
MMAT5390: Mathematical Image Processing

Solutions to Chapter 4 Exercises

1. Hi =
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,
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, Hiv =
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,

Hv =
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1
8 e−
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1
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, Hvi =


0 1− e− 1

8 1− e− 1
2 1− e− 1

8

1− e− 1
8 1− e− 1

4 1− e− 5
8 1− e− 1

4

1− e− 1
2 1− e− 5

8 1− e−1 1− e− 5
8

1− e− 1
8 1− e− 1

4 1− e− 5
8 1− e− 1

4

.

(a)

DFT (f1) =
1

16


1 1 1 1
1 −j −1 j
1 −1 1 −1
1 j −1 −j




1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1




1 1 1 1
1 −j −1 j
1 −1 1 −1
1 j −1 −j



=
1

16


4 4 4 4
0 0 0 0
0 0 0 0
0 0 0 0




1 1 1 1
1 −j −1 j
1 −1 1 −1
1 j −1 −j

 =


1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

 .

i,iii,v.
f̃1 = Re(iDFT (DFT (f1))) = f1.

ii,iv,vi.
f̃1 = Re(iDFT (0)) = 0.

(b)

DFT (f2) =
1

16


1 1 1 1
1 −j −1 j
1 −1 1 −1
1 j −1 −j




1 −1 1 −1
−1 1 −1 1
1 −1 1 −1
−1 1 −1 1




1 1 1 1
1 −j −1 j
1 −1 1 −1
1 j −1 −j



=
1

16


0 0 0 0
0 0 0 0
4 −4 4 −4
0 0 0 0




1 1 1 1
1 −j −1 j
1 −1 1 −1
1 j −1 −j

 =


0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0

 .

i.
f̃2 = Re(iDFT (0)) = 0.

ii.
f̃2 = Re(iDFT (DFT (f2))) = f2.

iii.

f̃2 = Re(iDFT (
1

5
DFT (f2))) =

1

5
f2.

iv.

f̃2 = Re(iDFT (
4

5
DFT (f2))) =

4

5
f2.
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v.
f̃2 = Re(iDFT (e−1DFT (f2))) = e−1f2.

vi.
f̃2 = Re(iDFT ((1− e−1)DFT (f2))) = (1− e−1)f2.

(c)

DFT (f3) =
1

16


1 1 1 1
1 −j −1 j
1 −1 1 −1
1 j −1 −j




0 0 0 0
0 1 1 0
0 1 1 0
0 0 0 0




1 1 1 1
1 −j −1 j
1 −1 1 −1
1 j −1 −j



=
1

16


0 2 2 0
0 −1− j −1− j 0
0 0 0 0
0 −1 + j −1 + j 0




1 1 1 1
1 −j −1 j
1 −1 1 −1
1 j −1 −j



=
1

16


4 −2− 2j 0 −2 + 2j

−2− 2j 2j 0 2
0 0 0 0

−2 + 2j 2 0 −2j

 .

i.
f̃3 = iDFT (DFT (f3)) = f3.

ii.
f̃3 = iDFT (0) = 0.

iii.

f̃3 =
1

16
Re(iDFT




4 − 32
17 (1 + j) 0 32

17 (−1 + j)
− 32

17 (1 + j) 8
5j 0 8

5
0 0 0 0

32
17 (−1 + j) 8

5 0 − 8
5j


)

=
1

16
Re(


1 1 1 1
1 j −1 −j
1 −1 1 −1
1 −j −1 j




4 − 32
17 (1 + j) 0 32

17 (−1 + j)
− 32

17 (1 + j) 8
5j 0 8

5
0 0 0 0

32
17 (−1 + j) 8

5 0 − 8
5j




1 1 1 1
1 j −1 −j
1 −1 1 −1
1 −j −1 j



=
1

340


−7 17 17 −7
17 313 313 17
17 313 313 17
−7 17 17 −7

 .

iv.

f̃3 =


0 0 0 0
0 1 1 0
0 1 1 0
0 0 0 0

− 1

340


−7 17 17 −7
17 313 313 17
17 313 313 17
−7 17 17 −7



=
1

340


7 −17 −17 7
−17 27 27 −17
−17 27 27 −17

7 −17 −17 7

 .

v.

f̃3 =
1

16
Re(iDFT




4 −2e−
1
8 (1 + j) 0 2e−

1
8 (−1 + j)

