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Compulsory Part

1. Suppose that f(2) is differentiable at zo, where zo = 7¢¢™ # 0. Show that the derivative
f'(20) can be written as |
f(20) = e (u, + iv,)

or

F(z0) = Z—(f(“@ +ivg),

where all the partial derivatives are evaluated at (rg, 6).

Solution. Recall the parametrizaton (7, 6) = (rcos@,rsinf) = (x,y) for 0 < r < 0o
and0 < 0 < 2w. If we put g(r, ) = fop(r,8), then by chain rule, we have Dg = D f D,

Up Ug\ [ Uz Uy cosf) —rsiné
v, vg)  \v, v,) \sinf rcosf
Also apply the Cauchy-Riemann equations, we have

Uy + 10, = Uy cos 8 + u, sin 0 + (v, cos @ + v, sin )

Uy o8 0 — v, sin 0 + (v, cos § + u, sin 0)
= U (cosf + isin ) + v, (—siné + icos )
= uge? + jv e

= /()¢

This verifies the equation f'(29) = e~ (u, + iv,). The other equation can be verified
similarly.

ug + 1vg = uy(—rsind) + uy(r cos ) + i(v,(—rsin ) + v, (r cosd))
= Uy (—rsinf) — v, (rcos ) + i(v,(—rsin ) + u,(r cos 9))
= Uy (—rsin@ + ir cosf) + vy (—rcosd — irsinf)
= WUzpZ — VgpZ
= 1z(u, +iv,) = iz f'(2)

2. Consider the following function




(a) Show that the Cauchy-Riemann equations are satisfied at z = 0.
(b) Is f(z) differentiable at z = 0?
Solution.

(a) From the definition of f, we have

u(z,y) = v(z,y) = { 2 (Sc,y)ié (0,0)

0 if (x,y) = (0,0).

Notice that 0 0.0 0
9,u(0,0) = lim ux,0)=u00) 0y

z—0 x—0 z—=0

Similarly, we have 9,u(0,0) = 0,v(0,0) = d,v(0,0) = 0. Therefore, the Cauchy-
Riemann equations are satisfied at z = 0.
(b) The function f(z) is not differentiable at z = 0, because it is not continuous at
z = 0. To see this, if (z,y) = (t,t) for some real number ¢ # 0, then f(z,y) =
% = 1. For any § > 0, there is some z € C with |z| < ¢, but |f(z) — f(0)] > 1,
say z = (1 + Z)% From above, we see that f(z) = 1. On the other hand,

2| = \/5%5 = % < 4. This completes the proof.

<

3. Let 7y be the unit circle {z € C : |z| = 1} in the counterclockwise direction. Evaluate the

integral [ 2"Zz"dz for any m,n € Z.
g

Solution. Parametrize v by v(t) = ¢ for 0 < ¢t < 2m. Then, z = €%, z = ¢~ and
dz = ietdt. The integral can be written as

27
/ M ]y — / ezmtefmtieztdt
¥ 0

2r
— Z/ ez(m—n+1)tdt
0

{2772’ ifm—-—n+1=0;

1 i(m—n+1)t|27 ;
p—C |i™, otherwise.

2w, ifm—n=—1;
0 otherwise.

4. Evaluate the integral / 22dz, if
ol

(a) + is a straight line segment from z = 2 to z = 21;

(b) ~ is the major arc of the circle {z € C : |z| = 2} from z = 2 to z = 2i.



Solution. Notice that 22 is an entire function with an antiderivative F'(z) = % There-

fore, the integral depends only on the end points of the contour. For both (a) and (b), the
integral equals F'(2i) — F/(2) = —2(i + 1). (see Week 3 Lecture notes) <
5. Let y be the arc of the circle {z € C : |z] = 2} from z = 2 to z = 2i that lies in the first

quadrant. Show that
dz ™
2 1|~ 3
vy 2T

Solution. For any 2z € ~, we have |z| = 2. In particular, [2* — 1| > [2]? — 1 = 3.
Moreover, 7 is a quarter of the circle {z € C : |z| = 2}, so the length of the contour 7 is

2m(2)
4
/ dz ‘ dz
2 < | =%
4221 4 3 3

= 7. Therefore, we have

<

6. Let v be the arc of the circle {z € C : |z| = R} from z = R to z = — R that lies in the
upper half plane, where R > 1. Show that

22 TR?
5 dz| < P
e 20+ 1 —

2’2

and hence show that
li dz = 0.
R%HJIrloo R Z6 —+ 1 &

Solution. For any 2z € g, we have |26 + 1| > |2]° — 1 = R® — 1 > 0. Moreover, the

length of the contour v is @ = mR. Therefore, we have

2 2
/ 6Z dz‘g/ lz| dz
v 201 VR|z + 1|

R2
S/ 5 dz
RO —1

B TR?
RS —1
As R — o0, it is easy to see that }g,sR_g ; — 0, hence
2
. z
lim dz = 0.

6
R—+o00 R 2%+ 1



Optional Part

1. Find the domain over which the function

f(z) = flz +iy) = |2* — y?| + 2i|xy|

is analytic.

