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§1 - Review of Linear Algebra




How much do you remember? Computational

Mathematics - Part 1
Numerical Linear
Algebra

Let m,n € N (natural numbers), x a n-dimensional column vector and A a
m X n matrix:

Andrew Lam

Review of Linear

X1 all ai2 e ain Algebra
X2 a1 axp ... axp
X = , A= . . . . m rows
Xn aml  am2 ... amn
n columns
We assume all coefficients xi, ..., Xn, 311, .., amn are complex numbers,

denoted by C, and write

x€C", AecCmxn,

Matrix-vector multiplication: The vector b = Ax is the m-dimensional column

vector defined as

n
i = g ajxj fori=1,2,...,m.
Jj=1
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Matrix-vector multiplication: The vector b = Ax is the m-dimensional column
vector defined as

n
b; = E ajxj for i=1,2,...,m.
Jj=1

Graphically: b is a linear combination of the columns of A:

b = [agfag| - |an|| | = zy|a|+ Zpf 0|+ -+ 2,0

“New"” way of thinking about matrix-vector products!

Question: Does it makes sense to compute b = Ax where A € C"*™ and
x e C"?
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Matrix-matrix multiplication: For I, m, n € N, and matrices A € C'*™ and
C € CMX" the product matrix B = AC is a | X n matrix with entries

m
bj=> aycgfor 1<i<1<j<n.

k=1
Graphically:
ale|-|e
by by |8 | = | 1| aa | | @
column b; = linear combination of columns of A with coefficients
given by the column ¢
column by = linear combination of columns of A with coefficients

given by the column ¢,
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Range and nullspace

A matrix A € C™*" takes a vector x € C" and outputs a vector b = Ax € C™.

A:C"—=C" xm— Ax.
The range of A (or column space of A), denoted range(A), is the set
{y €C™:y = Ax for some x € C"} C C™
Theorem: range(A) is the space spanned by the columns of A.
The nullspace of A, denoted null(A), is the set
{xeC": Ax=0}CC".

Example:
> A€ C"*" is the identity matrix - range(A) = C" and null(A) =0

» m=3,n=2:

1 2 x1+2x =0 0
A=(-1 0 null(A) = —x1 =0 :{( )}
2 0 2x; =0
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Rank and Inverse

The column rank of a matrix is the dimension of the column space (the
number of linearly independent columns). The row rank of a matrix is the
dimension of the space spanned by its rows.

Theorem: Row rank = Column rank. .. Both are referred to as rank of the
matrix.

For a non-square matrix A € C™*", we say A has full rank if
rank(A) = min(m, n).
(What's wrong with taking max(m, n)?)

For a square matrix A € C™*™, we say A is invertible/non-singular if
rank(A) = m (i.e., full rank). Then, there is a matrix Z € C™*™ (also of full
rank) such that

AZ=ZA=1.

The matrix Z is called the inverse of A, denoted Z = AL,

Keep in mind: In general, AB # BA for two matrices A € C™*" and
B e (Cn)(m.
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Adjoint

For a complex number a = x + iy, i = +/—1, its complex conjugate is
3= x—1y. If ais a real number then a = a.

The hermitian conjugate/adjoint of A € C™*", denoted as A* is the n x m
matrix with (/,)th entry

a,-j = aji

Graphically:

A=|ay ay =
[
83, 12 82 O3

a; a
w2 A-=[ﬁu @y 85

A matrix A € C™X™ is hermitian if A = A*.

If A€ R™%" is a real matrix, its adjoint is called the transpose, denoted as
AT If A€ R™%™M s also hermitian, then A is called symmetric.

Exercise: Show that (AB)* = B*A*.
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Inner products MMAT 5320

Computational
Mathematics - Part 1
Numerical Linear

. . Algeb
The inner product between two vectors x,y € C™ is BR
Andrew Lam
m
* P— jv
xXy= XiYi
i=1 Review of Linear

Algebra
The Euclidean norm of x € C™ is

T \1/2
Ixll = Vxrx = (3 xx)
i=1

and the angle 6 between two vectors x,y € C™ is

cosf = M,
Iyl
where Re denotes the real part.
Properties:
> |Ix|]| = |Ix*|| and ||x]| = 0 if and only if x = 0.
> 6 €0,n].

> (ax)*(By) = aBx*y for a, B € C.
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Orthogonality

A pair of vectors x and y are orthogonal if x*y = 0.

Two sets of vectors X = {x',...,x"}and Y = {y,...,y™} for n,m €N are
orthogonal if (x')*(y/) =0forall1<i<nand1<j<m.

A set of nonzero vectors S is orthogonal if its elements are pairwise orthogonal,
i.e., for all x,y € S with x # y, then x*y = 0. | B

We say S is orthonormal if all elements of S satisfies ||x|| = 1.

Theorem: The vectors in an orthogonal set S are linearly independent (LI).

Proof: (1) Suppose to the contrary, S = {x!,...,x"} is not LI. Then, x" can
be written as a linear combination of {x!,...,x""1}:

x"=cx '+ -+ cp1x"t  forc eC.

(2) Computing 0 < ||x"||2 = (x")*(x") shows

n—1 n—1
[X"1? = ()" (D_eix’) = > c(x")*(x') =0
i=1 i=1

(3) Contradiction.
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. MMAT 5320
Decomposition of a vector | [Ry—]
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Andrew Lam
Let v € C™ be a vector, and S = {qi1,...,qm} is an orthogonal set. Then, S
is a basis of C™.

Review of Linear
B “ m Algebra
But what is the “formula” for v?

Since Jifv=cq1+ g+ -+ cmgm for scalar
¢; € C, we take the inner product of v with gx and use orthogonality:

aiv = c(giaqr) + e (qfa) + -+ an(aian) = ck(agax) = ckllarll?

So a first formula for v in terms of the set S is

n
EAE qi orv= Z (qfv) q; for S orthonormal
1 114 ——

=c;
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Another viewpoint: we use .
Review of Linear
Algebra

For gq,v € C™, the product (¢*v)q is again a vector in C™, with jth

component
[(a*v)al; = (D lalilvli)lal; = > lallalilvli = > Aulv];
i=1 i=1 i=1
where A € C™X™M is the matrix

lahlgl: [qhlalz ... [ahldlm
. [ql2lal:  [al2lgl2 .- [gl2[g]lm

A = [dljlali = (9™ )i, A= : : . :
[qlmlalr  [glmlalz ... [glmldlm
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Decomposition of a vector 1l

Algebra
Continuing... From the first viewpoint we derive for an orthonormal set S: Andrew Lam
m m m
v= Z(q;‘ v)gi = Z(q,-q,-*)v = Z/\,-v7 Review of Linear
i=1 i=1 i=1 Algebra

where matrices A; € C™*™ are defined as A; = (q;q}"):

[qil1

gl | -
A= . (el [al2 - [adm)

[QI]m

Summary: Two ways to express a vector v using inner products and
orthonormal sets.

(1) vis a sum of coefficients g¥v times vectors g;;

(2) v is the sum of orthogonal projections (g;q;) of v.

Exercise: What is the rank of the projection matrices A;?
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A matrix Q@ € C™™ is unitary if Q*Q =1/, i.e.,, Q* = QL. Andrew Lam

9 1
- & Review of Linear
%2 1 Algebra
Q| B || = ..
T

So,

L foifiz],
(q’qf){lifi:j,

i.e., the columns {g;}7, of @ forms an orthonormal basis of C".

Multiplication: For Q unitary and x € C™, the product Qx € C™ is the linear

combination of columns {q;}7, with coefficient of x:

Qx = x191 + x2q2 + - - + XmQm-
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For Q unitary and b € C™, what is the product Q*b € C™?

Review of Linear
Algebra

Expand b in the basis {q;}7 ,:

b={(gib)ar + -+ (qmb)am.

Then, using Q*q; = ¢ (jth standard unit vector), yields
qib
Q"b=(qib)e + (asb)er+ -+ (gpb)en = | . |,
qnb

i.e., Qb is the vector of coefficients of the expansion of b in the basis {q,-},’.":l.
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Algebra
e om . . s
A norm || -] : C™ — R is a function satisfying e
(i) |Ix]l > 0 and ||x|| = 0 if and only if x = 0.
(it) lax|| = |a||x]| for all a € C.
Review of Linear
(i) [Ix + |l < |Ix]| + Iyl (triangle inequality). Algebra

Examples: for 1 < p < oo the p-norm is defined as

m
1
Ixle = (32 al?)7.
i=1
For p = 0o, the co-norm is defined as

[Ix]loc = 12’,-2(,""(""

Property: For 1 < p < g < oo, it holds for any x € C™
Ixlloo < llIxllg < lIxllp < lIxllz < mllx]loo-

Meaning — all p-norms are equivalent.
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Matrix norms MMAT 5320
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Andrew Lam
A matrix A € C™*" can be regarded as a vector in C™", so one example of a

norm is the Frobenius norm || - ||g:

Review of Linear

m_n ) 1/2 Algebra
lAle = (32D layl?)
i=1 j=1
Another common choice is the induced matrix norms: let || - [|(5y and || - [|(m)

be norms on C” and C™. The induced matrix norm [|Al|(r ) is the smallest
number C such that the following holds

||AX||(,,) < C”X”(m) for all x € C™.
Equivalently, (exercise)

(| Ax]l(n)
All(m,my = sup ———— = sup |AX[l (1y-
xeCmx#0 [IXll(m)  xeem,|ixlm=1
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Induced p-matrix norms

When || - [[(5) and || - [|(m) are taken to be the same p-norm, the induced
p-matrix norm for A € C™*" s defined as

A, _

= p
xecmx#0 |IXllp xecm |x|,=1

IAllp = [ Ax[[p-
Examples and characterisations:

» the 1-norm, ||Al|1 is the maximum column sum, i.e.,
Al = maxy<j<n 3270 |ajil.

> the 2-norm, ||Al|2 is the square root of the largest eigenvalue of A*A.

> the co-norm, ||Al|so is the maximum row sum, i.e.,
lAllo = maxi<icm 27—y lajl-

The Frobenius norm || - || is not an induced matrix norm. But for square
matrices A € C™*™ it satisfies

[All2 < |AllF < Vml|All2.
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Inequalities |

Two positive real numbers (p, q) are said to be conjugate if % + é =1.

Eg. (2,2), (4,3), (10, %), (1,00), etc.

Holder's inequality for a product of two vectors x,y € C™ is

m
x*y| = Z i) 2 < ||x||puyuqf(2|x\ )P ( Z|y 7).

The Cauchy—-Schwarz inequality is the special case p = q = 2:

Iy < llxll2llyll2-

Lemma: For A € C™*" and B € C"*9, it holds for any 1 < p < co
IABll, < [|Allp1IBllp-

Observe:
> this inequality is for matrices;

> note the difference with Holder's inequality.
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Lemma: For A€ C™X" and B € C"*9, it holds for any 1 < p < oo Algebra

Andrew Lam

[ABllp < [1Al[o]|Bllo-

Proof: (1) Let x € C" be a nonzero vector, and set y = Tx H . Then, AR\TgV;?rVaOf Linear

llyllp = 1. By property of norm:
1
Ayllp = == [IAx]lp-
Il

Taking maximum over all such y € C", we see

Il Ax|l
lAllp = max_[Ay|lp > 2= [|Ax]p < lAllplxllp-
lyllp=1 [Ix]lp

(2) Set y = Bx for x € C9 gives
[ABx[lp = lAYllp < [|Allpllyllo = [IAllplIBx[l> < Allpll Bllol1x]lp-
Take maximum over all x such that ||x||, =1 gives

IAB]l, = pmax, ABx]lp < [|Allp|IBllp-
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§2 - Singular value decomposition (SVD)




Reduced SVD |

Suppose A € C™*" m > n, is a matrix of full rank, i.e., rank(A) = n. We

want to find matrices
> 3 eCnxn diagonal matrix,
» U € C™*" with orthonormal columns,
> VV € C"™" with orthonormal columns,

such that

Schematically

51
]

AL RS
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Reduced SVD Il

V.

