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Compulsory Part

1. Find the residue at 2 = 0 of the following functions:

a) —;
@) z+ 22

(b) zcos (1> .
z

Solution.

(a) Let f(z) = 1/(z + 2%) and h(z) = 1/(1 + z). Notice that h(z) is analytic at z = 0
and

1
£(2) = Th(z)
Therefore, we have R_eosf(z) = h(0) = 1.

(b) Let f(z) = zcos(1/z). To find the residue of f at z = 0, we may consider the
Laurent series of cos(1/z) around z = 0. The coefficient of the term 1/ in the
series expansion will be the required residue. Note that

1 ] 1 /1 N 1 /1 N
cos|—|=1—=|(—= — | = e
z 21\ 22 41\ 24
Hence, R_eosf(z) =—1/2.
<
2. For each of the following functions, find all its isolated singular points, write down their

principal parts, classify their types, and compute the residues:

z—1
@ 22 -5z +4°

(b) sin (2),
z

z+1
(c) .
CcoS z

Solution. (a) Notice that 22 —52+4 = (z —4)(z — 1) and hence {1,4} are all isolated
singular points of the given function. Moreover,
z—1 1
25244 z-4
So, z = 1 is a removable singularity, the function has no principal part at 2 = 1 and
the residue at 1 is 0; z = 4 is a simple pole, the principal part is 1/(z — 4), and the
residue is 1.

for z # 1 or4



(b) Clearly, z = 0 is the only singular point. Moreover, for z # 0,

(2 e A
o (‘) =2 ) (‘) |
It is an essental singularity and the principal part is the whole series given above.

The residue of the function at 0 is 2. (corresponding to n = 1 in the expansion
above.)

(c) Let f(z) = (2 + 1)/ cos z. Notice that cos z = % = 0 iff ¢** = —1. That is,
z = (n—1/2)m for any n € Z. All isolated singular points of f(z) are {(n—1/2)7 :
n € Z}. Fix any n € Z, notice that

cosz = cos(z — (n — %)ﬂ' + (n — %)7?)
= (—=1)"sin(z — (n — %)7‘(‘)
= (1" (5= 0= gr = e = (= P4 = (= P+

Hence, —— has a simple pole of order 1 at z = (n — ), with residue 1/(—1)".
Since z+1 is an entire function, the principal part of f(z) at (n—1/2)mis (—1)"(n7—

/24 1)(z — (n — 1/2)7)~!, and the residue is (—1)"(nm — /2 + 1).

D |
) . 22 =3
3. Use residues to evaluate the integral —dz.
=3 2(z + 1)
Solution. Let f(z) = 22(;::1)’) All singular points inside the circle {|z| = 3} are 0, —1. So
by Cauchy’s residue theorem,
/ 2273 = 2mi(Res f(2) + Res f(2)) = 2mi(~3 + 5) = dni
——dz = 27i(Res f(z es f(2)) = 2mi(— = 4mi.
|z|=3 Z(Z + 1) z=0 z=—1
D |

4. Suppose that ¢ is analytic and has a zero of order 1 at z;. Show that f = 1/¢* has a pole
of order 2 at z; with residue given by

qll(zo)

(¢'(20))*

Solution. Since ¢ is analytic and has a zero of order 1 at z, we have ¢'(zy) # 0 and

RCSZ:ZOf(Z) ==

q(2) = q'(20)(2 — 20) + q”(220) (z—20)* + qm?()!ZO) (2= 20)° 4 -+~ for 2 near z.
= ¢'(20)(z — 2 LACO) z—z ¢"(z) z—z0)% +
= ¢ (20)( 0)(1+2q,<20)( 0)+6q,(20)( o) ++)

= ¢'(20)(z = 20)(1 = h(2)),



where ") ")
q (%0 q (2o 2
h(z) = — — ) — — e
7 e L v e A
is analytic at 2y and has a zero of order not less than 1 at zy. Therefore, we have
! = (L4 h(z) +h(2)>+--)
— z z PP
() ¢'(20)(z = 20)
1 1

— 1+ 2h(2) + 3h(2)* +---
B ey A
Recall that h(z) has a zero of order at least 1 at z, the residue of f at 2z, comes from the

term 2h(z), which is m% = —q"(20)/q'(20)°.

<

. For any N > 0, let vy be the positively oriented boundary of the square bounded by the
lines x = £(N + $)mand y = £(N + 3)7.