−2e−
1
8 (1 + j) 2e−

1
4 j 0 2e−

1
4

0 0 0 0

2e−
1
8 (−1 + j) 2e−

1
4 0 −2e−

1
4 j


)

≈


0.0035 0.0553 0.0553 0.0035
0.0553 0.8859 0.8859 0.0553
0.0553 0.8859 0.8859 0.0553
0.0035 0.0553 0.0553 0.0035

 .
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vi.

f̃3 ≈


0 0 0 0
0 1 1 0
0 1 1 0
0 0 0 0

−


0.0035 0.0553 0.0553 0.0035
0.0553 0.8859 0.8859 0.0553
0.0553 0.8859 0.8859 0.0553
0.0035 0.0553 0.0553 0.0035



=


−0.0035 −0.0553 −0.0553 −0.0035
−0.0553 0.1141 0.1141 −0.0553
−0.0553 0.1141 0.1141 −0.0553
−0.0035 −0.0553 −0.0553 −0.0035


2. (a) Since M ≥ 6 and N ≥ 8, D(1, 2) = 5, D(3, 1) = 10 and D(2, 4) = 20.

Since 3H1(1, 2) = 4H1(3, 1) = 6H1(2, 4),

3D2n
0

D2n
0 + 5n

=
4D2n

0

D2n
0 + 10n

=
6D2n

0

D2n
0 + 20n

.

Since D0 > 0, {
3(D2n

0 + 10n) = 4(D2n
0 + 5n),

4(D2n
0 + 20n) = 6(D2n

0 + 10n),

which gives{
D2n

0 = 3 · 10n − 4 · 5n = 5n(3 · 2n − 4),

2D2n
0 = 4 · 20n − 6 · 10n =⇒ D2n

0 = 2 · 20n − 3 · 10n = 5n(2 · 22n − 3 · 2n).

Hence 3 · 2n − 4 = 2 · 22n − 3 · 2n, and thus (2n − 1)(2n − 2) = 0 and n = 0 or 1.

If n = 0, then 1 = D2×0
0 = 50(3 · 20 − 4) = −1. Contradiction.

Hence n = 1. Since D2
0 = 5(3 · 2− 4), D0 =

√
10.

(b) Since M ≥ 2c > 2a and N ≥ 4c, D(a, b) = a2 + b2 = c2 and D(0, 2c) = 4c2.

Given H2(a, b) = 8H2(0, 2c), i.e. e−
c2

2σ2 = 8e−
2c2

σ2 .

Hence e−
c2

2σ2 (2e−
c2

2σ2 − 1)(4e−
c2

σ2 + 2e−
c2

2σ2 + 1) = 0.

Thus e−
c2

2σ2 = 1
2 ; − c2

2σ2 = − ln 2 and thus σ = c√
2 ln 2

.

(c) Since M = N = 10, D(2, 7) = 22 + 32 = 13 and D(5, 1) = 52 + 12 = 26.

Given H3(2, 7) = 1
3 and H3(5, 1) = 4

5 , i.e.{
13n

D2n
0 +13n

= 1
3 ,

26n

D2n
0 +26n

= 4
5 .

Then D2n
0 = 2 · 13n and 4D2n

0 = 26n, and thus 4 = 2n−1.

Hence n = 3; then D6
0 = D2n

0 = 2 · 13n = 2 · 133, and thus D0 = 6
√

2
√

13.

3. Recall that for any f ∈ MM×N (R), DFT (h ∗ f)(u, v) = MN DFT (h)(u, v)DFT (f)(u, v);
hence H(u, v) = MN DFT (h)(u, v).

(a)

H1(u, v) =

k∑
x=−k

k∑
y=−k

1

(2k + 1)2
e−2πj(

ux
M + vy

N ) =
1

(2k + 1)2

k∑
x=−k

e−2πj
ux
M

k∑
y=−k

e−2πj
vy
N

=
1

(2k + 1)2
[1 + 2

k∑
x=1

cos
2πux

M
][1 + 2

k∑
y=1

cos
2πvy

N
].

(b) H2(u, v) = r
r+4 + 1

r+4 (e−2πj
u
M + e2πj

u
M + e−2πj

v
N + e2πj

v
N ) =

r+2(cos 2πu
M +cos 2πv

N )

r+4 .
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(c)

H3(u, v) =
1

4
+

1

8
(e−2πj

u
M + e2πj

u
M + e−2πj

v
N + e2πj

v
N )

+
1

16
(e−2πj(

u
M+ v

N ) + e−2πj(
u
M−

v
N ) + e−2πj(−

u
M+ v

N ) + e−2πj(−
u
M−

v
N ))

=
1

4
+

1

4
(cos

2πu

M
+ cos

2πv

N
) +

1

4
cos

2πu

M
cos

2πv

N

=
1

4
(cos

2πu

M
+ 1)(cos

2πv

N
+ 1)

= cos2
πu

M
cos2

πv

N
.