[\l

Remarks:
> V is unitary and so V* is the inverse of V.
» U is not unitary since it is not a square matrix.
Convention: o1 > g2 > -+ > o, > 0 are real numbers, called the singular
values of A.
{v;} are the right singular vectors and {u;} are the left singular vectors.

v

v
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Geometric viewpoint Computational

Mathematics - Part 1
Numerical Linear

Let's take A € R™*" with m > n and full rank. Algebra
Andrew Lam
Geometrically, we can visualise the effects of A on an orthonormal basis

{vi,v2,..., vn}.

SVD

3 % A TaU3

E.g., for n =2, {vi, vz} spans out the unit circle S in R2. Then, A transforms
S to the set AS, which is a (hyper)ellipse in R™.

Think of taking the unit ball in R™ and stretching the unit directions
{e1,...,em} with the vectors {o1u1,...,0mum} (the principle semiaxes of the
hyperellipise).

The SVD helps us capture the transformation.
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Full SVD

If A€ C™%" with m > n is full rank, we have the reduced SVD: A = X V*.

The matrix J € C™%" is not unitary, although its columns are orthonormal.
So, just add m — n orthonormal columns to U, leading to a unitary matrix

U € C™Xm_ But dimensions don't match now, unless, we add m — n rows of
zeros to ¥, leading to a new matrix ¥ € C™*" (same dim. as A).

The full SVD of a matrix A is
A= UXV*,

where U € C™*™ and V € C"*" are unitary, and X € C™*" has the singular
values 01 > 03 > -+ > 0, > 0 in its diagonal:

Full SVD (m > n)
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Full SVD - non full rank case

If A'is not of full rank, i.e., rank(A) = p < n, then the singular values satisfy
Op+1 =...=0,=0.

In this case we can only determine {u1, ..., up} for the left singular vectors
and {v1,...,vp}. How do we build U and V?

Simple:
> add m — p (arbitrary) orthonormal rows to the matrix U = (u1|us]| - - - |up)
> add n — p (arbitrary) orthonormal rows to the matrix V = (vi|va| - - - |vp).

Then, the full SVD A = UXV* still makes sense.
Theorem: Any matrix A € C™*" admits a (full) singular value decomposition
A = UXV* with unitary matrices U and V, and a diagonal matrix ¥ whose

entries are nonnegative real numbers in nonincreasing order.

Proof on the next slide....
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Existence proof of full SVD

Proof: (1) The matrix A*A € C"*" is hermitian and positive semidefinite, i.e.,

(A*A)T = A*A,  z*(A*A)z = ||Az||2 > 0 for all z € C".

Hence, the eigenvalues of A*A are all nonnegative. Let's order them as

2 2 2 2 2 2
o1 2052 20,>0, crpraersz-fa,,fO.
(2) Let {v1,...,vp} be an orthonormal set of eigenvectors for positive
eigenvalues, and {vp11,...,Vvn} an orthonormal basis for the nullspace of

A*A, ie., (A*A)v; = o?v;.

(3) We build matrix V € C"" whose columns are v, ..., v,, and define for
1 < i < p, the vectors u; = O%_Av,-. Then, forany 1 < i, j <p,

1 ifi=y,

0 ifi#j’

up uj = f(AVj) (Av;) =

J 0j0j 0i0;j

* agj *
(vjA"Av;) = ;;Vj v = {

So {u1,...,up} is an orthonormal set. We add m — p arbitrary orthonormal
vectors as columns to build the matrix U € C™*™,

(4) Set ¥ € C™*" to be the diagonal matrix with entries o1, ...,0p [the
positive square root] and zero everywhere else. Then, we claim A = UL V*.
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Proof of claim

Let U e C™*XmM V ¢ C"™*" and X € C™*" be as above. Then, AV € C™*"
and UX € C™*". Let us compute their ith column:

juj if1<i<
(Us); =7 ==k
(0,...,0) ifp+1<i<n,

(AV); = Av; = oiu; if1<i<p,
! ! 0,...,00T ifp+1<i<n,
since {Vp41,...,Vn} is an orthonormal basis of the nullspace of A*A, and

Nullspace(A) = Nullspace(A* A),
which implies Av; =0 fori € {p+1,...,n}.
(Leftover Exercise) Show that for any A € C™*",

Nullspace(A) = Nullspace(A*A).
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Find a SVD for Algebra

Andrew Lam

>

I
ocoo
conN

(1) Compute A*A: .

. (0 0
wa=(g 3)

and its eigenvalues are 02 = 4 and 03 = 0 (rank deficient).

(2) Find eigenvectors: vi = (0,1)T. So we set vo = (1,0)T. Then,
up = %Avl =(1,0,0)T, and we choose u; = (0,1,0)" and u3 = (0,0,1)7.

(3) Write down the SVD:
0 2 1 0 O 2 0
0o o]=[o 1 0o o (O 1) :
0 0 0 0 1

Notice, we could have chosen up = (0,0,1)T and u3 = (0,1,0) T, giving a

different matrix U and a different SVD. .. there can be many SVD for the
same matrix.
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Rank one representation of SVD

Let A C™*" and A= UXV* be its SVD. Suppose

rank(A) = r < min(m, n). Then, we can write ¥ as a sum of r matrices ¥,

where ¥; = diag(0,...,0,0,0,...,0), and

A= i U):J-V* = iAj.
j=1 j=1

What does these A; look like? Let's look at the columns of UX; € C™*".
Note that the first column is o1u; and all other columns are zero. Hence,

1,1
upvi

201
upvy

U1 V* = (010[0[0] -+ [0)V* = oy

n,,1
upvy

=o1uvy.

Therefore, the SVD is actually a sum of r rank-one matrices:

r
A=UZV* =) ojuv.
i=1

1,2
u V].
202
upvi

n,2
upvy

1o
upvy
20n
upvy

ny,n
vy
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Low rank approximation
Let A € C™*" with rank(A) = r, and let 0 < v < r be a natural number. We
say A, € C™*" is the best rank-v approximation of A with respect to the

norm || - || if

|A—Ay]| < |JA— B forall B€ C™" s.t. rank(B) < v.

If
> |- |l =l - |l2, the induced 2-norm, then the above inequality is equivalent
to
[A=Avll2 = ovi1 < [|A = B2
> |-l = |l - llr, the Frobenius norm, then the above inequality is equivalent
to

[A=Aullr = /o0 + +0? <|A=Bll.

Applications in principle component analysis, total least squares,
, etc.

Eckart—Young—Mirsky theorem: In both cases, the answer is simply

4
A,,: E O',‘Ll,‘V;k
i=1
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MMAT 5320

Proof of Eckart—Young—Mirsky theorem (induced 2-norm) | Computational

Mathematics - Part 1
Numerical Linear

(1) By definition, for unitary U and V, and diagonal X with nonnegative Algebra
entries in nonincreasing order, the induced 2-norm of UL V* is

Andrew Lam
JUZV™*||2 = o1.
Then,
. SvD

[A— Au|l2 = largest singular value of (A — Ay) = op41.
Note: since v < r, 0,41 is always positive!
(2) Let B € C™*" with rank(B) = v. Then dim Ker(B) = r —v.
Let VD) = (v1]...|vpy1) € C"¥¥H1 then

dim Ker(B) + dim Range(V"™)) =r —v4v+1=r+1.
This means there exists a vector w € Ker(B) N Range(V(*1), ie.,
w=mmvi+-+ YopiVotr.

By rescaling ~;, we can assume ||w|2 =1, i.e.,

Bt =1
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Proof of Eckart—Young—Mirsky theorem (induced 2-norm) Il

(3) Recalling the inequality ||Aw||2 < ||All2|lw|l2 = ||A]

2, We see
A= Bll2 > [[(A = B)wll2 = [|Aw2
since w € Ker(B). But since AV = UX and

W=Vt iV, With o]+ 497 =1,

it holds
v+1 v+1
Aw = " yiAvi = Y vioiuj
i=1 i=1
and so
v+1 1 v+1 12
2 2] 12\ 20,12
IAwllz = (D ~foflui?)? > over (D27 |uil?)
i=1 i=1
v+1 1/
=01 (YD) =1A- A,
i=1
where we used o; > 0,41 for i =1,...,v, and |u;| = 1.
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Proof of Eckart—Young—Mirsky theorem (Frobenius norm)

(1) Lemma: Let A, B € C™*" with rank(B) < k. Then,

(i + k)th singular value of A is less than ith singular value of A — B.

0','+k(A) S O','(A - B)

(2) Recall (from exercise) ||AllF = y/0? + - + 02 Then,
P
IA=AF= >

(3) Using lemma, we have

p—v

A= AullE <> o(A=B)* <> oj(A-B)*=|A- Bz

=1

i=v+1

p—v
oi(A)? = 2; it (A)?
=

p

=1
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Proof of Lemma

Focus on case i =1, i.e., 04 11(A) < 01(A+ B) for B € C™*" with
rank(B) < k.

(1) Recalling proof of EYM-theorem for induced 2-norm, let A= UXV* be
the SVD of A, and VK1) = (vq|- -+ |vy1) € C™> (D) Then,

dim Ker(B) + dim Range(V(*t1)) = r 4 1,
and there exists a vector w € Ker(B) N Range(V(k+1)),

(2) Looking at ||Aw/||2 and establish lower and upper bounds. First the upper
bound:

[Awll2 = [[(A = B)w|l2 < [|A = Bll2[lwll2 = 01(A — B)||wl2.
Now, for the lower bound, let w = y1vi + -+ - 4+ Y41 Vk+1, then

k+1 k+1

IAW]3 =D ~7oi(AY > 011(A) Y7 = owsa (A [Iwl3.
i=1 i=1

Combining:

a1 (A w3 < [|Aw|3 < o1(A — B)?|[wl3.
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Proof of Lemma (general case) !
Now for the general case o x(A) < oj(A—B) for2<i<r—k.

(1) Let C € C™*" with rank(C) < i+ k — 1. Then by previous proof
oitk(A) < o1(A - Q).

(2) Consider the matrices (A — B);_1 and By, where we recall for A= UXV*,

A= Ji':l oi(A)ujv} - the best rank-j approximation of A. Then, the sum

C = (A— B)j_1 + B has at most rank i + k — 1.

(3) Substitute this matrix C gives

oirk(A) L o1(A— (A= B)i—1 — B) = 01((A— B) = (A= B)i—1 + (B — By))
Then, by inequality (exercise)

o1(X+Y)<o1(X)+o01(Y) forany X,Y € C"*",

we have
oitk(A) < o1((A— B) — (A= B)i—1) + 01(B — By)
= a',-(A - B) + O'k+1(B) = 0','(A - B)
as rank(B) < k implies o441(B) = 0. O

Lhttps:/ /www.victorchen.org/2016/01/23 /svd-and-low-rank-approximation/
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Class exercise

Consider the matrix
-2 11
A= (710 5) :

1. Determine a SVD of A of the form A= UXV*.

2. List the singular values, left singular vectors, right singular vectors of A,
and draw a labelled picture of the unit ball in R? and its image under A,
together with the singular vectors.

3. What is the induced 1-, 2-, co-, and Frobenius norms of A?

4. Use the SVD to compute the inverse of A.

5. What is the best rank-1 approximation A; of A with respect to the

Frobenius norm? Compute ||A — Aj|| for the 1-, 2-, co-, and Frobenius
norms.
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83 - QR factorization




Projectors Computational

Mathematics - Part 1
Numerical Linear
Algebra

Definition: A square matrix P is called a projector if Andrew Lam
P> =P.
Easy properties:

> If v € Range(P), then Pv = v.
» For any v, it holds Pv — v € Ker(P).

QR factorization

» If P is a projector, so is | — P, called the complement, where [ is the
identity matrix.

Lemma: Let P be a projector. Then,
> Range(/ — P) = Ker(P), i.e., I — P maps all vectors to Ker(P).
> Ker(/ — P) = Range(P),
> Range(P) N Ker(P) = {0}, i.e., the projector splits C™ into two
subspaces. Equivalently, for any w € C™, there exists (unique) u € C™
and v € Ker(P) such that w = Pu+ v.

Exercise: Proof the lemma.
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Orthogonal projectors MMAT 5320

Computational

Mathematics - Part 1
. Numerical Linear
Previous lemma: Algebra
. m _ Andrew Lam
P projector = C™ = Range(P) & Ker(P),

where for two subspaces S; and S5, the direct sum S; @ Sy implies

» S55NS = {O},

> S+ S ={s=s1+s|s1 € S1,5 € S} =C™.
Hence, we say that P is a projection along Ker(P) onto Range(P). QR foctorization

u
.