Solution. Let u(z,y) = |2* — 3*| and v(x,y) = 2|zy|. If (zo,y0) € R? satisfying
u(xo, yo) # 0 and v(xg, yo) # 0, we can compute their parital derivatives:

2 2

2 _ .2
o — Y% Lo — Yo
U,x(l’o,yo) =2r0——5 U (anyD) = _2y0—
|25 — 35| Y |23 — 2]
ZoYo ZoYo
Ve (To, Y0) = 240 vy = 21
|Zoyo| |[Zoyol
We observe that the Cauchy-Riemann equations hold if and only if ‘ﬁ:zél = —lzggﬁ That
0 0

is, Toyo and 22 — y2 have the same sign. The complex plane C is partitioned into 8
regions by 4 straight lines, namely {x = 0}, {y = 0}, {x = y} and {z = —y}. In
the polar coordinate, the 8 regions are respectively {0 < 0 < w/4}, {n/4 < 0 < 7/2},
{r/2 < 0 < 3rn/4}, {3n/4 < 0 < 7}, {m < 0 < bn/4}, {br/4 < 0 < 3mw/2},
{37/2 < 0 < Tr/4} and {77 /4 < 6 < 2 }. In order for zy and 2% — y* to have the same
sign, (x,y) must lie in the regions {0 < 6 < w/4}, {7/2 < 0 < 3w /4}, {r < 0 < 5w /4}
and {37/2 < § < 7w /4}. Moreover, for any point outside these regions, its neighborhood
must intersect one of the other 4 regions, i.e. {7/4 < 0 < w/2}, {37/4 < 0 < 7},
{bm/4 < 6 < 3n/2} and {7Tw/4 < 6 < 2w}, where [ is not differentiable.

Therefore, the domains over which f is analytic, are {0 < 0 < 7/4}, {7/2 < 0 < 37/4},
{m <0 <bn/4}or{3n/2 < O < Tm/4}. <

2. Suppose that f(z) is analytic on a domain D, where D is symmetric with respect to the

real axis. Show that g(z) := f(2) is a well-defined analytic function on D.

Solution. Let u, v be the real-valued functions on D such that f(x + iy) = u(x,y) +
iv(z,y). Since D is symmetric with respect to the real axis, u(z, y) is well-defined if and
only if u(z, —y) is well-defined. This is also true for the function v(z, y). Note that

g(z +1iy) = f(z —iy) = u(x, —y) — iv(z, —y).

If we put p(x, y), ¢(x, y) be the real part and imaginary part of g, then their partial deriva-
tives at (zo, yo) are given by:

Px(Z0, Yo) = uz(To, —Yo) Py(Zo, Yo) = —uy(To, —Yo)
G2 (T0, Yo) = —v2(T0, —Y0) qy (0, Yo) = vy (2o, —¥o)
Since u, = v, and u, = —v,, it follows that p, = ¢, and p, = —q,. Moreover, the

function (z,y) — (p(x,y), q(x,y)) is just the composite function

(I, y) = (ZL’, _y> = (u(x, —y),U(l’, _y>> = (UJ('I’ _y>7 —U(ZE, _y)),



hence it is differentiable. Therefore, g is complex differentiable at every point of D. (see
Week 2 Lecture notes). |

. Let vg be the circle {z € C : |z| = R} in the counterclockwise direction. Show that, for

R > 2,
/ 321 2rR(3R + 1)
— —  dz
. 24442243

(R?—1)(R*-3)

<

Solution. On the circle {z € C : |z|] = R}, [32 — 1] < 3|2 +1 = 3R + 1, and
|24+ 422+ 3] = (22 +1)(22+3)| > (2|2 = 1)(]2]* = 3) = (R? — 1)(R? — 3). Therefore,
we have

3z—1 3R+1
< f = R.
A dE s SEonmoy oreven
Since the length of the contour is 27 R, the result follows. |

. Let v be the vertical line segment from R to R + 4mi, where R > 0. Show that

2e* 8relt
3z dz S 3R 1 :
R 14+e et —

Solution. Forevery z € Vg, z = R+iy for some 0 < y < 47, hence we have |2¢7| = 27
and |1 + €3] > |e%*] — 1 = €*® — 1. Since the length of the contour is 47, the result
follows. |

1
. Does the function f(z) = — defined on C \ {0} have an antiderivative?
z

Solution. Yes, —i is an antiderivative for the function f(z). However, the function % has
no antiderivative on the domain C \ {0}. This can be checked from the calculation that

d 271' 1 .
/ a _ / —ietdt = 2mi # 0.
et 20 Jo €

You can also argue in this way: since the function f(z) is analytic in D := C \ {0}, to
claim that f(z) has an antiderivative, it suffices to check that

f(z)dz = 0.

|z[=1

In general, you need to check that f7 f(z)dz = 0 for every closed contour 7 in D, but
by the analyticity of f and the Cauchy-Goursat theorem, you only need to evaulate that
particular contour. »