(d)

H4(u, v) = −4 + e−2πj
u
M + e2πj

u
M + e−2πj

v
N + e2πj

v
N

= −4 + 2 cos
2πu

M
+ 2 cos

2πv

N

= −4(sin2 πu

M
+ sin2 πv

N
).

(e)

H5(u, v) =
1

T

T−1∑
t=0

e−2πj(
atu
M + btv

N )

=

 1
T ·

1−e−2πjT ( au
M

+ bv
N

)

1−e−2πj( au
M

+ bv
N

)
if au

M + bv
N /∈ Z,

1 otherwise,

=

 1
T e
−πj(T−1)( auM + bv

N ) e
πjT ( au

M
+ bv
N

)−e−πjT ( au
M

+ bv
N

)

eπj(
au
M

+ bv
N

)−e−πj(
au
M

+ bv
N

)
if au

M + bv
N /∈ Z,

1 otherwise,

=

{
1
T e
−πj(T−1)( auM + bv

N ) sin(πT ( auM + bv
N ))

sin(π( auM + bv
N ))

if au
M + bv

N /∈ Z,

1 otherwise.

4. To be supplemented.

5.

M−1∑
m=0

N−1∑
n=0

F (m,n)F (m,n)

=
1

M2N2

M−1∑
m=0

N−1∑
n=0

M−1∑
k=0

N−1∑
l=0

f(k, l)e−2πj(
mk
M +nl

N )
M−1∑
k′=0

N−1∑
l′=0

f(k′, l′)e2πj(
mk′
M +nl′

N )

=
1

M2N2

M−1∑
m,k,k′=0

N−1∑
n,l,l′=0

f(k, l)f(k′, l′)e2πj(
m(k′−k)

M +
n(l′−l)
N )

=
1

M2N2

M−1∑
k,k′=0

N−1∑
l,l′=0

f(k, l)f(k′, l′) ·M1MZ(k′ − k) ·N1NZ(l′ − l)

=
1

MN

M−1∑
k=0

N−1∑
l=0

|f(k, l)|2.

6. (a) Let f be a minimizer of ‖L~f‖2F over all {ϕ ∈ MM×N (R) : ‖~g − D~f‖22 = ε}. Then
the method of Lagrange multipliers states that f necessarily minimizes the following
Lagrangian:

L(f) = ‖L~f‖22 + λ‖~g −D~f‖22.
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Hence dL
d~f

= 0, i.e.

d

d~f
[~fTLTLf + λ(~gT − ~fTDT )(~g −Df)] = 0,

which gives 2LTL~f + λ(−2DT~g + 2DTD~f) = 0 and thus (λDTD + LTL)~f = λDT~g.

(b) i. For any x, y ∈ {0, 1, · · · ,M − 1},

(
√
MUM )(

√
MUM )(x, y) = M

M−1∑
k=0

UM (x, k)UM (k, y) =
1

M

M−1∑
k=0

e2πj
k(y−x)
M

=
1

M
·Mδ(y − x) =

{
1 if x = y,

0 otherwise.

Hence
√
MUM is unitary.

ii. Note that the (k, l)-th block of U ⊗ V , denoted here by (U ⊗ V )k,l, is given by
U(k, l)V . Hence the (k, l)-th block of (U ⊗ V )∗ is given by

[(U ⊗ V )∗]k,l = [(U ⊗ V )l,k]∗ = U(l, k)V ∗ = U∗(k, l)V ∗.

Hence for any k, l ∈ {0, 1, · · · , N},

[(U ⊗ V )(U ⊗ V )∗]k,l =

N−1∑
n=0

(U ⊗ V )k,n[(U ⊗ V )∗]n,l

=

N−1∑
n=0

U(k, n)U∗(n, l)V V ∗

= δ(k − l)IM .