S--ex

E.g., Ker(P) = span{(0,1) T} and Range(P) = span{(1,0)7 }.

If in addition, Ker(P) is orthogonal to Range(P), then we call P a orthogonal
projector.
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Orthogonal projectors

Theorem: A projector P is orthogonal if and only if P is hermitian, i.e.,
P = P*.

Proof («<=): Let P be a hermitian matrix and a projector.

Then, setting S; = Range(P) and S, = Ker(P), we have to show
55NS = {0}, S1®S =C"and S; L S,.

Since Range(/ — P) = Ker(P) = S, the inner product between any two
elements Px € Sy and (I — P)y € S is

x*P*(I = P)y = x*(P — P?)y = x*(P — P)y =0,
since P2 =P. So S 1. Sy and $1 N S = {0}.

Furthermore, any x € C™ can be written as x = Px+ (I — P)x € 51 & S».
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Orthogonal projectors

Proof (=): Suppose P is an orthogonal projector along S, onto S; with
subspaces S51 @ S» = C™, 51 L Sy, and dim(S1) = n < m.

Let {g1,...,gm} be an orthonormal basis for C, where {q1,...,qn} is a
basis for S1 and {qn+1,-..,qm} a basis for Sp. Then,

Pqj = qj for 1 < j < n, while Pgj=0forn+1<j<m.

To show P is hermitian, we derive the SVD for P. Let @ € C™*™ be the
unitary matrix with ith column g;, for 1 <i < m. Then,

Inxn 0 —
Q*PQ = ( nX(m—n) ) — 5.
O(m—n)xn O(m—n)x(m—n)

where X is a diagonal matrix with 1 in the first n entries. Then, the SVD for

Pis P = QXQ*, and

P* = (QTQ*)* = QTQ* = P.
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. MMAT 5320
Construction f——
. " . . Mathematics - Part 1
Rec_all from slide Decomposition of a vector, if {g1,...,gm} is an orthonormal Numerical Lincar
basis of C™, then any vector v € C™ can be represented as Algebra
m Andrew Lam

v="> (giqf)v where g;q; € C"*".
i—1

Let Q € C™ " be the matrix with ith column g; for 1 <i<n.

Claim: P = QQ* is an orthogonal projector onto range(C:)), and

QR factorization

n

Pv="> (aigf)v

i=1
Proof : (1) Easy to check P = P*, and so P is orthogonal projector.
(2) Class Exercise: Show QQ* = >-i1(gigr). [Hint: recall the picture]

column by = linear combination of columns of A with coefficients

given by the column ¢,
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Consequences: Andrew Lam

> The projector P =37 ,(qiqf) = QQ* can be regarded as a sum of
rank-one orthogonal projectors:

n
P=> P, P;=gqjg €C™*".
i—1

QR factorization

» The complement | — P =] — QQ* is also an orthogonal projector (onto
the space range(Q)L1) [since (I — P)* = (I — P)].

» For a rank-one projector A = qq* € C™*™ with unit vector g, its
complement A; := 1/ — qq* is of rank m — 1.

Therefore, for an orthonormal basis of C™, orthogonal projectors can be
constructed easily.

But what about if you don’t have an orthonormal basis?
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Construction Il

Suppose {a1,...,an} is a set of LI vectors in C™. How do we construct an
orthogonal projector to span{ai,...,an}?

Define the matrix A € C™*" whose ith column is a; for 1 < i < n. Then,
range(A) = span{ai,...,an}. If v € C™ is an arbitrary vector and P is an
orthogonal projector onto range(A) [which we want to identify]. We have

> y := Pv € range(A) and 3x € C™ such that y = Ax,
» v —y € (range(A))*, and so

> the inner products of a; and v — y are all zero, i.e., a*(v — y) = 0 for

1<i<n.

> In matrix form: A*(v —y) = A*(v — Ax) = 0 or A*Ax = A*v.

» Now, {ai1,...,an} are LI, and so A has full rank, which implies A*A is
invertible.

> Therefore, x = (A*A)"1A*v and y = Ax = A(A*A)"1A*v. Hence,

y=Pv=AA*A) 1Ay = P=AAA)A"

.,an} are orthonormal as well, then A = @ and A*A = [, which gives

{ ’
= Q(:)* like before.
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Example

Consider the matrix
1 0
A=10 1
1 0
What is the orthogonal projector P onto range(A) = {(x,y,x) : x,y € C}?

(1) Columns of A are LI, so A has full rank.

(2) Matrix calculations:

aa=(5 9) wa=(F )

1/2 0 1/2
P=AAAA*=[0 1 o0
1/2 0 1/2

Then, the projection of a point (1,2, 3) to range(A) is P(1,2,3) = (2,2,2).
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. MMAT 5320
Class exercise Computational
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Numerical Linear
Algebra

Find the orthogonal projector P onto range(A) for the following matrices Andrew Lam

1.
i 0
A= i 2 QR factorizati
1 1 actorization
2.
-1 0 O
0 1 0
A= 1 1 3
2 0 O
3.
0 1 1

>
Il
N
I
—
o
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Motivation: Let A € R™%™ where m is a large number, e.g., m = 10%. Given Adlicw Lam
b € R™, solve Ax = b.

If A has a special structure, e.g., diagonal/triangular. The computation
x = A71b can be done (with some effort, but not impossible!)

If A has no such structure, then it is nearly impossible (for us or for QR factorization

computers) to calculate x = A~ 1b.

If A exhibits a factorization, e.g., the Cholesky factorization A = UT U where
U is upper triangular, then we can find the solution x in two steps:

1. Solve for UTy =bory =U"Tb,
2. Then solve for Ux = y or x = U~ 1y.

For non-square matrices A € C™*", the QR factorization splits A into the
product of unitary @ € C™*™ and upper triangular R € C™*". Then,

Ax=b < Rx=QTbh,

which is easier to solve.
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Reduced QR factorization Computationa
Mathematics - Part 1

Let A € C™*" be of full rank with columns as, ..., a,. Aim: to find vectors Numerical Linear

Algebra
g1, q2, ... such that for each j =1,... n, &
Andrew Lam

span{qi,...,q;} =span{ai,...,a;}.

This is equivalent to

Tn T2 """ Tia
Ty . QR factorization
@ |4y G | = |G| %] |
rll
Why? Recall,
column a, = linear combination of columns of Q with coefficients

given by the column ry.

a1 = ri1q:1 and so if ri1 # 0, span{ai} = span{q1 }.
ap» = r2q1 + n2q2, and so a € span{qi, g2}, which implies

span{ar, a2} C span{qi, g2}

For the converse, we see rogr = a» — g—ial, so if rp # 0, we have
g2 € span{ai, az}.
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Reduced and Full QR factorization

So, in order for span{a,...,a;} = span{q,...,q;}, we have to find an upper
triangular matrix R € C"™7 with non-zero diagonal, so that

A= QR,

where Q € C™*" s the matrix with columns g1,...,gn. If {q1,...,qn} is an
orthonormal set, then A = (f)l% is the reduced QR factorization of A.

Like the SVD, there is a Full QR factorization. If m > n, we add m — n
orthonormal columns to Q, making it into a unitary matrix @ € C™X™ while
also adding m — n rows of zero to R, making it into an upper triangular matrix
R € C™X" The result A= QR is the full QR factorization.

Full QR Factorization (m > n) Reduced QR Factorization (m > n)

1 &

Exercise: Show that the columns {gn,...,gm} in Q span the complement to
range(A).

A Q@ R A

MMAT 5320
Computational
Mathematics - Part 1
Numerical Linear
Algebra

Andrew Lam

QR factorization

52 /144



Gram—Schmidt orthogonalization

To obtain the (reduced) QR factorization of a full ranked matrix A € C™*",

we have to find:

> orthonormal vectors {qg1,...,qn};

» entries r; € Cfor 1<i<mand1<j<n
satisfying

n
air = niqi, a2 =r2qi+rneqgz, ..., an= E fingj-
i=1

One way is via the Gram—Schmidt orthonormalization process: Let
{a1,...,an} be a set of LI vectors (not necessary orthogonal).

Step 1: Set i1 = ||a1]| #0 and q1 = ﬁ = L a;. Then, span{a;} =

ni

span{q1}.
Step 2: Set vo = a2 — (g7 a2)q1 and r» = ||v2f| and g2 = éVQ. Then,

> vy # 0 and ryp # 0, otherwise a; is a linear combination of a;!

» @ =5 (ywv) =1

22

> g7q2 = ;- (g7 v2) = = ((g722) — (g7 32)) = 0, and s0 {q1, g2} is an

orthonormal set.

> we set rip = (g; a2) so that a> = raqo + r2qi.
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Gram—Schmidt orthogonalization

Step k: suppose qi, ..., gkx—1 have been defined and they form an
orthonormal set. We now set

k—1
. 1
ve=ac— Y (aFa)an, = vl gk = — v,
i=1 Fkk
and

rik:(q,-*ak) fOrlSISk—l

Exercise: Show that {q1, ..., qk} is an orthonormal set with span{a,...ax}
= span{qi,..-, Gk}

Once all n vectors have been calculated, we have the reduced QR factorization
by setting matrix Q with columns {qi,...,qn} and upper triangular matrix R
with entries rj;.

In many commercial softwares, another variant of the Gram—Schmidt
orthonormalization process (called modified Gram—-Schmidt) is used instead of
the method presented above. Since, the above method is prone to numerical
instability due to rounding errors on computers.
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Gram—Schmidt orthogonalization

Theorem: Every A € C™ " with m > n has a full QR factorization (and hence
also a reduced QR factorization).

Proof: (1) Suppose first A has full rank, then the Gram—Schmidt algorithm
gives a reduced QR factorization A = Qﬁ’

(2) Failure can occur only if at some step j, v; = a; — Z{;l(q,?‘aj)qf =0. But
this contradicts the full rank assumption of A.

(3) Now suppose A does not have full rank, then as described above, at some
step j, we have v; = 0. Then, we just pick an arbitrary unit vector g; that is
orthogonal to {q1,...,gj—1} and continue the process.

(4) To get the full QR factorization, we extend the Gram—Schmidt process

after step n by adding an additional m — n steps, each time introducing
vectors g; that are orthonormal to {q1,...,qj—1} forn+1 << m.

What about the case m < n? Try following the Gram—Schmidt procedure.
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1 2 0
A=|o 1 o). Andrew Lam
1 0 1

Then, a; = (1,0,1)7 and ry; = ||a1]| = V2, so

q1 = = = (1/\67071/\/§)T'
ni

QR factorization
Next, vo = a2 — (qfa2)q1 = (1,1,—1)T and r» = ||wo| = V3, so

@ = 2 _ (1/V3,1/V3,-1/V3)T, ra=qgfar=V2.
2

Next, v3 = a3 — Lsq1 + La» = (~1/6,1/3,1/6) T, and r33 = |lvs|| = 1/V6,
SO

q3:,\-/73:(_1/\/672/\/671/\/6)—r7 r13:qfa3:1/\@, r23:q;a3:_1/\/§'
33

Hence,
1 1 1 1
Sl B Tl N A
vz v ow/\0 0 %
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Gram—-Schmidt projections

The (classical) GS process suffers from numerical instability due to rounding
errors. To overcome this, orthogonal projections are used to derive a
reformulation.

Let A € C™*" be of full rank and {a;}7_; are the columns of A. Again the

aim is to find orthonormal vectors {qi, ..., qn} such that
span{ai,...,a;} =span{qi,...,q;} foreach j=1,...,n.

Suppose, we define

q Pia; q Paaz q Pnan
1= 7 R=s5—H -y Gn= 5,

l|Pray]l | P2z | | Pagnll
for some orthogonal projectors P, ..., P,. Then, it is clear that ||g;|| = 1 for

1 < i < n. But what conditions do we need P; to satisfy?

> Pi2 = P; and P} = P; [Defn. of an orthogonal projector]
> Pj projects C™ onto the space orthogonal to span{qi,...,qj—1}.

