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Compulsory Part

1. Suppose that f(2) is differentiable at zo, where zo = 7¢¢™ # 0. Show that the derivative
f'(20) can be written as |
f(20) = e (u, + iv,)

or

F(z0) = Z—(f(ue +ivg),

where all the partial derivatives are evaluated at (rg, 6).

2. Consider the following function

(14)mE) §fz £ 0
z) = |2]
/() { 0 if z =0.

(a) Show that the Cauchy-Riemann equations are satisfied at z = 0.
(b) Is f(z) differentiable at z = 0?

3. Let 7 be the unit circle {z € C : |z| = 1} in the counterclockwise direction. Evaluate the

integral / zMmzZ"dz for any m,n € Z.
v

4. Evaluate the integral / 22dz, if
Y

(a) + is a straight line segment from 2z = 2 to z = 24;

(b) + is the major arc of the circle {z € C : |z| = 2} from z = 2 to z = 2i.

5. Let «y be the arc of the circle {z € C : |z| = 2} from z = 2 to z = 2 that lies in the first

quadrant. Show that
/ dz ‘ 7
2 <5
L2t =1 3

6. Let v be the arc of the circle {z € C : |z| = R} from z = R to z = — R that lies in the
upper half plane, where R > 1. Show that

22 TR?
6 dz| < 6 1’
v ? +1 RS —

22

and hence show that

li dz = 0.
R—1>I-ir-loo R Z6+1 i



Optional Part

1. Find the domain over which the function
f(2) = fle+iy) = |2* — | + 2i |2y
is analytic.

2. Suppose that f(z) is analytic on a domain D, where D is symmetric with respect to the

real axis. Show that g(z) := f(Z) is a well-defined analytic function on D.

3. Let g be the circle {z € C : |z| = R} in the counterclockwise direction. Show that, for

R > 2,
3z —1
/ 4 ° 2 dz
v ? +4224+3

4. Let g be the vertical line segment from R to R + 47i, where R > (. Show that
/ 2e* J ‘ < 8melt
z| < .
e 1+ e¥ e3f —1

1
5. Does the function f(z) = —; defined on C \ {0} have an antiderivative?
z

2rR(3R+1)
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