Hence U ⊗ V is unitary.

iii. For any k, l ∈ {0, 1, · · · ,M},

UMCUM (k, l) =

M−1∑
m=0

UM (k,m)(CUM )(m, l)

=

M−1∑
m=0

M−1∑
n=0

UM (k,m)cm−nUM (n, l)

=
1

M2

M−1∑
m=0

M−1∑
n=0

cm−ne
2πj ln−mkM

=
1

M2

M−1∑
m=0

m∑
n′=m−M+1

cn′e
2πj

l(m−n′)−mk
M

=
1

M2

M−1∑
n′=0

cn′e
−2πj ln′M

M−1∑
m=0

e2πj
m(l−k)
M

=
1

M

M−1∑
n=0

cne
−2πj lnM δ(l − k).

Hence UMCUM is diagonal.
Since

√
MUM is unitary, U−1M = MU∗M = MUM , and thus MUMCUM is a diag-

onalization of C. Hence the eigenvalues of C are given by the diagonal entries of
MUMCUM :

λl(C) =

M−1∑
n=0

cne
−2πj lnM , l = 0, 1, · · · ,M − 1.
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iv. For any k, l ∈ {0, 1, · · · , N − 1}, the (k, l)-th block of (UN ⊗ UM )D(UN ⊗ UM ),
denoted here by [(UN ⊗ UM )D(UN ⊗ UM )]k,l, is given by:

[(UN ⊗ UM )D(UN ⊗ UM )]k,l =

N−1∑
m=0

(UN ⊗ UM )k,m[D(UN ⊗ UM )]m,l

=

N−1∑
m=0

(UN ⊗ UM )k,m

N−1∑
n=0

Dm−n(UN ⊗ UM )n,l

=

N−1∑
m=0

N−1∑
n=0

UN (k,m)UN (n, l)UMDm−nUM

=
1

N2

N−1∑
m=0

N−1∑
n=0

e2πj
ln−km
N UMDm−nUM

=
1

N2

N−1∑
m=0

m∑
n′=m−N+1

e2πj
l(m−n′)−km

N UMDn′UM

=
1

N2

N−1∑
m=0

e2πj
m(l−k)
N

N−1∑
n′=0

e−2πj
ln′
N UMDn′UM

=
1

N
δ(l − k)

N−1∑
n′=0

e−2πj
ln′
N UMDn′UM .

Since D is block-circulant, Dn′ is circulant. Hence by the result of (b)iii., UMDn′UM
is diagonal and thus (UN ⊗ UM )D(UN ⊗ UM ) is diagonal.
Since

√
NUN and

√
MUM are unitary,

√
MNUN ⊗ UM is unitary, and MN(UN ⊗

UM )D(UN ⊗UM ) is a diagonalization of D. The eigenvalues of D are the diagonal
entries of MN(UN ⊗ UM )D(UN ⊗ UM ), i.e.

λi(D) =

M−1∑
m=0

N−1∑
n=0

Dn,me
−2πj( kmM + ln

N ), k ∈ {0, 1, · · · ,M − 1}, l ∈ {0, 1, · · · , N − 1},

where Dn,m denotes the value of the entries on the diagonal of Dn with indices
{(x, y) : x− y ∈ m+MZ}.

(c) i. For any x, y ∈ {0, 1, · · · ,M − 1},

WMDk−lWM (x, y) =

M−1∑
s=0

WM (x, s)[Dk−lWM ](s, y)

=

M−1∑
s=0

WM (x, s)

M−1∑
t=0

Dk−l(s, t)WM (t, y)

=
1

M

M−1∑
s=0

M−1∑
t=0

Dk−l,s−te
2πj sx−tyM

=
1

M

M−1∑
s=0

s∑
t′=s−M+1

Dk−l,t′e
2πj

sx−(s−t′)y
M

=
1

M

M−1∑
s=0

e2πj
s(x−y)
M

M−1∑
t′=0

Dk−l,t′e
2πj t

′y
M

=


M−1∑
m=0

Dk−l,me
2πjmyM if x = y,

0 otherwise.
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ii. For any k, l ∈ Z ∩ [0, N − 1],

[(WN ⊗WM )D(WN ⊗WM )]k,l =

N−1∑
m=0

(WN ⊗WM )k,m[D(WN ⊗WM )]m,l

=

N−1∑
m=0

(WN ⊗WM )k,m

N−1∑
n=0

Dm−n(WN ⊗WM )n,l

=

N−1∑
m=0

N−1∑
n=0

WN (k,m)WN (n, l)WMDm−nWM

=
1

N

N−1∑
m=0

N−1∑
n=0

e2πj
km−ln
N WMDm−nWM

=
1

N

N−1∑
m=0

N−1∑
n′=0

e2πj
km−l(m−n′)

N WMDn′WM

=
1

N

N−1∑
m=0

e2πj
m(k−l)
N

N−1∑
n′=0

e2πj
ln′
N WMDn′WM

= δ(k − l)
N−1∑
n=0

e2πj
ln
NWMDnWM .