E.g., v» := Pay will be orthogonal to span{qi}. v3 = P3a3 will be orthogonal
to span{q1, g2}, and so on... = {qi,...,qn} will be an orthonormal set.
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Modified Gram—Schmidt MMAT 5320
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Mathematics - Part 1

Aim: to define Numzl;::lljrl;inear
Prag Paaz Pnqn Andrew Lam

= =22 ga=

[[Pra]l’ | P2az]|’ C T T Pagall’

with orthogonal projections P; for 1 < j < n such that
> P; projects C™ onto the space orthogonal to span{qi,...,qj—1}.

Then, each P; € C™*™ must be of rank m — (j — 1) [(why?)]. Therefore, we QR factorization
can choose P; = I the identity matrix.

For j = 2, we recall from Construction Il that rank-one projector
A = qq* € C™*™ (with unit vector q) has a complement A} := [ — qq* of
rank m — 1. This motivates us to choose
Po=1—-qiqi =: PLg.
Class Exercise: Show that for two orthogonal unit vectors g1 and g, the
matrix X defined as
X = PJ_qQPJ_ql = (I - qu)(/ - qqu)

is an orthogonal projector which projects C™ onto the space orthogonal to
span{qi, g2}. What is the rank of X?
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Modified Gram—Schmidt
Hence, for each j € {2,..., n} we define
Pj=PigPig ;- -PLg

with P; = I. Then, {P1,..., Pn} satisfies the required properties.

For example, given {q1,...,qj—1}, in order to obtain g;, we perform the
calculations in the following order:
=
2 1 1 wy. (1
vj( ) = qulvj( )= vj( ) - (qlql)vj( ),
3 2 2 2
Vj( ) = PJJJQVj( ) B vj( ) _ (q2q;)vj( )7
j j—1 j—1 j—1
g : = vi/lIlvll-

Then, one defines

ni= vl r=diafor1<i<j—1.
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Another interpretation of modified Gram—Schmidt

In practice, it is common to initialise v; = a; and later overwrite them after
computations to save storage. Each step of the modified Gram—Schmidt
algorithm can be interpreted as a right-multiplication by a square
upper-triangular matrix.

E.g., at the first step, we multiply first column a; by 1/r11 where ri1 = ||a1]|,
and then subtract ry; times the result from each of the remaining columns a;.
This is equivalent to right multiplication by a matrix R;:

R R - RO
. 11
1
— (2) 2
Up| Y| Y 1 =|q|v |- |

Here on the left we have set v; = a;.

The next steps are similar.
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At the ith step, we subtract rjj/r; times column i of the current matrix from
columns j > i, and replace column i by 1/r; times itself. This corresponds to

multiplication with upper-triangular matrices R; of the form

Andrew Lam

1 1
1 -m 1
E) = T22 T22 , Ra - l T I QR factorization
1 T33

At the end of the iteration we have

ARIRy--- R, =Q
—— —

=R-1

leading to the reduced QR factorization of A.
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Householder triangularization Computational

Mathematics - Part 1
Numerical Linear

While (modified) Gram—Schmidt is a feasible method to compute the QR Algebra
factorization. We introduce another method which is numerically more stable. Andrew Lam

In previous slide, the modified Gram—Schmidt algorithm can be seen as
applying a succession of upper triangular matrices Ry on the right of A so that

ARy ...R,= Q e Cmxn

QR factorization
has orthonormal columns. Setting R= Rn_1 S R1_1 we get the reduced QR

factorization A = (:)Ii’ Hence, GS is the method of triangular
orthogonalization.

Householder's method instead applies a succession of unitary matrices Qx on
the left of A, so that

Q- QA=R
is upper triangular. The matrix
Q=QQ - Q;
is unitary and we get the full QR factorization A = QR. Hence, Householder's

method is orthogonal triangularization.
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Andrew Lam
> Multiplying A with Qq should reduces all entries below (1,1) entry in the
first column to zero.

» Then, multiplying with @, should reduce all entries below the (2,2) entry
in the second column of Q1A to zero,

> and so on ... QR factorization

For example, if Ais a 5 x 3 matrix.

X X X X X X X X X X X X
X x x| Q@ |0xx| Q, X X | Q x X
X X x| — [0 X X| — 0 x| — x
X X X 0 x X 0 x 0
X X X 0 X Xx 0 x 0
A A Q1A Q3@ A
In general, Qx only operates on rows k, ..., m. After n steps (assuming here

m > n), all entries below the main diagonal would have been eliminated, and
Qn--- Q1A = R is then an upper triangular matrix.
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Finding the unitary matrices

To find these unitary matrices, we choose them to be of the form

/] 0
_ (lk=1)x(k—1)
Q= ( 0 ,_—)

where F € C(m=—k+1)x(m—k+1) is 5 unitary matrix.

> Note that multiplication by Qy leaves the first k — 1 rows unchanged.

> We want the multiplication by F to change the kth column as intended
in the Householder method., i.e., it create zeros below the kth diagonal
entry. This is done by so-called Householder reflectors.

Idea: let x € C™~k*1 be the (sub)vector containing the (k, k), ..., (k, m)
entries from the kth column. The action of F should look like

x izl
x F 0

z=| X —  Fz=| 0 | =|ze,.
X 0

where e = (1,0,...,0)T € Cm—k+L,
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Householder reflectors |

Geometric picture for x € R2, ie., m— k+1=2: We want to transform

=) & e (

) = Ixllex.

The vector v = ||x||e1 — x generates a (hyper)plane H (which is orthogonal to
v), so that when we reflect point x across H, we land at Fx.

Then, if v is a unit vector,

Fx =x—2(v*x)v

= (I —2w™)x,

ie.,

Fz = |z|le,

F=1-2w".
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T Fz =||z|le,
L QR factorization
—"" H
More generally, we set
™ 2vv*
F=1-2—5 =1— —— for v =||x|le1 — x.
lIvi]? vy

Recall the orthogonal projector P defined by

w*

lIvi?

which projects a vector w € C? (in this picture) to the plane orthogonal to v.
In comparison, we need to go twice in the direction of v to get to the point Fx.
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Householder reflectors Il

In implementations, computations can become unstable during subtraction.

For example, if the angle between H and the e; axis is small, then the
magnitude of ||x|le1 and x are very close, and computing the subtraction
v = ||x|le1 — x may lead to loss of significance/unwanted cancellation.

To remedy this, the general rule is to reflect the vector x to z||x||e1, where z

is any scalar with |z| = 1.

Fz = |z|le,

> In the real case, |z| = 1 implies z = £1;

> In the complex case, there is a circle of possibilities for z
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Householder reflectors IV Computational
In the real case, there are two reflections: across H* and across H™: Mathematics - Parc 1

Algebra

—lzllex L Y +lizlle;

- Y QR factorization

e

’t’
7 H* \
- \ H-
g
\

\

2vq v

Tval? where v+ = £||x|le1 — x.

Reflection across HE gives F£ = |
To avoid numerical instability, it is recommended to choose to reflect x to the
vector that is not too close to x itself, i.e., choose v so that ||v|| is large. For
example, we can choose (where xg is the 1st component of x)

. . 1 Re(y) > 0,
- f 0
2= d 00 A F0 ey = Re(») <0,
1 if xq =0, .
sign(Im(y)) Re(y) =0,
and set v = —sign(xy)||x||e1 — x.

Exercise: It is customary to use v = sign(xi)||x||e1 + x. Show that this gives

the same Householder reflector F.
68
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Householder QR factorization
The Householder algorithm computes the triangular matrix R of the full QR
factorization of a matrix A € C™*" (for m > n):

Step 1: Set x = a; as the first column of A, construct vector

vi = sign(x1)||x||e1 + x where e = (1,0,...,0)T € C™, and Householder
reflector F{ = | — i‘;ll“/‘lz € C™XM_ Then,

Q= F1.
Step 2: Set x = 4 = (422, .. .,égn)T € C™1 as the second column of Q;A
without the first entry. Construct vector vo = sign(xi)||x||e1 + x where
e1 = (1,0,...,0)T € C™1, and Householder reflector

Fo=1—22% ¢ (m1x(m=1) Then,

[Iva[l?
1 0
Q= (0 ,_—2) .

Step k: Set x € CM—k+1 a5 the kth column of Q_1 - - Q1A without the first
k — 1 entries. Construct vector vy € C™~k*1 and Householder reflector
Fk c (C(m—k+1)><(m—k+1)_ Then,

_ (lk—1xk-1 O
Qk*( o RJ)

Then, Q = Q1Q2---Qy and R = Q*A.
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Householder algorithm (implementation)

In practice, there is no need to compute matrices Q, ..., Q, as described
above. A pseduocode for the Householder QR factorization would be the
following:

Notation: If A is a matrix, then we set A;.j, j.j, to be the submatrix of size
(2 — i1 + 1) X (jo — j1 + 1) with upper-left corner a; j; and lower-right corner
aj,j,- In the case the submatrix reduces to a subvector of a row or column we
write Ai,jw’z or Ai13f27j‘

fork=1ton
T = Apmp
vy, = sign(z, )|zl|,¢, + =
vy = U/ llvll

Akmin = Akmpen — 21’1(”;“‘1.:-,&:.)

This updates the matrix A into the upper triangular matrix R while storing the
n reflection vectors vq,..., v,.
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Class exercise @it
Mathematics - Part 1
Numerical Linear
Algebra
Andrew Lam
1. Show that for a unit vector v, the Householder matrix P = | — 2vwv* for a

unit vector v is hermitian, unitary, and has eigenvalues £1.
2. Compute the singular values of P.
3. Show that P has determinant equal to —1.

QR factorization

4. Compute the full/reduced QR factorization of

>

Il
CQF NN
NN oo O N
NWN O W

using Householder or Gram—Schmidt.

5. Given knowledge of the reflection vectors vy, ..., v,, write down a code to
compute the product Q*b for an arbitrary b € R™ without explicitly
constructing the matrix Q.
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Matrix-vector problem

Problem: Given a matrix A € C™*X" and vector b € C™, find a solution x € C"
to the equation Ax = b.

> If m = n, then there is a (unique) solution if A is invertible.

> If m > n, # equ. > # unknowns, i.e., the system is overdetermined, and
typically there is no solutions.

> If m < n, # equ. < # unknowns, i.e., the system if underdetermined,
and typically there is an infinite number of solutions.

Example:
. 2 6
2x=6, 3x=6 <& Ax:bW|thA:<3)7 b:(6>
has no solution. While
2x14+3% =5 & Ax=bwithA=(2 3), b= (5

has infinitely many solutions of the form (t, 1(5 — 2t)) for any t € R.
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Overdetermined case

The undetermined case can be partially solved by selecting, amongst all
possible solutions, one that has the smallest norm, e.g., the 2-norm.

For the overdetermined case, the residual
r=b—AxeC"™

will never be zero, but an acceptable solution to Ax = b would be a vector x.
whose residual is the smallest w.r.t to some norm.

Choosing the 2-norm leads to the general . Given
A€ C™%" with m> n, and b € C™, find x, € C" such that

[[b— Ax«]l2 < ||b— Ay||2 for all y € C".
Equivalently,

[[b— Ax«|l2 < ||b — z||2 for all z € range(A).
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Solving the least squares problem @it
Mathematics - Part 1
Numerical Linear
Algebra

Goal: Find Ax € range(A) closest to b. Andrew Lam

Geometrically: the answer y is equal Pb, where P is the projection onto
range(A).

b QR factorization

r=b— Az

" y=Az="Pb

So, we need to find x such that Ax = y = Pb in order to solve the least
squares problem.
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Solving the least squares problem I Computational
Mathematics - Part 1
Numerical Linear
Algebra
Theorem: Let A € C™*" with m > n and b € C™ be given. A vector x € C" ¢

solves the least squares problem if and only if it solves the normal equation Andrew Lam

A*Ax = A*b.

Proof: (1) If x is a solution, then residual r = b — Ax is orthogonal to
. QR factorization
range(A). This means

A*r=0 = A*(b—Ax)=0.

(2) If x solves the normal equation, then A*(b — Ax) = 0, and this means its
residual r = b — Ax is orthogonal to range(A). Let's define P € C™*™ as the
orthogonal projector onto range(A). Then, (recall the geometric picture)

Pb = Ax.