N
dz 1 (—1)"
=92 — 4+ 2 .
/WV 22sin 2 m (6 + Z n2m? )

(a) Show that

(b) Using (a), show that

/ dz
5
Gy Z2sinz

Solution. (a) Let f(z) = 1/(2%sin z). All singular points of f(z) inside vy are {nr :
n€Z,—N <n < N} Forn # 0, f(z) has a simple pole there and hence,

f: (_1)n+1 B 7T_2
nz2 12

n=1

in terms of V.

by estimating

Res f(z) = lim © 'mr =1i y = lim (=1) y‘ = (=)
Z=nm zonm 22sinz y=0 (y +nm)?sin(y +nr)  y—0 (y +nm)?siny  n’r?

using (y = z—nm). On the other hand, the residue of f(z) at z = 0 is the coefficient
of the term 2 in the Laurent series expansion of 1/ sin z. Note that

22 20
smz:z—g—i-a—l—'“
22
— (1= (G- 4)
1 1 22 2 22 2t 9
S T TS T A
Therefore, the coefficient of z in the Laurent series expansion is 1/3! = 1/6. By

Cauchy’s residue theorem, we have

dz a 1 (-1
/VN 2sinz 2 (n;Nzli%if<Z)> = 2mi (6 + QZ n2m2 ) :

n=1




(b) Write z = z + iy, for z = £(N + 1)m, we have [sinz| = |(=1)" cos(iy)| =
cosh(y) > 1. Fory = (N + 1), we have
ez‘a:e—y _ e—i:ﬂey
21

le™™@eY| — |eeY| L1
- 2 -2

|sin z| =

Fory = —(N + %), we have

eixe—y _ e—ia:ey
21

le7@e™Y| — |eey| eV —1
> >
- 2 - 2

|sin z| =

Therefore, | sin z| > 1 for every z € vy and N > 2.

We may now estimate the integral for N > 2 that

d 8(N + 1
/ 2? < ( 122)72—>0 as N — oo.
o Z2sinz| T (N4 3)%nw
Using (a) and taking limit N — e have i (-ymt _
i ing li 00, we hav — = .
8 g n? 12

n=1



Optional Part

1. Find the residue at z = 0 of the following functions:

cot z
(@) 7;
2P 4+22+1
b .
22(z+1)
Solution. (a) It suffices to find the coefficient of z* in the Laurent series of cot z. Notice
that in Q5(a) the Laurent series of 1/ sin z is

22 2 22 2

2
(1+(§—5+ )+(——f+---)+---)
+Z+7Z+
6 360

1
2
1
2

Hence, we have

1
cotz:cosz( - )
sin z

_ 22 2 1z 7

—( __+E+“)(;+5+%+ )
I - T 1

“Z 60 2 2w

Therefore, the required residue is 7/360 — 1/12 + 1/24 = —1/45.

(b) The residue at z = 0 is the coeffient of z in the Laurent series of (23+22+1)/(2+1).
The Laurent series is given by

(FP+2z2+ 1)1 —2+22 4+ )=1+22+2"—2—-22" - 2"+ ...

Hence, the residue is 1.
<

2. For each of the following functions, find all its isolated singular points, write down their
principal parts, classify their types, and compute the residues:

sin 32

(a)

(b) where the principal branch is taken for /.

— \/_
Solution. (a) Clearly, z = 0 is the only singular points of the given function. Moreover,
since both functions sin 3z and z have zero of order 1 at z = 0, this is a removable
singularity. It has no principal part and the residue is 0.



(b) If the principal branch is taken, then 1/z is not analytic if and only if z is a non-
postive real number. These singular points are not isolated. z = 4 is the only
isolated singular point of the given function. Moreover,

1
lim

z%42—\/z

This shows that z = 4 is a simple pole of the function ﬁ with residue —4. The
residue of 22/(2 — \/z) at z = 4 is 4%(—4) = —64.

On the other hand, we may find the Laurent series expansion of /2 at z = 4. Since
VZ=+/4+ (2 —4) = 23/1 + (2 — 4) /4, if the principal branch is taken, then

ﬁ:2<1+%(z;4)+<%><2!—%> (z;4>2+...>

oz—4 (24
2—Vz=— Tt et

1
This also shows that Res

z:42—\/zz

(2 —4) =lim -2 — vz = —4.
z—4

—4.

23

3. Use residues to evaluate the integral / Sdz.
o=s 4+ 2

Solution. Let f(z) = 23/(4+ 2?). The singular points of f(z) inside the circle {|z| = 3}
are £2i. Notice that Res f(z) = (20)*/(2(2i)) = —2 and Res f(2) = (—2i)*/(2(—2i)) =

—2. Using Cauchy’s residue theorem, we have

/ G dz = QWi(R%sf(z) + Reg'f(z)) = —8mi.
| z=21 z=—21

z|=3 4+ 22
D |
. Let ay,as,...,a, be distinct complex numbers. Let v be a circle around a; such that
and its interior do not contain a; for j > 1. Let f(2) = (2 — a1)(2z — a2) ... (2 — ay).
dz
Find .
5 f(2)

Solution. The only singular point of 1/f inside the circle v is a;. By Cauchy’s integral

formual,
dz 271

L f(2) (a1 —ag)(ar —as) ... (a1 —ayp)



