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Compulsory Part

1. Let y be a positively oriented circle which does not pass through 2, € C. Show that

dz | 2mi if 2 lies inside ,
42— 20 10 if 2y lies outside ~.

Solution. If zj lies outside ~, then the function 1/(z — 2) is analytic at all points interior
to and on the contour . By Cauchy-Goursat theorem, we have f7 Zf—ZZO = 0. If 2 lies
inside 7, we can apply the Cauchy integral formula to the constant function 1, which gives
dz ;
[tz = on, <
ol

zZ—20

2. Let 7y be the positively oriented (i.e. going in the counterclockwise direction) boundary
of the square whose sides lie along the lines © = +2 and y = +2. Evaluate each of the
following integrals:

672

@ /z— (7i/2) dz
oS 2

®) / 22—|—8

Solution.

(a) Note that |7/2| < 2, hence 7i/2 lies inside . Also, the function e~ is analytic at
all points interior to and on the contour . Applying the Cauchy integral formula to
the function e~ #, we have

/mdz = 271'2'(677‘1/2) 27'('2( ) = 27.

(b) Note that 22 +8 = (z —21/2i) (2 +2+/2i). Since [21/2| > 2, both +2+/2i lie outside
the contour 7. Therefore, 7355 is an analytic function at all points interior to and on
the contour ~y. Applying the Cauchy integral formula, we have

COS 2 cos0
—————dz = 2mi =mi/4
/7,2(22—1—8) : m <02+8) mi/

<

3. Let @ € R. By integrating the function ¢**/z around the unit circle, parametrized as
() = €, — < 0 < 7, show that

/ % cos(asin §)df = .
0



0

Solution. Using the parametrization v(6) = ¢, —m < 6 < 7, we have

0% T 6a(ei'g) )
/ —dz = / —ie'’df
y Z . e

— Z/ 6a(cos 0+isin0)d6

=1 / e*“5%(cos(asin @) + i sin (asin 6))do
= z/ <% cos(a sin 0)df — / <% sin(a sin 0)d6

= 22’/ e cos(a sin ) df
0

Last equality is due to the fact that ¢*“**? cos(a sin #) is an even function while e2°**? sin(a sin 6)
is an odd function.
On the other hand, since e®* is entire, the Cauchy integral formula yields

eaz

—dz = 2mi(e??) = 27

z
g

The result follows by equating the two equations. <

6Z
. Letn € Z and v be the positively oriented unit circle. Compute / —dz. (Hint: there are
Zn

v
two cases to be considered.)

Solution. For n < 0, e*/2" is an entire function. Cauchy-Goursat theorem tells us that
fv “dz=0.Forn > 1, we will employ the Cauchy integral formula:

2n

!
™ (2) = o /Ldz for any m > 0,
Y

T 2mi )., (2 — z)™ !

to the function f(z) = e* with 2y = 0. This gives [ Sdz = (ngﬁ)!f("‘l)(O) = %

<

. Let f(z) be an entire function.

(a) If f((2) = 0 for some n € N, show that f(z) is a polynomial.

(b) Prove that if | f(z)| < |z|" for all |z| > R, where R > 0 and n € N, then f(z) must
be a polynomial. (Hint: Use the Cauchy integral formula to estimate f"1)(z).)

Solution.
(a) Since f(z) is an entire function, we have the Taylor series representation
f(2) =ao+ a1z + agz® + azz® + - -

in the whole complex plane, where a; = ﬁ f7 G 1 é;,z —ds = ! U:!(o). The contour ~

is a positively oriented simple closed contour and its interior contains 0.
Since f(™(z) = 0, we have f*)(2) = 0 for all k > n. In particular, f*)(0) = 0.
Therefore, f(z) = ag + a1z + ay?> 4+ ...+ a,_ 12" lisa polynomial.




(b) We will show that f»*1)(z) = 0 using the Cauchy integral formula. First fix some
2o € C, and consider any M > 0 such that M > max (|2g], R). The element z,
is inside the positively oriented contour vy := {z € C : |2| = M}. By Cauchy

integral formula, we have
0!
|f(n+1)<zo){: <n+) / f(z) +2d2
2mi Sy, (2 — 20)"

(n+1)! 1f(2)]
= 2 / dz

|2 — 2|2

‘ n
< (n+ 1)/ |2| de
2 Jyy (2l = |zt

(n+1)! M™
= 2 M
or (M — |z 2 "
Notice that both n and z is fixed. Letting M — oo, we would obtain f"1)(z)) =
0, and this holds for any z; € C. Therefore, f ("H)(z) = 0. By part (a), we conclude

that f must be a polynomial with degree less than n.

<

6. Suppose that f(z) is entire and there exists A > 0 such that | f(z)| < A|z| forall z € C.
Show that f(z) = az for some constant a € C.

