MMAT 5220 ComF\e.X Aha\\/é,s'is and Ts Aﬂ:\'\@ﬁo'\s

_ecture 3
$ Cav»df\% Riemann ec\ua-+ion§_ Ccont’dD
Lt (&= ‘V\("l‘g)"' i\/[’%‘%). Then recall that 11(20) exists at 2,= xo+ o
i and ol 3§ the map o R — R, Gy 2 (w0ou), v0x)
X A’ﬂcru\\-:a‘cb. ot (xo,kgcb and satisties tha Cac.tAc.\N.%—R'iQMoJ\f\ eans

e = Vg
'\A-7 - -Vx

ot Lx,,véal.

n -t-\’\';s o.se , £/(2°) = ux(x"f),e) + 1VX(X‘/\3°) .

Oc i £(® is defiaed in some nbh U 2., and W, Wy, Ve, Vi exist in U
ond  are  Continuows and SA‘“SQ.} the CR eqns al (YO,%-’) , then
$10=) exists.



Now if we wrte 2 n polor coordinete * Z =ce® = rleos 0+ isn0)

"Hne.n (ufB _ (C"Se 5:“93 (“x (Vr _ (Cﬂse Sin O Vi
Ug - -rsing =50 “'33 / VOB— -rsing ruSQ(VQS
So "('\ML CR e_olns (t">= <V}>= (O\ \>(\/x> Lcwc
4 =V -\ o v‘a

G Gel) e )
S5 (‘“3 A( >N‘( > (‘\)o:\'e_ e

A\ = Co8 © 33
= ( < - = (-‘\;Ve stn © + 250
_.r o Ve

_(\fr



\ \
\.e. W, - Ve
'\Le = - r\/( < C—R- e_akr\s (Ca VO\A(" Lpor’én.?l\aus)

e.4. Los‘ C\<-°°,°3~>£ X 3‘-\/2:\ \o‘-} \_og_% = \03 -+ 10
iucr,e)= g { We=t=1tV%

v(r.0)=6 Ug= 0O = —rV,

So \_03 X3 A'\.‘GW\'F\'\UJ. .



D_Q'E_ ¢ A ‘eunc'“of\ 'Q IX4 MA\sg'\'tc in on OFLr\ Set U .l'e 'ﬁ’(%) exis\s VEéU.

° H‘ S 1 ol o?m, then we Sm} ‘Q‘ I3 a-r\a\é‘ﬁ"c_ N S T‘Q L <
a.r\a.\xa‘_tic_ 1N Seme open set U Ccr'\'t&:r\'m\'a_ S (A ?Miw\w,
'("' s ana\\gt-{'c_ al o fl;\f\t 2o T‘G ‘(‘ % M—\\-3‘R¢_ in B(zo, f) for Some_ (>>O_

e.q. £@ =120 ¢ dfeantiabe  but et onclyfie ot E=o.

Simple. properties -

+ fo ey = fiq, fq, £9 (provided that ofo) ace analgrc
- £, o) omm\?;crc_ = .s;”& a\no\\c}ffg. and (£ oo&)'(z) = %’(gcm- O



. \{' -‘f 1% Ma‘tg‘\'TC_ and -¥’(%)=O '\'\r\muoé‘\wt a domain D,
then £ = Lnst v D,

° \'G \>°_t\’\ '% 0-'\0\ ‘—9 ar a-r\ﬁ‘la'ﬁc, '\'\r\mv«}‘\wt A Aoma‘.l\ -D,
then £ = nst v D.

e \{' f 1% Ma\tg\'Tc_ and H‘\E Const *\r\mv«»&‘\m‘t A domain -D,
thea £ = Gnst v D



§ g'ﬁn't'ou.r in’te.gnrﬁ

SOW\L -tl—f'hn:(\o\ o%te_ S

An acc iIn € 18 o Continnouws function ¥: T —C phee T=[abk]

s an interval in R, We usuua“xg wete ¥ as  X(B) = x@) + 'w&(_t)_

We Sy that ¥ is closed &€ Y = ¥Y(L), simple LERUADE R A IR AT At
a&nd Swoot\y '\'G ¥ ois Con‘t'mu.ows\xz Sflerentialble  Wwith X @) Fo ouer (ab),

A Contour 1§ o ‘a'\e.ca.w?se_ srmocsth arce ¥ :[a.BN ™ C
le, da=t.<t, <<t <t.=b



Dﬁ(’_ et Y’[a,‘o}'—" S be a wntowr in a suwbsett S C and
\Zt 'g : S — C ke, a 'Gu.nCﬂot\. -“f\.n.n Bt Contous 'u\to_oy-a\

b‘? '{ a\m%x 1S
§,5@ee = § GO

I~ practicn, wWe write YO = x(t) + 1(t) and (@)= w(x,u) + iv(x,xg). Then

b
Sx {()dz = S.\ (u( X(£), 4 ) +iv(><C't),vA(t))> - (x) + 1w(t)) 4t
= 7 [wOxt0gt0)x16) - v (<0, 9u) e} dt.
£ 1 (7 TvOxo, ) ) + W, w0 wes dt