(3) Let z € range(A) be arbitrary and set y = Pb. Then, b—y =r is
orthogonal to z — y € range(A), and so by Pythagorean theorem

b= 23 = l[b = ylI3 + lly — 23 > b - ylI3,

which means y = Pb = Ax solves the least squares problem. ]
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Andrew Lam

Pythagorean theorem: If x and y are orthogonal, then
QR factorization

2 2 2
x4+ yll5 = lIxllz + [lyll5-

Exercise: Prove this.

Exercise: Show that if A has full rank if and only if A*A is invertible.
Consequently, deduce that the solution to the normal equation is unique if and
only if A has full rank.
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Mathematics - Part 1
Numerical Linear
Algebra

. Andrew Lam
Let A€ C™*" (m > n) be of full rank. Then, an acceptable solution xx to an

overdetermined system Ax = b is the solution to the least squares problem:
|b — Ax«|l2 < ||b — Ayl|2 for all y € C™.
The previous theorem shows x* can be computed from the normal equation .
xi = (A*A)"1A*b.
This motivates defining (A*A) "1 A* as the pseduoinverse At.

> Note that AT = (A*A)"1A* € C"*™, as it maps b € C™ to x. € C", i.e.,
if m > n, then AT has more columns than rows.

> If Ac C™X™M js invertible, then
At = (A*A) 1A = AT (AN TlAr = AL

Pseudoinverse coincides with the usual inverse.
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QR method for least squares e
Mathematics - Part 1
Numerical Linear

. . Algebra
The classical way to solve the least squares problem is to solve the normal

equation A*Ax = A*b. Andrew Lam

» Good when A is full rank.

» But calculations can become unstable with rounding (small rounding
errors can grow large).

QR factorization
The modern classical method is to use reduced QR factorization
(Gram-— Schmldt/Householder) Construct A= QR, and the orthogonal

projector P = QQ*. Then, y = Pb = QQ*b, and
Ax=Pb = QRx=QQ*b = x=R1(Q*b).

As R is upper-triangular, R=! is easy to compute! This also gives another
formula for the pseudoinverse?

At = ﬁilé*.

» Nowadays the standard method. Good when A is full rank.

> Less ideal if A is rank-deficient.

2typv:) in previous version, don't forget @*
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For rank-deficient matrices, we can compute the reduced SVD A = Oz v, Andrew Lam

The orthogonal projection P is now P = UU* and
y=Pb=00%b.

Then,

QR factorization

Ax=Pb = U0Sv*=00p = x=VE-10%.
This gives another formula for the pseudoinverse

At = vE-LI(0*.

Comparison with QR method:
> QR factorization reduces the least squares problem to solving a triangular
system of equations (solve Rx = Q*b).
> §VD recAiuces the problem to a diagonal system of equations (solve
>w = U*b and then set x = Vw).
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Numerical Linear

Class exercise

Algebra

Andrew Lam

1. Looking back at the slide Construction Il explain why the orthogonal
projection P to range(A) for the reduced QR factorization is P = QQ*,
and why for the SVD factorization it is P = 00~.

QR factorization
2. Solve the overdetermined system Ax = b with

1

EENENIES
NN TN
NWwNOoO W
o
Il
= EFEN

with (i) the normal equation, (ii) the QR method, (iii) the SVD method.
What can you say about the corresponding solutions from each of these
methods?
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Review
Let A € C™X™ be a square matrix. A nonzero vector x € C™ is an eigenvector
of A corresponding to an eigenvalue A € C if
Ax = Ax.

The set of all eigenvalues of A is called the spectrum, denoted by A(A).

To find eigenvalues, the standard way is to compute the charateristic
polynomial

pa(x) = det(zl — A)

which is a polynomial of degree m, and search for its roots. Namely X is an
eigenvalue of A if and only if pa(A) = 0.

Each ) eigenvalue has two notion of
> algebraic multiplicity - the number of times A appears as a repeated root
of PA-
> geometric multiplicity - the number of LI eigenvectors corresponding to A,
aka the dimension of the eigenspace of A.

An eigenvalue is called simple if its algebraic multiplicity is 1.
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Review Il
Example:
1 2 1
A=(1 -1 1
2 0 -1

has a characteristic polynomial pa(z) = —(z — 3)(z + 1).

So the eigenvalues of A are A\; = 3 and A\ = A3 = —1. The eigenvector for
A1 = 3 is obtained by solving (A — 3/)v; = 0 which gives v; = (1,1/2,1)T.
For A» = A3 = —1, we see that
2 2 1 wy 2wy + 2wo + ws
O:(A+/)W: 1 0 1 wy | = wy + ws
2 0 2 w3 2wy + 2ws

We can choose v» = (1,—1/2,—1)T as an eigenvector. Is there more?

Unfortunately, there is no other choice of w, therefore

> X = 3 has algebraic and geometric multiplicity 1,

» X\ = —1 has algebraic multiplicity 2 and geometric multiplicity 1.
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Eigenvalue decomposition

Let A € C™*™M be a square matrix. lts eigenvalue decomposition is the

factorization
A= XAX"H

where X € C™X™ is invertible and A € C™*™ is diagonal.

This factorization is not guaranteed to exist for general square matrices!

Rewriting as AX = AX yields the graphically picture

A
A

A zy T |Zm | = | 2| 22| | T

or equivalently

Axj = Ajxj.
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Similarity transformations

If X € C™*™ is invertible, the transformation
A XTIAX
is called a similarity transformation.

Related — similar matrices: A € C™X™ and B € C™*™ are similar if there
exists an invertible X € C™*™ such that B = X~ 1AX.

Also related — equivalent matrices: A € C™*" and B € C™*" are equivalent if
there exist invertible P € C" " and invertible Q € C™*™ such that
B= QAP

Note:
> Similarity only defined for square matrices!
» Similar = Equivalent, but not the other way round.

> A and B are equivalent means there are bases B; of C" and By of C™
such that B is the matrix A w.r.t these new bases.

> A and B are similar means there is a basis B of C™ (m = n) such that B
is the matrix A w.r.t the basis .
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Properties of similarity transformation Computations

Mathematics - Part 1
Numerical Linear
Algebra

o . o Andrew Lam
Theorem: If X is invertible, then A and X~ 1AX have the same characteristic

polynomial. Hence, they have the same eigenvalues, and the same
algebraic/geometric multiplicity.

Proof: (1) A straightforward calculation

Px—1ax(2) = det(zl — X TAX) = det(X (2l — A)X)
= det(X ~1)det(zl — A)det(X) = pa(z).

Eigenvalue problems

Therefore, A and X~1AX have the same eigenvalues and algebraic multiplicity.

2) Notice is an eigenvector of A if and only if X L is an eigenvector of
y g y y g
X lAX, since

Ay =)y & XLAX(X7ly) = X(X"1y).

Also {y;}; are LI if and only if {X~1y;}; are LI. Therefore, the geometric
multiplicity for each eigenvalue of A and X ~1AX also agree. O
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Algebraic multiplicity > Geometric multiplicity Computational
Mathematics - Part 1
Numerical Linear

Algebra
Theorem: The algebraic multiplicity of an eigenvalue is greater than/equal to Andrew Lam
its geometric multiplicity.
Proof: (1) Suppose the geometric multiplicity of A is n. Then, there are n LI
eigenvectors {vi,..., vy} corresponding to A.
(2) To the set {vi,...,vn} we add orthogonal vectors {v,11,...,vm} such
that the resulting matrix V € C™X™ with ith column v; is invertible. Then, Eigenvalue problems

defining B = VLAV we see
A C
(4 o)
for some C € C"(m=n) and D ¢ C(m=n)x(m=n)
(3) By properties of the determinant, and as A and B are similar,

pa(z) = det(zl — A) = det(zl — B) = (z — \)"det(z/ — D).

As we cannot rule out if A is also a root to pp(z), the algebraic multiplicity of
A is at least n. O
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Defective matrices e

Mathematics - Part 1
Numerical Linear
Algebra
Andrew Lam

An eigenvalue of a matrix A € C™X™ is called defective if its algebraic
multiplicity > its geometric multiplicity.

A matrix is called defective if it has at least one defective eigenvalue.
Otherwise it is non-defective.

. - . Eigenvalue problems
Theorem: A diagonal matrix is non-defective.

Proof: Let A be an eigenvalue of the diagonal matrix A. Then,
algebraic multiplicity = no. of times it appears on the diagonal.

An eigenvector for entry \; = aj; is the unit vector e;, and {ei,...,enm} are LI
Therefore

geometric multiplicity = no. of times it appears on the diagonal.

88 /144



Diagonalizability

Theorem: A € C™*™ is non-defective if and only if it has an eigenvalue
decomposition A = XAX~1 with X invertible and A diagonal.

Proof: (=) A non-defective implies A has m LI eigenvectors. Let X be the
matrix whose columns are these eigenvectors. Then, X is invertible and

AX = XN, whre A is the diagonal matrix with entries equal to the eigenvalues
of A.

(<=) Since A is diagonal it is non-defective, and as the eigenvalue
decomposition means A is similar to A, and similarity transformation preserves
algebraic and geometric multiplicities of eigenvalues, we must have A is also
non-defective. O

This result motivates the definition: A € C™*™ is diagonalizable < it has an
eigenvalue decomposition A = XAX~! & it is non-defective.
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Mathematics - Part 1
Numerical Linear
Algebra

Andrew Lam

If A= XAX~! and the columns of X is orthonormal, then X is a unitary
matrix, i.e., X* = X1 (why?).

In this case, we say A € C™*™ is unitary diagonalizable if A = QAQ* for
some unitary matrix Q and diagonal matrix A.

Eigenvalue problems

Note:

» The “eigenvalue decomposition” A = QAQ* can also be seen as a SVD
for the square matrix A.

> If Ais hermitian, i.e., A= A*, then it is unitary diagonalizable and all
entries in A are real. (To be proven later...)
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Schur factorization e

o . mxm Mathematics - Part 1
The Schur factorization of a square matrix A € C is of the form el (s
Algebra

A=QTQ"

Andrew Lam
where Q is unitary and T is upper-triangular.

Note: A and T are similar = eigenvalues of A appear on the diagonal of T.

Theorem: Every square matrix has a Schur factorization.

Proof: Induction on m. Case m = 1 is trivial. So suppose m > 2.
Eigenvalue problems

(1) Let x € C™ be any eigenvector of A with eigenvalue A. Normalize x and
set it to be the first column of a unitary matrix U € C™*™, From the slide
Algebriac multiplicity > Geometric multiplicity, we have

A b

UAU:(0 C

) with b7 € C™ ! and C € ¢~ 1xm—1,

(2) By induction hypothesis, since C € Cm=1xm=1 it has a Schur
factorization, C = VTV* with upper-triangular matrix T € C™—1xm—1 and
unitary V.

(3) Then, the matrix Q defined below is unitary

1 0 w1 0N[x bY[1 O\ _[A bV
Q=v (o v) = QAQ= (o v*) (o C) (o v) = (0 T)
0
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Theorem: Every hermitian matrix is unitary diagonalizable, and so all its Azie
eigenvalues are real. Andrew Lam

Proof: Let A be hermitian, i.e., A= A*. Then, by Schur factorization,
A=QTQR" =(QTQR")*=A* = QTQ"=QT*Q".
Hence, T = T* which implies T must be diagonal. Furthermore, on the

diagonal, it holds that T; = T;, which implies the diagonal entries of T are _
real numbers. 0 Eigenvalue problems

We say that a square matrix A is normal if AA* = A*A.

Theorem: A square matrix is unitary diagonalizable if and only if it is normal.

Proof: (=) If A= QAQ*, then A* = QA*Q* and

AA* = QAN Q" = QATAQ* = A*A.

(<) Let A= UTU* be its Schur factorization. As A is normal
UTT*U* = AA* = A*A=UT*TU.

This implies TT* = T*T, i.e., the upper triangular matrix T is also normal.
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If Algebra
tin tiz - tim Andrew Lam
tpp -+ lbom
T= .
tmm

then, the (1,1) entry of T*T and TT* are respectively

m
|t11|2 and Z |i‘1,'|27
i=1

and TT* = T*T implies |t1;] =0 for 2 < i < m, i.e., the first row of T is
zero except for the (1,1)-entry.

