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1. Find the poles and residues of the following functions:

(a)

- (b) cot z ©) ——
sin z sin” z

Solution. Notice that cot z = £*£. For all functions above, the singular points are the
zero set of sin z, which is 7Z.

Moreover, by proposition in Week 9 lecture,
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Res — = =(-1)",
s=mnsinz  cosmn
cosz  cos(mn)

Res cot z = Res — = =1.
z=mn z=mn sinz  cos(mn)

Every zeros of the function sin? z has order 2. In general, if f(z) has a zero of order 2,
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then we may compute Res —— in the following way.
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has a zero of order m > 1 at z = zy. Therefore,
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The term ﬁ appears only when A(z) is multiplied by m, hence the residue is com-
puted to be
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es = — =
=== f(z)  f®)(z) f@(z) 3! 3f®) (2)?
In our case, f(z) = sin? z, f/(2) = sin 2z, f"(z) = 2cos2z, f®)(z) = —4sin 22, hence

by the formula above Res —— = 0. <

z=mn Sin” z

2. Using the residue at infinity to evaluate the integral of f(z) around the positively oriented
circle |z| = 3 when f(z) equals
(32 +2)?
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Solution. For each of them, we put g(z) = % f(1).
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(a) Notice that all poles z = 0,1, —5/2 of f(z) lie inside the contour |z| = 3. By
Cauchy’s residue theorem

(2) dz = 2mi RE(]sg(z)
|z|=3 =

Note that
1 z2(3+22)?* (34 22)?

I = A @5 A1-2)2 15
and PZ{:eOsg(z) =9/2. Hence [_, f(z) dz = 9mi.

(b) Note that all poles of the function lie inside the contour |z| = 3, and

1 1 z—3

96 =210 = Ty

Hence,

f(2) dz = 2mi R_eosg(z) = 2mi (—g) = —3mi

|z|=3

(c) Note that the singular points of the function f(z) are z = 0 (essential singular-

ity), and e, e%, 1 (simple poles), and all of them lie inside the contour |z| = 3.
Moreover,
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To compute Re& g(z), note that around z = 0, we have
z=
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Therefore, we have

/ f(2) dz = 2mi Reosg(z) = 2.
|z|=3 =

3. Evaluate the following integrals by the method of residues:
o0 x2—x42
(a) f—oo J:4+10a:g+9 dx
(b) [° =L dx, areal,

0 x2+a?

(c) fooo jfjfaﬁ dz, a real.

Solution.



(a)

(b)

Consider the positively oriented contour I'z composed of the upper semicircle C;

centered at 0 with radius R, and the diameter 5.
Consider f(z) = Zfil’TZ;i). By solving 2* + 1022 + 9 = 0, the only singular points
of f(z) are z = 44, +3i. For R > 3, the only poles lying inside the contour ' are

¢ and 37. Using Cauchy’s residue theorem, we have

J(2) dz = 2mi(Res f(z) + Res f(2))
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Hence,
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implies that
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Indeed, both the improper integrals fo ATT02749 dx and f_oo 105719 dx exist,
because

2 — 142 322 3 .
24 11022 -9 — 24 g2 when |z] is large enough
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dx exists and equals 7.
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Therefore, the improper integral ffoo xfT%

If a = 0, then the integral does not exist, because for 0 < z < %, cosxT > %, and

hence i i
/3008x>1/31 . 1/1 3
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For a # 0, consider the same contours in part (a) and the function f(z) =

etz
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Cauchy’s residues theorem tells us that for R > |al,
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Taking the real part of both sides,
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(c)

Now, in the upper half plane, we have y > 0 and hence |eiz| = ¢ ¥ < 1. Moreover,

eiz eiz 7TR
Re/ —S/ < 2—>O as R — oo.
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Since —3 a7 1s even, we have
/°° cosT me~lal
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For a # 0, consider the integral of f(z)e"* = 2+a2 on ['g as in part (a). |ali is
—lal
the only singular point inside I'y and Rles| f(2)e” = 5 So Cauchy’s residue
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theorem implies that
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On C}, we have

R
= R2 _ 2

z
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By Jordan’s Lemma, we have
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Taking the imaginary parts, we have
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with Z80Z for small a. Let € > 0. It is easy to see

For a = 0, we may compare == et

that for some 6 > 0, we have

O rsinz sinz
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because lim —— = 1. For this fixed 9, since —5 — A =94 - <% wehave
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This shows that
*sinz *® rsinz
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< 2¢ for any small a.

Hence,




4. Let £ € R. Show that
/ e e g = T

Solution. For the case £ = 0, recall that ffooo e dr = /7 and hence

o 2 > 2d
/_ooe” d:c:/_ooex \/—f_rzl.

For & < 0, consider the function f(z) = ™" e~27%¢_ Note that for fixed y,
lefrr(x+iy)2| — ‘efw(x27y2)f27rixy’ _ efw(xzny) 50 as T — 0o

On the other hand, we have |e 2™ | = 7%,

Let ' be the positively oriented boundary of the rectangle bounded by the lines y =
0,—¢and z = +R.

Let
[ be the line segment from —R to R
[ be the line segment from R to R—-&
[3 be the line segment from R —¢&  to —R—¢&
[, be the line segment from —R —¢&i to -R

Now on the line segment /3, we have

2

flo — €i) = e ™@ 8 o= 2mile—E0¢ _ omma® o for R < 3 < R.

Hence,

—R 2 2 2 R 2
f(z) dx :/ e e dy = —e7™ / e ™ dx
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Moreover,
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Similarly, fz4 f(z) dz — 0 as R — oo. By Cauchy’s integral formula, for the entire
function f(z), we have fFR f(z) dz =0 and as R — oo, we obtain

o0
/ 6771126727”‘33{ dr = 6771’52
— 0o
For £ > 0, since —¢ < 0, we have

/ 6—7r:c26—27riz§ dr = /_ e—w(—m)2€—27ri(—at)§ d(—l’) _ / e—7r12€—27risc(—§) dr = 6_71—52.
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