Solution. In solution of Q5(a), we have shown that if f is an entire function and (™ (2) =
0, then f is a polynomial with degree less than 7. In this question, we can use the Cauchy
integral formula and the given inequality to claim that f(®)(z) = 0 as in Q5(b). Hence,
f(2) = ag + ayz. The given inequality also suggests that f(0) = ay = 0. This gives the
desired result.

Here is another way to argue. Since f(z) is an entire function, it admits the Taylor series
representation ag + a;2 + azz% + - - - on the whole complex plane, where f(0) = ap = 0
by the given inequality. Therefore, the Taylor series after divided by z is still a power
series, i.e. the coefficients satisfy a_,, = 0 for n > 1. It is an entire function coinciding
with @ for z # 0. We may call it f1(z). By the given inequality, | f(z)| < A for any
z # 0. Liouville’s Theorem (every bounded entire function is a constant function) shows

that f1(z) = a for some complex number a. In conclusion, we have f(z) = az for all
z # 0. <

Optional Part

1. Let 7 be a simple closed contour in C, R C C be the interior of 7, and f be a continuous
function on ~. Show that the function

F(z):= mals,

’YS_Z

defined for z € R, is analytic on I? with

F'(2) :/(Sff—si)st

for z € R.



Solution. From now on, we fix z € R, and notice that

F(z+h)—F(z )_/s—f(zslh) Sﬂ_slds

/f e

and then

F(z+h2L—F(Z) _/w%dsz/f@( S_z_lh)(s—z) - (8—12)2)d8

/j (eoe—m)®

(1) Since f is continuous on 7, there is M > 0 such that |f(s)| < M for all s € 7.

(2) z is some point interior to 7, so there is § > 0 so that |s — z| > ¢ for all s € 7. i.e.
z 1s kept away from the contour +.

(3) For |h| < §/2, wehave |s —z — h| > |s — z| — |h| > §/2.

1]
< d
_/v‘f(8)||s—z|2|s—z—h| °

i
< .
M62(5/2) length of v

Therefore,

Fe+h) = F() [ fs)
h [y(s—z)Qd

Letting h — 0, we have RHS— 0. That is,
F h)—F
Fi(z) = lim ZEF R = FE) / ( 184,
S
Y

h—0 h

for z € R. |

1( 1>27’L
Z z

around the unit circle, parametrized as y(t) = e, 0 < t < 2, show that for any n € N,

. By integrating the function

S 1-3-5---(2n—1)
— "t dt = .
or Jy, 2.4-6---(2n)

Solution. Using the parametrization (t) = e*, 0 < ¢ < 2, we have

1 1\*" T 1N
/ - (Z + —> dz = / — (e“ + _t) e dt
1 z o € e

27
Z/ (eit+€—it)2n dt
0

27
= @'22”/ cos®™ t dt
0



On the other hand,

Recall that (this can be calculated directly, or you may argue that for any n # —1, 2" has
an antiderivative in C \ {0}.)

ng, 271 ifn = —1;
VZ 7Y o0 otherwise,

1 1\*" 2 1-2-.-2
/—(z—i——) dz:Qm'( n>:2m,—n
v 2 z n (1-2---n)?
Equating the two equations, we obtain

27
2% 1-2...9
/ cos?™ t dt = el S
0

we see that

220 (1-2---n)?
5 1-2---2n
=27
(2-4---(2n))2
1-3-5--- —
_or 3-5---(2n 1).
2:4-6---(2n)
The result follows by dividing 27 on both sides. <

. Suppose that f(z) is entire and there exists M € R such that Ref(z) < M forall z € C.
Prove that f(z) is a constant function.

Solution. By chain rule, we see that the composite function
el@ = RS (cos(Im f(2)) + isin(Im f(2)))

is an entire function. Moreover, \ef (Z)] = eRef(2) < M for every z. Due to Liouville’s
theorem, e/(*) is a constant function, say e/(*) = C, where C is a nonzero complex
number. For each z € C, we have

f(z) =log C' + 2min for some n € Z.

Notice that at this stage, different 2 may correspond to different n € Z. We need to argue
that all z share the same n € Z by the continuity of f. Loosely speaking, continuity of
f guarantees that the function f(z) cannot jump from log C' + 2min; to log C' + 2ming
without taking on any other values in between. This shows that f(z) is a constant func-
tion. <



4. Suppose that f is analytic in |z| < R and there exists a constant M > 0 such that
|f(2)| < M for all |z| < R. Show that, for any n € N, we have

n!MR

(4 i
IO Ty

for all |z| < R.

Solution. Consider the postively oriented contour v = {z € C : |z| = R}. Since f is
analytic at all points interior to and on the contour, by the Cauchy integral formula, we

have
wya | f(s)
‘f( )(2)| | 2mi /7 (s — z)ntl ds

oy £(s)
< — — . ds
o ), (sl — [z
n! M n'MR
v (pR)=
S o oy O = o

for any |z| < R,