Eigenvalue problems

Next, the (2,2)-entry of T*T and TT* are respectively
m
[t + [ta? = [t22*  and > |t
i=2

Again, TT* = T*T implies [tp;] =0 for 3<i < m.

Continue this way, all upper off diagonal entries of T are zero, and so T is a

diagonal matrix. O
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Class exercise

1. Show that the matrix / — vv* is unitary if and only if ||v||3 =2 or v = 0.

2.

Show that these two matrices are not similar

=(2) 5=G )

. Show that the following matrix is singular, but is diagonalizable

2 -1 0
A=[-1 2 0
0 0 0

. Show that the following matrix is nonsingular, but is not diagonalizable

2 1 0
A=|(0 2 0
0 0 3

. Find the Schur factorization of the matrices in Q3 and Q4.
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Eigenvalue revealing methods

Methods for finding eigenvalues of A € C™*™:

1. Solving the characteristic polynomial pg4.

> unfeasible for large size matrices.
> (rounding) errors in coefficients = inaccurate calculations.

2. lterative process to find the largest eigenvalue, e.g., the Power iteration.

Idea: the sequence
x, Ax, A2x, A3x,

will converge (under certain conditions) to an eigenvector associated with
the largest eigenvalue of A in magnitude.
> A similar method (inverse power iteration) computes the smallest eigenvalue of
A in magnitude.
> Depends strongly on well-separated eigenvalues, e.g., |A2|/| 1] < 1.
> Convergence can be rather slow otherwise.

3. Factorise A so that its eigenvalues appear in one of the factors:
> Diagonalization for non-defective A = XAX ~!. Eigenvalues listed in diagonal
matrix A.
> Unitary diagonalizability for non-defective A = QAQ™.
> Schur factorization for any A = QTQ™. Eigenvalues appear on diagonal of the
upper triangular matrix T.
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Difficulty with characteristic polynomial

A deep result in Galois theory:

Theorem: For any m > 5, there is a polynomial p(z) of degree m with rational
coefficients that has a real root p(r) = 0 with the property that r cannot be
written using any expression involving rational numbers, addition, subtraction,
multiplication, division, and kth roots.

Meaning? There is no analogue of the quadratic formula for polynomials of
degree > 5.

Which means? There is no compute program that would product the exact
roots of an arbitrary polynomial in a finite number of steps.

Hence, any eigenvalue solver must be iterative, i.e., generate a sequence of
numbers that converges (rapidly) towards eigenvalues.
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Power iteration

Designed to compute the dominant eigenvalue of a matrix A € C™*™ and an

associated eigenvector.

Assumptions:

> There is a single eigenvalue of maximum modulus. l.e., we can label the

eigenvalues in terms of their magnitude:

> There is a set of m LI eigenvectors. l.e., there is a basis {u, .

C™ such that

A1 > [A2] > [A3] > - > [Am].

Auj = Njuj for 1 <j < m.

.., Um} of

Procedure: Pick an arbitrary initial vector xop € C™. Generate sequences

>z = Axg,

%
[EAP

> Xp41

> kb1 = X AXkr

Theorem: If the initial vector xg has an expansion of the form

Xo = aju1 + - - - + amum with a; # 0, then as kK — oo, xx1 aligns along with

direction of u;, and

re — A1 as k — oo.
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Power iteration Il
Proof: (1) From the definition, we see that

Ak xg

Xk = 7——F—
| A%xo 12

for k > 1.

Then, by the expansion of xp,

Akxg = al)\/f (ul + i ? (%)ku,) =: al)\’{(ul + ek) for k > 1.
a1

Ak
(2) Since |A1] > |Aj| for j > 2, SF converges to zero, and so the vector

ex — 0 as k — oco. Therefore,

Akxg a1 AN (u1 + &)

ARl [lan M (i + £l

up + ek
llur + ekll2”

Xk = sign(a1 \f)

i.e., x, aligns more and more with the direction of u; as k — oo.
(3) Next,

(u1 4 e)*(A1u1 + Aey)

re = x; Ax =
« llun +exll3

—))\1.
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Power iteration |11

Theorem: Let A € C™*™ be diagonalizable with eigenvalues

A1 > [A2] > [As] > - > [Am]

and normalized eigenvectors {u1,...,um}. Let xo = aju1 + -+ + amum be any

vector with a; # 0. Then, there is a constant ¢ > 0 such that

g " xil[A*xoll2
or Yk = — %
31)\1

lyk —uifl2 < c

Meaning: If |X\2| is close to |A1|, convergence of sequence yj to eigenvector up

is slow.

Proof: Short computation

m i>\l'(
Iy — will2 = Z;Alkui
i=2 1 2
LN PP R D VR EN VR D PR LRI Tl RNV
<SR <5 2

k
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Inverse power iteration Computational

. . . - . . Mathematics - Part 1
Theorem: If A is an eigenvalue of A and if A is invertible, then % is an i) (e
eigenvalue of A1, Algebra

. . Andrew La
Exercise: Prove this. narew tam

If the eigenvalues of A can be arranged as
Ml = (A2l = -+ = [Am—1] > [Am] > 0.

Then, 0 is not an eigenvalue of A, and A~! has eigenvalues /\i arranged as
J

Eigenvalue algorithms

_ —1 -1
T I D R P e

Then, we can apply the power iteration to A~ to approximate the smallest
eigenvalue of A in magnitude!

Practical implementation: Bad idea to invert A and then define z, = A= 1x;_;
and normalise x; = H;ﬁ in order to generate the sequence {x}xen!

A better idea (at least for large matrices) is to factorise A (e.g. QR or SVD)
and then solve

Az 1 = X,

Zk+1

then normalise xy 1 := Tl
+
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Shifted inverse iteration
Given a diagonalizable matrix A € C™*™M:
> Power iteration — approximate largest eigenvalue of A in magnitude.

> Inverse power iteration — approximate smallest eigenvalue of A in
magitude.

What about those in between?

Suppose p € C is not an eigenvalue of A. Then, B := A — ul is invertible and
the eigenvalues of B are {\1 — pt, Ao — fty ..., Am — p}.

Suppose )\, is an eigenvalue “closest” to y, i.e.,
Ay = pl < |[Ai = pl for i # J,

then we can use inverse iteration on (A — ul) [equivalently power iteration on
(A — ul)™1] to find an approximation of \; — p.

This is the shifted inverse iteration that approximates the eigenvalue of A
closest to the shift p € C.

Practical implementation: Factorise A — p/ and then solve

Zk+1

(A—pl)zkyr = Xk, Xkp1 = ————.
[l zk+1ll2
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Gershgorin circle theorem |

How do we choose the shift iz € C in the shifted inverse iteration?

Theorem: Let A€ C™*™. Fori€{l,...,m} let Ry =3, |a;|. Then,
every eigenvalue of A lies within at least one of the so-called Gershgorin discs
D(aj;, Ri), where

D(aji, Ri) ={z€C : |z— a;| < Ri}.

Heuristically: If off-diagonal entries of A have small norms, then the
eigenvalues of A cannot be too “far from” the main diagonal entries of A.
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Gershgorin circle theorem |l

Algebra

Theorem: Let A€ C™*™. For i€ {l,...,m}, let R =3 ]aj|- Then,

every eigenvalue of A lies within at least one of the so-called Gershgorin discs Andrew Lam
D(a,-,-, R,‘), where

D(aji; Ri)) ={z € C : |z — ai| < Ri}.

Proof: (1) Let A be an eigenvalue of A, and choose eigenvector x normalized
so that ||x||lcc = 1. Let i € {1,..., m} be the index for which |x;| = 1.

(2) Since Ax = Ax, we have

Eigenvalue algorithms

m
)\X,' = Z ajjXj = ()\ — a,-,-)x,- = Z ajjXj.
=1 i

(3) Take absolute values, and use |x;| <1 = |x;| to get

|)\ — a;,-\ S ajiXj S |a,--| = R,'.
usJ y

J#i J#i
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. . MMAT 5320
Gershgorin's circle theorem Il [Ry—]
. . . . . Mathematics - Part 1
Note: it is possible that one disc can contain more than one eigenvalue. Numericallllinear
Example Algebra

Andrew Lam

10 -1 O 1
02 8 02 02
1 1 2 1
-1 -1 -1 -11

A=

Gershgorin’s theorem says each eigenvalue of A are contained in the following
four discs:
Eigenvalue algorithms

D(10,2), D(8,0.6), D(2,3), D(-—11,3)

The eigenvalues are 9.8218, 8.1478, 1.8995, -10.86.

x  Eigenvalues
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Class exercise

1. Let A € C™*™ be diagonalizable with eigenvalues
A1l > [A2] > > [ Am],

where |A2]/|\1] is close to 1. Write down the algorithm (i.e., {yk}ken)
for the shifted power iteration for A with shift u, and deduce the
convergence rate of the shifted power iteration. What values of p should
you choose to improve the slow convergence of the power iteration?

2. The Rayleigh quotient of a non-zero vector x € C™ and a matrix
AeCmxmis

«
A
r(A,x) = X

x*x

> Show that if x is an eigenvector of A, then r(A, x) is the corresponding
eigenvalue.

> Show that the partial derivative of r with respect to x; is

or(Ax) _ L(Ax — H(A, x)x);.
Ix; X*x

> Deduce that eigenvectors of A satisfies V,r(A, x) = 0.
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Two phase eigenvalue computation | Computational

Mathematics - Part 1
Numerical Linear
Algebra

Andrew Lam
Most general purpose eigenvalue algorithms used today employs the Schur
factorization A = QTQ*.

We apply similarity transformations X — Qj*XQj to A with unitary matrices,
so that the sequence (B;);>1 defined as
Bi=Q/Bi_1Q;, Bi1= QfAQ:

Eigenvalue algorithms

eventually converges to an upper triangular matrix T as i — oo.

The basic idea of the two phase eigenvalue computation is:

> Phase 1: Transform A into upper Hessenberg form, i.e., all entries below
first subdiagonal are zero [a; = 0 for i > j + 1]. This can be done in a
finite number of steps.

> Phase 2: Generate a sequence of upper Hessenberg matrices that
converges to an upper triangular matrix. This is an iterative process.

If Ais hermitian, then we get tridiagonal matrices instead.
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Two phase eigenvalue computation Il

> Phase 1: Transform A into upper Hessenberg form, i.e., all entries below
first subdiagonal are zero [a;; = 0 for i > j 4 1]. This can be done in a
finite number of steps.

> Phase 2: Generate a sequence of upper Hessenberg matrices that
converges to an upper triangular matrix. This is an iterative process.

If Ais hermitian, then we get tridiagonal matrices instead.

Schematically:

[x x x x x| [ x x x x| XX XX X |
x x X x x| Phase 1 | x x x x x | Phase 2 X X X X
X X X X X — X %X X X - X X X
X X X X X X X X X X

[ X X X X X | L xxJ { x |
A# A H T

[ % x x x x] [ % x 1 [ x ]
X X X x x| Phasel | x x x Phase 2 X

X X X %X X — X X X o X

X X X X X X X X x

| X X X X X | | X X | L x
A=A T D
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Phase 1 — Reduction to upper Hessenberg form Computational

Mathematics - Part 1
Numerical Linear

Recall the Householder reflections that creates zeros below the first entry Algebra
Andrew Lam
X Izl
x F 0
z=| X —  Fz=| 0 | =|z]le,
x 0

So, one idea is to repeatedly use (appropriate) Householder reflections to
introduce zeros below the main diagonal. Eigenvalue algorithms

This turns out to be a bad idea! Schemtically, the first Householder reflector
Q@ multiplied on the left of A will change all rows of A.

X X X X X XX XXX
XX XXX o 0 X XXX
X X X X X 1 0 X XXX
—
X X X X X 0 X XXX
X X X XX 0 XX XX
A QA
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Reduction to upper Hessenberg form I
Schemtically, the first Householder reflector Q7 multiplied on the left of A will

change all rows of A.