= Sy(uéx—va\»}) + 3 Sy(véx+ usy )



Rmk The intco_)ra.\ 1s ‘mAL?&r\AU\t £ the choia <% ( odu\'t'aﬁor\—?mszfu‘moy
Par'o\mﬂ'f{%‘\'\'ccf\ dg the Contour. <‘/\J\r\7 ?3

e-ﬂ. . '§:<?)= 2\_29 a\\on? X’[O,Z.‘tt—s—')(. Ae.‘%ne.é \:;} X('t): Zo'\'rzft
(te. tra cicde {ze@: \z-2\=x)

[f@de = (1™ icd®ae = FTiae = 2w
o

(-4

|
. -‘}(23 = (z-2) Whee 22 with Y as ebeue

. =ila=Ot -t
gx‘c(’:‘)é% - g:“ \-\"" e at = = r“'\tn-o[e . =o




P\’OP suu\)?osc_ IM>0o s \%‘(X(t))\ <M Vté G2, | Then
| §;§@d= | « ML

Wheee L= S: NN 5 the \e.r\o)‘t\« of the contour ¥
Pf - \ gY (=) Aa\ = \Si CRDIOREHEN \
< S"’ | $Cve| \Yolde
< S: MYl = ML. %

€.q. 'F(Z) = -;.—4' ond Y s the \Tae seamant Grom 1 1o 4. ;
2 3 g
Since 1ZIZ & on ¥, H@l<s4 = Hyﬁ(z)&«\s £ L




- Let Y’[ﬂa&ﬂ—’C be a contour . Then =Y :(b-23-C  denctes the corttour

deGinad L} Y =Y /\,X\/ /\-‘&&/

. H: Y\ S o Cortour fyom Z, te Z. and Y,_ % o Cortour fyom Z, to Z3,
then ¥+ X2 5 the contonr from Z, to Z; 3iuu\ \’"A' c.anc.dreno\tln} X,

ond Yo at 2, Z2,

X

Z
3
A

g,

. \‘9 Y\ S o Cotour from Z, to Z. and Y; i o Contour from Z to 2.,
X« K«-‘(,_

then  ¥i-¥a s dafived as ¥+ ¥ @a @Z‘
Z, - 2,



Pﬁ\'i (1) SY (A §G) + Boé(z))éz = A SX{-(E)AE + B SXGA(%)A% for consts A, B
() S-X HDdz = -Sx $()dz

&3] .F.(?) a7 = S\‘ L@ dz + X\( L4z

SX.*’XL

Af\ ontidenvative 6(' 'F(‘E') on D is o function FCE)

“M \._Q.t 'Q(‘EB \92_ a Q— valued 'G\,\nc:l'?or\ o a domain Dc .
cx. F(@=4@ V=zeD.

RM\< - An antideAvative 18 a.yctow\a‘\'\'d\% a.r\a\%‘\'f (3
® \{' F:=Fz./= {' then F =B+ connt



Thm \_et {‘(%) be o continmous C-vuolued function on a domain D C .
'T\nu\ the ‘Fb\\owlng o Cﬂvﬁ\/h\(ﬂt (anf‘Q.V. TFAEB :
(a) “'(2) ‘e\a.s an antidedvetive HR@) on D.

Cb) Fo( 0\’\'-2 CDATOV\-\"S Y\ ,Xz in D \h;ﬂ\ﬂ -t\f\ﬂ- Som tl\?\':a\ a«-\A end ?etl\t's /
SK"Q'(?) 47 = S"z{'(e) 42 (i(\AQemAfu\t << ?a‘(‘\r\ )

() e o..nub dosed cortour Y in O,
SX {Ddz =0

E{- (W)= () + Toka ¥ as a const ontour at the iattiel (= end) g <& Y. Then
SX HD) A=z = SK,{-(e) dz =0



) =) : Take Y:= Y.=¥. Then ¥ T closed, so
le&‘(z) dz — S,‘L\C(ae\z = ((§®ez =0
@) = (b)) & let 2.2 be any gts tn D and YED any contour from 2, 1. 2.,
Then Sx ferde = § Flde = FE)-F@)
(L) = (@) (most difieutt sta.?) » Fix 2.€D. Then Hor an 2eD, we set

F( =\ 83z = [ ser0e

kl\nue. Y \s o.m% Contour fyom Z. to 2 n D,
&3 (L), F is well-dafined.



2+ < 240

Now Flz+a)-FE@) = S fw) Aw — a-@(vd)éw = . Loy Sw

= E(R+o) -E(2) - @) = S“" fWD-£E) L
A 2 a

Sinc -‘;— S Conftinuows ,

Veso, 3¢50 s4. W -f@\< s for \w-2\<$

N\f\m lal s swmall cnm,.a\'\,w& Can Uuse o \tna
seopment. Lo connect 2 to 2+xa.

So then
\F(z.(.o«) @) -9(?)\—\ :m £(u) - (-(%) éw‘ 9__

Hence EG) =4GR, #



