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1. Assume all contours of integrals are in the counterclockwise direction. Evaluate the inte-

grals.
/ dz
|z—i]|=2 (22 + 4)2’

(a)
/ dz
o=z 22+ 1

(c) Leta € C, p > 0, so that p # |al, find

/ |dz|
|z|=p |Z - CL|2 .

(b)

Solution.
(@) Let g(2) = gy If we put f(2) = 7555, then
f(2)
o) =i

where f is analytic inside and on the circle {|z — i| = 2}.
By the Cauchy integral formula,

flz) g 2o oo =2\ _ T
/zi:2 (Z_Qi)Qd 1 f(2i) =2 ((42)3) 16

(b) 2%+ 1 has two distinct roots i and —i inside the circle {|z| = 2}. By partial fraction,

N 1
241 2

).

z—i oz
Hence, by Cauchy integral formula,

dz 1
= —(2mi — 2mi) = 0.
/;2z2+1 g\ 2mi = 2m)

(c) Parametrize the contour {|z| = p} by z = pe® with 6 € [0, 27]. Then
dz = pe?i do

dz dz
12

|dz| = pdf =

iew



Therefore,

/|Zp |z|izc|t|2 - /|Z|p iz(z —pa(;; —a)
dz
B /|| iz(z —Zxé —a)

. / dz
= —’Lp —
|z|l=p (Z - a)(pQ - CLZ)
Therefore, the integral equals 27 /p if a = 0. For a # 0,

/ |dz| _E/ dz
= 2=l @ o (2= a)(z - £)

Notice that |p?/a| < p if and only if p < |a|. By Cauchy integral formula, we have

SRS

/ dz| A ifla] < p;
—plz—al? .
le1=e \aIQQprQ if p < |al.

<

. If f(2) is analytic for |z] < 1 and |f(2)] < 1/(1— |z
that the Cauchy’s inequality will yield.

), find the best estimate of | f(™(0)|

Solution. For any 0 < r < 1, if we put M, = sup{|f(z)| : z € 9B(0,r)}, then Cauchy
inequality gives
n!M,

Tn

F™(0)] <

Moreover, M, < 1/(1 — r) by our assumption, hence |f™(0)| < #’_T) For each
n € NU {0}, we choose r = - to minimize the bound. That is,

FPO)] < (n+ DL+ 1/n)"

. Let f be a continuous function on {|z| < 1} and analytic on {|2| < 1}. If
|f(2)]=1 forevery |z| =1,

then f is a constant function, or f(z) = 0 for some |z| < 1.

Solution. By Maximum Modulus Prinicple, |f(z)| < 1forall |z| < 1. Suppose f(z) # 0
for all |z| < 1. Then, 1/f(z) is also analytic on |z| < 1 and |1/f(2)| = 1 for |z| = 1.
By Maximum Modulus Principle again, |1/f(z)| < 1 for all |z| < 1. These tell us that
|f(2)] = 1 on {|z] < 1}. Since the maximum of |f(z)| can be attained in the interior of
{|z] < 1}, f is a constant function. <