X X X X X
X X X X X .
X X X X X Qo
X X X X X
X X X X X

XXXXX
0XXXX
0 XX XX
0 X XXX
0 X XXX

QA

To complete the similarity transformation, we have to multiply on the right by

Q1:

XX XXX
X X X X
X X X X
X X XX
X X XX

Q14

G

—_—

XX XXX
XX XXX
XX XXX
XX XXX
XX XXX

Q1AQ,

Therefore, all the zeros created before are now lost!
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Reduction to upper Hessenberg form Il
A better idea is to be less ambitious and aim for a Hessenberg form. Let Q5
be a Householder reflection that leaves the first row unchanged. Then, Q;
mutiplied on the left of A introduce zeros in row 3 and onwards of the first
column.

X X X X X X X X X X XXX XX
XX XXX .. XX XXX Q XXX XX
X X X X X 1 0 XXXX ! XX XX
— —_
X X XXX 0 X XXX X XXX
X X XXX 0 XXXX XX XX
A Q1A Q1AQ,

When multiplying Qf A with Q1 on the right, the first column is unchanged
(by design), so the zeros we created are preserved.

The second Householder reflector Qﬁ‘ would leave the first and second rows
unchanged.

X X X X X X X X X X X X XXX
X X X XX Qs X X X X X .Q XX XXX
X X X X 2 X X X X 2 X X X X
—_ —

X X X X 0 XXX XXX
X X X X 0 XXX XXX
QiAQ, QQ14Q, QQ1AQ,Q,

This process terminates after a total of m — 2 steps, leading to
m—2" QT AQ1 - Qm_2=H,
Q* Q
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Reduction to upper Hessenberg form [V

Going back to the slide Finding the unitary matrices. We want Q; to leave
the first row unchanged. Meaning

._(1 0
Ql:(o F)

where F € C(m=1)x(m=1) js ynitary.
The procedure is:

> Set x = (a1, .-, aml)T € C™~1 as the first column of A without the
first entry aij.

» Construct vector3
vi = sign(a21)||x||e1 + x,
where ¢ = (1,0,...,0)T € C™1,
» Construct Householder reflector

F—— 2V (me1)x (m1)
[|va]?

and set F = F;.

3typo in previous versions, the sign
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Reduction to upper Hessenberg form V

In the second step, we want Q5 to leave the first and second rows unchanged.

Meaning
« _ [hx2 0
@ = ( 0 F2>

where F € C(m=2>x(m=2) s ynitary.
The procedure is:

> Set x = (asz,..., amg)T € C™2 as the second column of QY AQ:
without the first and second entries.

» Construct vector*
vo = sign(azz2)||x|le1 + x,
where ¢ = (1,0,...,0)T € C™2,
» Construct Householder reflector

Fpe 2%V5 . (m=2)x(m—2)
[|va]?

and so on ...

4typo on previous versions, the sign
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Phase 2 — Iterative algorithms

After transforming A into upper Hessenberg form (or tridiagonal form if A is
hermitian), we now consider methods to approximate eigenvalues and
eigenvectors.

The first is the Rayleigh quotient iteration derived from the shifted inverse
iteration. Applied to hermitian matrices.

The second is an algorithm based on QR factorization. Applied to Hessenberg
matrices.

Both are able to compute all eigenvalues and eigenvectors of the matrix.
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Rayleigh quotient iteration
For fixed matrix A € C™*™ the Rayleigh quotient of a vector x € C™ is
x*Ax

lIxI13 -

r(x)

Related problem: Given x € C™, find a scalar a € C “acting most like an
eigenvalue” for x, in the sense that

[|[Ax — ax||2 < ||JAx — Bx]|2 for all B € C.

Viewing x as a matrix in C™*1, the solution to the least squares problem
xa = Ax
is (recall the normal equation)

x*Ax

a = (x*x)"Ix*(Ax) =
X*x

l.e., the Rayleigh quotient is the solution to the least squares problem.
In Class exercise we have shown

> if x is an eigenvector of A, then r(x) is the corresponding eigenvalue.

Therefore, for given arbitrary x € C™, the scalar r(x) is a natural eigenvalue
estimate.
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Rayleigh quotient iteration Il
So far, the Rayleigh quotient gives

approx. eigenvector x = — approx. eigenvalue r(x).

Is there an algorithm that gives the reverse?

Yes! The shifted inverse iteration: For given 1 € C and initial vector x € C™,
we generate a sequence that approximates the eigenvector associated to the
eigenvalue of A closest to u. l.e.,

approx. eigenvalue p — approx. eigenvector x.

The Rayleigh quotient iteration is simply to combine these two methods:
1. Initialise with vector xo € C™ with ||xg|l2 = 1.
2. Compute Rayleigh quotient rp = xg Axo.

3. fork=1,2,---

> Solve (A — rl)w = xx_1 for w (Inverse iteration).
> Set xx = w/||w||2 (normalize).
> Set r, = x; Axi (Rayleigh quotient).

Heuristically, in step k, we use the Inverse iteration with = r (previous
Rayleigh quotient) to output an approximate eigenvector xx, and then use this
to compute a better approximate of the eigenvalue.
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Rayleigh quotient iteration Il
Why is this method so spectacular?

Theorem: The Rayleigh quotient iteration generates a sequence of (ry, Xk)ken
such that when it converges to an eigenpair (A, v;) of A, the convergence is
cubic, i.e.,

Ine =Xl = Oln—1 = AP), Ik = (Fvi)ll2 = O(lxk—1 — (Ew)I3),
where the + signs are not necessarily the same on the two sides.

This means that the error at the k-th step is roughly the error at the
(k — 1)-th step raised to the third power.

Example: Consider
1 1
A=1|1 3 1
1 1 4

Set xo = (1,1,1) T /+/3. When the Rayleigh quotient iteration is applied to A,
we get the following first three iterations

ro=5 n=52131..., r =5214319743184....

The actual value of the eigenvalue corresponding to the eigenvector closest to
xo is A = 5.214319743377.
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Rayleigh quotient iteration IV
Proof: (1) Suppose (A, v) is an eigenpair of A. Using a Taylor expansion

r(x)

r(v) + Vr(v)*(x = v) + 5(x = v)* V2(r(x))(x = v) + O(llx = v[3)
= r(v) + 5(x = V)" V2(r(x))(x = v) + O(llx = v[3)

since in Class exercise Vr(v) = 0 for an eigenvector v. Hence, for A := r(v),
|r(x) = Al = O(lIx — v]3).

(2) Therefore, if ||xx — (£vy)|l2 = O(e), the Rayleigh quotient yields an

estimate for the approximate eigenvalue r, with |r, — X\j| = O(&?).

(3) For the Power iteration (see slide Power iteration Ill), there is an estimate

)

where A1 and X2 are the largest and 2nd largest eigenvalue of A. So for the
shifted inverse iteration applied to A — ri/, the eigenvalues of (A — r, /)1 are

A2

I = valle = O( |2

1 1 1

)

AM—r do—r Am — i
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Rayleigh quotient iteration V

(4) If Ay is the closest eigenvalue to ry and Ak is the 2nd closest, then we get
the estimate for an iteration of the shifted inverse iteration:

k41 A —n

Aj—r
) :O(‘)\K,,k Ik

AK—rk

ki1 = ()2 = O( | 3=

k
AK—rk )

)

(5) Since we assumed the Rayleigh quotient iteration is convergent, this means

Ay—ri
AK =Tk

_ As—ri
T A= ASFA g

= 0|25 ]) = oA = .

as A\j # Ak. Then, (see previous slide)
i1 = (Fv)ll2 = O (I = (Fva)ll21As = rkl) = Ollxe — (£v))13),
and

I = Al = O(Ixsr — (F)I3) = O(IIxk — (£v) 31X — nel?)
= O(|)\J - rk|3).

A more detailed proof can be found in the book of J.W. Demmel, Applied
Numerical Linear Algebra, Section 5.3.2
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. MMAT 5320
Class exercise Computational
Mathematics - Part 1
Numerical Linear
Algebra

Andrew Lam

1. Let A € C™*X™ be given, not necessarily hermitian. Show that a number
z € C is a Rayleigh quotient of A if and only if it is a diagonal entry of
QR*AQ for some unitary matrix Q.

2. Use the Rayleigh quotient iteration to compute an eigenpair for the matrix Ezameliie szt
5 1 1
A=11 6 1
1 1 7

with xo = (1,0,0)T.
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QR algorithm

The basic idea: Starting from the original matrix Ag := A, we generate a
sequence of matrices (Ax)ken with the QR decomposition. Suppose at step k
we have

QxR = Ax,
where Qy is unitary and Ry is upper triangular. We define
Akt1 = ReQx
(just swapping the order of multiplication). Then,
A1 = RiQi = Q¢ Qu(Ri Qi) = Qg A Qx-
l.e., Ak and Ay, are similar, and so they have the same eigenvalues.

Under certain conditions, the sequence (Ax)ken conveges to the Schur form of
A, i.e., the upper triangular matrix U in the Schur factorization of
A = Q*UQ. The eigenvalues are listed on the main diagonal of U.

In practice, matrix A is brought into upper Hessenberg form first, and then the
QR algorithm is applied.
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. . . MMAT 5320
Simultaneous iteration Computational
Mathematics - Part 1
Numerical Linear
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Andrew Lam

We will relate the QR algorithm to another method called simultaneous
iteration. Recalling that previous methods (Power iteration, Inverse iteration,
etc.) can only compute 1 eigenvalue at a time.

Is there a way to compute more eigenvalues simultaneously?

If A€ C™*™ has m LI eigenvectors {vi,..., Vm}, the Power iteration starts
. e . . . . Ei; | Igorith
with an initial vector xp that can be written as a linear combination I E i S

Xo =aivi + -+ amVm.

Eigenvectors not orthogonal to xp will have a chance to be found by the Power
iteration. E.g., in the original we had to assume that a; # 0 in order to find v;.

Therefore, we should try applying the Power iteration to several different
starting vectors, each orthogonal to each other, in order to find different
eigenvalues.
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Simultaneous iteration 1l

The idea is as follows: For n < m, given a set of n LI vectors {X;O), o ,x,(70)},
we consider the iteration

Akxfo) Akxéo), R Akx,(,o).

b}
In matrix notation, we define X(©) € C™*" to be the matrix

\ |
X0 = (o . 0

and X () to be the result after k applications of A:
|
XK = Ak x(0) — Xl(k) o xR
| |

This can be viewed as the Power iteration applied to all the vectors
0) (0)
{x§ .

,...,Xp '} at once.

We expect as k — oo, the columns of X(k) converges to scalar copies of vq,

the unit eigenvector corresponding to the largest eigenvalue of A in magnitude.
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Simultaneous iteration I e

Mathematics - Part 1
Numerical Linear
Algebra

So far, there is no new information! as the n eigenvectors can possibly be in
. . Andrew Lam

the same direction.

However, in the original Power iteration there is a step of normalization. For

the multi-vector version, the analogue is to obtain an orthonormal set of

eigenvector estimates during each iteration.

This forces the eigenvector approximations to be orthogonal at all times, and
is done by computing the QR factorization of X ().

Eigenvalue algorithms

Heuristically: if xfk) converges to vi, then as xz(k) is orthogonal to xfk), it

should converge to v2, the eigenvector corresponding to the second largest
eigenvalue in magnitude. Then, ng) being orthogonal to {xfk),xék)} should
converge to v3, etc....

Recall the reduced QR factorization of a matrix A € C™X" is
A= QR

where R € C"™%" is upper triangular with non-zero diagonal, and Q e cmxn
with orthonormal columns.
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Simultaneous iteration 1V

We now describe the Simultaneous iteration method:
1. Pick a starting LI set {Xfo), . 7X,(,O)} with n < m.

2. Build matrix X(©) with columns x§0), S ,x,(,o).

3. Obtain reduced QR factorization QO R(©) = x(0)
For k =1,2,...
> Set WK = AQ*—1).
> Obtain reduced QR factorization QU R = Wk
Under suitable conditions, the columns of Q) will converge to
+vi, £vo, ..., Lv,, the eigenvectors corresponding to the n largest eigenvalues
of A in magnitude.

An informal explanation: The columns {q£0)7 e q,(,o)} of QO is an
orthonormalization of the columns of X(©). Then, W) is the action of the
matrix A on these orthonormal columns, and the reduced QR factorization
yields the next set of approximate eigenvectors as columns of QM.
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Simultaneous iteration < QR algorithm

It turns out that the QR algorithm is equivalent to the simultaneous iteration
with n = m. In this case we use full QR factorizations instead, and with initial

orthonormal matrix Q(O) = Imxm.