Hence for any k, l ∈ {0, 1, · · · , N − 1} and x, y ∈ {0, 1, · · · ,M − 1},

[(WN ⊗WM )D(WN ⊗WM )](x+ kM, y + lM)

= [(WN ⊗WM )D(WN ⊗WM )]k,l(x, y)

=


N−1∑
n=0

e2πj
ln
N [WMDnWM ](x, y) if k = l,

0 otherwise,

=


N−1∑
n=0

e2πj
ln
N

M−1∑
m=0

Dn,me
2πjmxM if k = l and x = y,

0 otherwise,

=


M−1∑
m=0

N−1∑
n=0

D(m+ nM, 0)e2πj(
mx
M + ln

N ) if k = l and x = y,

0 otherwise,

=


M−1∑
m=0

N−1∑
n=0

h(m,n)e2πj(
mx
M + kn

N ) if k = l and x = y,

0 otherwise,

=

{
MN DFT (h)(x, k) if k = l and x = y,

0 otherwise.

(d) For any x ∈ {0, 1, · · · ,M − 1} and y ∈ {0, 1, · · · , N − 1}, and f ∈MM×N (R),

[(WN ⊗WM )S(f)](x+ yM) =

M−1∑
m=0

N−1∑
n=0

(WN ⊗WM )(x+ yM,m+ nM)S(f)(m+ nM)

=

M−1∑
m=0

N−1∑
n=0

WN (y, n)WM (x,m)f(m,n)

=
1√
MN

M−1∑
m=0

N−1∑
n=0

f(m,n)e2πj(
mx
M +ny

N )

=
√
MN

[
1

MN

M−1∑
m=0

N−1∑
n=0

f(m,n)e−2πj(
mx
M +ny

N )

]
=
√
MN DFT (f)(x, y)
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=
√
MN S(DFT (f))(x+ yM).

Hence (WN ⊗WM )S(f) =
√
MNS(DFT (f)).

(e) Recall the result from (a):

(λDTD + LTL)~f = λDT~g.

Since D and L are block-circulant, the result from (c)ii. asserts that

[(WN⊗WM )D(WN⊗WM )](x+kM, y+lM) =

{
MNDFT (h)(x, k) if k = l and x = y,

0 otherwise
;

equivalently, denoting the MN ×MN diagonal matrix by ΛD,

D = (WN ⊗WM )ΛD(WN ⊗WM ).

Similarly,
L = (WN ⊗WM )ΛL(WN ⊗WM ).

Hence

(λDTD + LTL)~f = (λD∗D + L∗L)~f

= {λ[(WN ⊗WM )ΛD(WN ⊗WM )]∗(WN ⊗WM )ΛD(WN ⊗WM )

+ [(WN ⊗WM )ΛL(WN ⊗WM )]∗(WN ⊗WM )ΛL(WN ⊗WM )}~f

= [λ(WN ⊗WM )∗Λ∗DΛD(WN ⊗WM ) + (WN ⊗WM )∗Λ∗LΛL(WN ⊗WM )]~f

= (WN ⊗WM )(λΛ∗DΛD + Λ∗LΛL)(WN ⊗WM )~f

= (WN ⊗WM )(λΛ∗DΛD + Λ∗LΛL)
√
MNS(DFT (f));

on the other hand,

λDT~g = λD∗~g

= λ(WN ⊗WM )∗Λ∗D(WN ⊗WM )∗~g

= λ(WN ⊗WM )Λ∗D(WN ⊗WM )~g

= λ(WN ⊗WM )Λ∗D
√
MN S(DFT (g)).

Hence (λΛ∗DΛD + Λ∗LΛL)S(DFT (f)) = λΛ∗DS(DFT (g)). By comparing each pair of
entries,

(λM2N2|DFT (h)(u, v)|2+M2N2|DFT (p)(u, v)|2)DFT (f)(u, v) = λMNDFT (h)(u, v)DFT (g)(u, v),

which yields

DFT (f)(u, v) =
λDFT (h)(u, v)DFT (g)(u, v)

MN(λ|DFT (h)(u, v)|2 + |DFT (p)(u, v)|2)
.

7. To be supplemented.

8. To be supplemented.
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