MMAT5380 Graph Theory and Networks
Suggested Solution for Assignment 4

4-1: Let (X,Y) be bipartition of G. Let W = ujus - - - uguy be a closed walk of length k. Without
loss of generality, we may assume that u; € X. Then us € Y, ug € X and so on. In general,

u; € X for odd ¢ and u; € Y for even j. Since u; € X, uy € Y. Hence k£ must be even.
4-2: (a) The chosen list of edges are BC(2), AB(3), BG(3), DG(5), AF(6), EF(7).
(b)
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4-3: (a) Usea, b, ¢, e, i, h, g, d, f as the pre-ordering and we take a as the root.

R
T
Pass | Step | NO0*)NU | w | b*w | (w) | U b* | i

0 1 & | (1,%) | byc,e,i,h,g,d, f |a |2
1 2 b,c,i b | ab | (2,a) | c,e,i,h,g,d, f b |3
2 2 e, i, f e | be | (3,b) | c,i,h,g,d, f e |4
3 2 c,d, f c | ec | (4,e) |i,h,g,d, f c |5
4 2 i,d i | c | (5,¢) | hgdf i |6
5 |2#.3| o c
6 2 d d| cd | (6,¢) | h,g,f d |7
7 2 | h,yg h | dh | (7,d) | g, f h |8
8 2 |gf g | hg | BN |f g |9
9 | 2 |/ Fof [O.9) ]2

(b) We obtain the following strongly connected digraph
b b

4-5: View each 1x1x 1 cube as a vertex of a graph. Two vertices are adjacent if the corresponding
cubes are adjacent. Then the corresponding graphs is isomorphic to P3 x Py x P3. It is clearly
that it is bipartite.

So we can color the vertices by white or black such that each pair of adjacent vertices have
differ colors. Suppose we color all vertices corresponding corners by black, then the vertex

corresponding the center will be colored by white.

Suppose the mouse starts at a corner and it can finish at the center. That means that the
corresponding graph has a Hamiltonian path from a corner vertex (say v) to the center vertex
(say c¢). If we add an edge vc on the graph, then the resulting graph has a Hamiltonian cycle.
It is impossible, since the graph is a bipartite graph with odd order.



4-6:

4-7:

4-8:

(a) Cp with p > 5.

(b) Ky—1 for n > 2, where p = 2n — 1. (If K,,_1, contains a Hamiltonian cycle, then it
must be an odd cycle. But bipartite graph does not contain any odd cycle.)

Let X be an independent set of G. We take S = N(X). Since X is an independent set,
after deleting N(X) it creates at least |X| components which are isolated vertices. Thus
w(G — N(X)) > |X|. From the hypothesis | X| > |N(X)|, we have w(G — N(X)) > |[N(X)].
By Theorem 4.2.3, G is non-hamiltonian.

Let H = GV K;. Since degg(u) + degg(v) > |G| — 1 for any two nonadjacent vertices u, v
of G, we have degy(u) + degy(v) > |G| + 1 = |H| for any two nonadjacent vertices u,v of
H. Then by Corollary 4.2.9, H is Hamiltonian. Let C be a Hamiltonian cycle of H. Then,

obviously, C' — z is a Hamiltonian path of G.



