 1/9
Yo —1/8 3/8 —3/8 1/4 Yo 0 1/3 1/3 1/3
—1/4 —-1/4 1/4 —1/2 -1/3 —2/9 —2/9 —5/9

Therefore, d = 5/9 and a maximin strategy for the row player is

a minimax strategy for the column player is

1

P = (21, T, 23, 74) = (3/5,0,0,2/5),

d

Ul =

q:

(y1, Y2, yS) - (07 3/5’ 2/5)7




the value of the game is v = & — k = —1/5.
(f) Add k = 3 to every entry to get

=N e O
= W = Ot
O Ot W

Set up the tableau and apply pivoting operations, we have

1 Y2 Y3 T2 Y2 Y3
1|0 5 3|1 1 0 5 3 1
o |4 1 2|1 L h /4 1/4 1/2| 1/4 .
r3| 2 3 5|1 3| —1/2 5/2 4 1/2
ze| 4 4 0|1 Ty | —1 3* —2 0
1 1 110 —-1/4 =3/4 1/2|—-1/4
T2 Ty Y3 T2 Ty T3
x| 5/3 —=5/3 19/3 1 x| 22/17 —25/34 —19/17| 15/34
o /3 —-1/12 2/3 1/4 o 5/17 1/68 —2/17 | 13/68
z3| 1/3  —=5/6 17/3"| 1/2 ys | 1/17  —=5/34 3/17 3/34
ye | —1/3 1/3 —=2/3 0 ye | —5/17 417 2/17 1/17
0 —1/4 1 —1/4 —-1/17 —-7/68 —=3/17 | —23/68
Therefore, d = 23/68 and a maximin strategy for the row player is
p= é(ml,xg,xg,m) = (0,4/23,12/23,7/23),

a minimax strategy for the column player is

1
q= _(y17y27 93) = (13/2374/23a 6/23)7

d
the value of the game is v =1 — k = —1/23.

3.(a) For any z1, x5 € C; N Cy, A € [0,1], by the convexity of C, Cs,
Az1+(1=N)xg € Cy and Az +(1—N)zg € Cy. Hence Az1+(1—N)zo € C1NCy,
that is C; N Cy is convex.

(b) Forany x =21+ 22 € C1 + Cso, y =y1 + y2 € C1 + Cy and A € [0, 1],
by the convexity of Cy, Cy, Ax1 + (1 — N)y; € Cy and Az + (1 — Ny, € Cs.
Hence Az + (1 — Ny € Cy + Cy, that is C; 4+ Cy is convex.
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4. Let C be the set of maximin strategy for the row player of A and v
be the value of the game with game matrix A. For any u = (uy, us, ..., uy,),
v = (v1,v2,...,v,) € C and X € [0, 1], then, by the definition of C, we have
udy” > v and vAy" > vforany y € P™, and > ju; =Y., v; = 1. Let
W = (W, Wa, ..., Wy,) = Au+(1—=N)v, then w; = Au;+(1—X)v; with Y | w; =
A (1=X)=1,and wAy? = Qu+ (1 = Mv)Ay? > v+ (1 — Ny = v for
any y € P™. Hence, w € (| that is, C is convex.

5.(a) z = Ax + (1 — \)y with A € R. Since z is orthogonal to x — y, we
have < x —y,z >=<x—y,Ax+ (1 = A\)y >= 0. Thus,

lyl?— <x,y >

A= :
Ix[* =2 <x,y > +|yl

(b)< x,y >< 0 implies A € [0,1]. Thus, z € C since C' is convex.

6. v.(A) < 0implies there exists a minimax strategy q = (q1, q2, ..., ¢ ) for
the column player such that (—=A;, =g, ..., =A\,)T := Aq? < 07, that is, \; >
0. ThUS, OT = AqT+ ()\1, )\2, ey )\m)T = q1a1T+q2a2T+ +qnanT+)\1e1T+
oot Amem’ . Therefore, 07 = lLia; T +las” +...+l,a, " +lpperr +. 4+ lypmem
with i = s € [0,1], i = 1,2,..,n and l,y; = ﬁ e [0,1],

j=1,2,...,mand Y771, =1, that is, 0 € C.