The Simultaneous iteration reads:
> Q(O) = Imxm,
» WK = AQ(k=1),
» QUIRMD = Wik,

and we set AK) = (QK)TAQ.

The QR algorithm reads:
» A0 — 4
» QUIR(K) — Alk—1),
» AK) = R QK),
and we set Q) = Q) ... Q).

Introducing an additional matrix

RK) = R R(k=1) . R(1) — Rk R(k=1)
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Simultaneous iteration < QR algorithm 11

Theorem: The two processes are equivalent. They both generate identical
sequences of matrices B(k), Q(k) and A(K). Moreover, it holds that the k-th

power of A has the QR factorization

Ak — Q(k)B(k)7

and the k-th iteration has the formula

Proof by induction: Case k = 0. By design Q(®) = I, and by definition

and

Al =

AW = (QUN)T AQM¥)

/I = RO = (Q(O))TAO —

A = (Q)TAQ@ = A,

/

)
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Simultaneous iteration < QR algorithm Il

Theorem: The two processes are equivalent. They both generate identical
sequences of matrices B(k), Q(k) and A, Moreover, it holds that the k-th
power of A has the QR factorization

Ak = QW R(K)

and the k-th iteration has the formula

A = (QUNT AQ)

Consider k > 1: For Simultaneous iteration, the formula for AK) g by
definition.

Meanwhile, by induction and the formula Q(k) R(K) = AQ(k_l), we have

Ak — AAK—1 — AQ(k*I)B(k*I) — Q(k)R(k)B(kfl) — Q(k)B(kfl)'
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Simultaneous iteration < QR algorithm IV

Theorem: The two processes are equivalent. They both generate identical
sequences of matrices B(k), Q(k) and A(K). Moreover, it holds that the k-th

power of A has the QR factorization
Ak — Q(k)B(k)7
and the k-th iteration has the formula

AW = (QUN)T AQW¥)

Consider k > 1: For QR algorithm, using that R() = (Q )TA(k_l):

A = RKI QU = (QU)T Ak=1) (k) = (QUNT ((Q(k—l))TA(k—2)Q(’<—1))Q(k)
=...= QW AQW,

Meanwhile, by induction hypothesis, i.e., AK—1 :Q(kil)ﬁ(kin and
Ak=1) = (QU=INT AQ(k=1) it holds

AQ (k=1) Q Ak=1) R(k) — Q(k*I)Q(k)R(k)B(k*I) = QW R,

O
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MMAT 5320

Convergence of the QR algorithm [Ry—]
Mathematics - Part 1
Numerical Linear

The QR algorithm takes an initial matrix A (real and symmetric) and outputs Algebra

a sequence {A(M}, < along with QR-type factors {Q(¥), R(M}, . Andrew Lam

By previous theorem, we have the formula
Ak = QUIRMI  AK) — (QU)T AQ™K),
where Q) = @ ... K) Rk = gk ... p(D),

Theorem: Let the QR algorithm be applied to a real symmetric matrix A Eigenvalue algorithms
whose eigenvalues satisfy |A1| > -+ > |An|, and whose corresponding
eigenvector matrix @ has all nonzero leading principal minors. Then,

A 5 diag(Ar, ..., Am) =: A as k — oo,
and Q(k) (adjusting the signs of its columns as necessary) converges to Q.
Recall: the k-th leading principal minor of a matrix A € C™*™ is the

determinant of the upper-left k X k submatrix.

Note: A invertible = all principal minors nonzero, e.g. A= ((1) (1)) is

invertible, but its first principal minor is {0}.
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Convergence of the QR algorithm |1

Theorem: Let the QR algorithm be applied to a real symmetric matrix A
whose eigenvalues satisfy [A\1| > --- > |[Am|, and whose corresponding
eigenvector matrix Q has all nonzero leading principal minors. Then,

A s diag(Ar, ..., Am) =: A as k — oo,
and Q(k) (adjusting the signs of its columns as necessary) converges to Q.

Proof ingredients:

> The eigenvalue decomposition of a real symmetric matrix A is
A= QAQT, with orthogonal matrix Q (i.e., QT = Q1) and diagonal A;

» Uniqueness of QR factorization: If A € R™*™ have LI columns, and
A= Q1R1 = @R, are two QR factorizations, then Q; = Q> and
R1 = Ry (Exercise).

> If an invertible matrix A has all nonzero leading principal minors, then it

admits an factorization, i.e., A = LU where U is upper triangular and
L is lower triangular with 1s on the main diagonal (aka unit lower
triangular).
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Convergence of the QR algorithm Il
Proof: (1) Let QT = LU be the LU factorization of Q. Then, for any k € N,

Ak = QAQT = QAFLU.
Hence,

QAFLAK = Aky=IA—k = QIR y—1pa—k,

(2) The matrix AKLA~K satisfies
w2
0 i<j.
Since |A;| > || if j < i, we see
AIAN S lpm,  QUWRMU=IA=K 5 @
as k — oo.
(3) By uniqueness of QR factorization,
QW = Q, RMWUTIATK 5 hyym as k — oco.
Then,
AR = (M) TAQW = (QUNTEAQRT QW= QT QRAQQT = A as k — .
O

MMAT 5320
Computational
Mathematics - Part 1
Numerical Linear
Algebra

Andrew Lam

Eigenvalue algorithms

132 /144



. . . MMAT 5320
QR algorithm with shifts [Ry—]
Mathematics - Part 1
Numerical Linear
Algebra

Andrew Lam

A simple example where the QR algorithm “fails” :

0 1
(Y
Eigenvalues are 1 and —1. The QR algorithm applied to this matrix gives

QR =4 RW=1 = AW =AforallkeN. Bigmeeitns el

The QR algorithm stagnates and there is no convergence, obvious from the
Theorem as we have
> ‘)\1| = |)\2| where A\; =1 and A\ = —1.

» First principal minor {0} is zero.

To fix things, we introduce the QR algorithm with shifts, and call the previous
algorithm the QR algorithm without shifts / unshifted QR algorithm.
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QR algorithm with shifts Il Computations

Mathematics - Part 1

Assume again A € R™*™ is symmetric. = s
gebra
The unshifted QR algorithm is the simultaneous iteration applied to the Andrew Lam

identity matrix /m;xm, and the first column evolves according to the Power
iteration.

A dual observation: The unshifted QR algorithm is also equivalent to a
simultaneous applied to a “flipped” identity matrix P

1

1 Eigenvalue algorithms

To be more precise. We recall that the k-th power of A has the QR
factorization

A% = QURK.  where Q) = QW ... QW R — R ... RO,

Inverting this formula and using that A~! is symmetric:

ATK = (RW)7HQM)T = QW(RM)~T = (a7k)T.
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QR algorithm with shifts Il
Using P2 = Imxm, we have
AP = QW(RM)=TP = (QWP) (P(RW)~TP)
Observe:

» The factor (Q(k)P) is orthogonal, i.e.,

(QWP)(QWP) " = lnmm.

> The factor (P(B(k))’TP) is upper triangular. Applying P on the right
flips the matrix left-to-right, and applying P on the left flips the matrix
top-to-bottom.

So we have a QR factorization of A~¥P. But we can interpret A=k P as the
result after k applications of A~! to the initial matrix P.

l.e., we are applying simultaneous iteration with matrix A~ to initial matrix

P.

Equivalently, we are applying simultaneous inverse iteration with matrix A to
initial matrix P.
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QR algorithm with shifts [V Computations

Since the QR algorithm can be viewed as a simultaneous inverse iteration, we SCCIER el

Numerical Linear

can use shifts to accelerate the performance. Algebra

Andrew Lam

The unshifted QR algorithm reads:
» A0 — 4
» QR = Alk—1)
> AlK) = R(K) QK

We simply introduce a shift ,u(k) as follows:
> A(O) = AY Eigenvalue algorithms

> Q(k)R(k) = Alk=1) _ ,ll(k)lmxmv
» A = ROQWK) + 1K),

What changed?
> We still have
AR = ROIQW) 4 K= (QUNT (AK=1 — R QM 4+ uB) s m
= (QUN)TA-D Q) = ... by induction --- = (Q(k))TAQ(k).
» But, we now have (by induction)
(A - M(k)/mxm)(A - ,U'(kil)lmxm) T (A - M(l)’mxm) = Q(k)B(k)-
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QR algorithm with shifts V
The shifted QR algorithm is
» A0 = 4
» QR = Ak=1) _ [ (K)o

> AK) = RIIQUK) (K)o
where by an induction proof

k
AR = (QN)TAQW,  TT(A = 1 hmxm) = QURK).

x| Ax

What are good choices for ,u(j)? Rayleigh quotient r(x) = T=T>

which is the

best approximation to an eigenvalue for the vector x.
One good choice is the Rayleigh quotient

(NT Ag(k)
uk) = % = (g¥) T Agth,
am’|[2

(k)

where g, is the last column of Q(k). Another formula for p(¥) is
9 = (an") " Al = e (Q) T AQWen = ey AW e, = (AW,

i.e., the (m, m)-th entry of AK) | The resulting algorithm is called Rayleigh
quotient shifted QR algorithm.
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Choice of shifts - Explanation
Suppose A € R™X™M has the form

A b
A:(bT c)

with A € Rm=1)x(m=1) 't ¢ Rm=1 and ¢ € R. If entries of b are close to
zero, then the standard basis vector ey, is nearly an eigenvector of A with ¢
acting nearly as the eigenvalue.

Do one step of QR iteration and find orthogonal Q and upper triangular R
such that

QR =A—clnxm-
Symmetry of A implies
A—claxm=RTQT = Q=(A—clnxm) 'R".

Looking at the last column, since RT is lower triangular, we see that (with
fmm as the (m, m)-th entry of R)

dm = rmm(A - Clmxm)_lem~
This is one step of shifted inverse iteration applied to rmmem!
So if we choose ¢ as the Rayleigh quotient of g, i.e., c = qlAqm, and do

another step of the shifted QR iteration, we obtain a new orthogonal matrix Q
whose last column is an even better approximation to the eigenvector than gpm.

MMAT 5320
Computational
Mathematics - Part 1
Numerical Linear
Algebra

Andrew Lam

Eigenvalue algorithms

138 /144



MMAT 5320

COmpUtlng SVD Computational

Mathematics - Part 1
Numerical Linear
Algebra

Recall for A € C™*" (m > n), the (full) SVD of Ais A= UXV*, where
» U e CmxXm Vv ¢ C"™" are unitary

> 3 € C™X" contains the singular values of A in decreasing order
o1 > 02 > -+ > 0p on its diagonal.

Andrew Lam

Relation between singular values and eigenvalues?

(0i(A))? = Xi(A*A) for i =1,...,n.

Eigenvalue algorithms

Meaning? We can calculate the SVD of A using the following algorithm:
1. Form the matrix A*A.
2. Compute the eigenvalue decomposition A*A = VAV*.
3. Let X € C™*" be the nonnegative diagonal square root of A.
4. Solve UX = AV for unitary U (e.g. via QR factorization).

Justification for step (3): If A= UXV*, then

A*A=VI'U*UZV* = VE'ZV* = A=X"%.
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Computing SVD I
Unfortunately, the above algorithm is unstable, in the sense that small
perturbations (e.g. due to rounding) of the matrix A can yield large errors in
singular values.

Let us consider an alternative idea for square matrices A € C™*™, by building
the 2m x 2m hermitian matrix

0 A*
i=(3 ).

If A= UXV*, then AV = UX and A*U = VX* = VX (since the entries of ©
are nonnegative real numbers). This implies

1o )-GO Y- D6 S

This is an eigenvalue decomposition for H! l.e., singular values of A can be
extracted from eigenvalues of H, and the matrices U and V can be extracted
from the eigenvectors of H.

New algorithm (more stable than the first one) is:
1. Form the hermitian matrix H.
2. Reduce H into a tridiagonal form (see slide Two phase eigenvalue
computation) - Phase 1.
3. Apply Rayleigh quotient iteration to get eigenvalues and eigenvectors of
H - Phase 2.
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Class exercise

1. Apply the unshifted QR algorithm to the following matrix
31 0
A=11 4 2
0 2 1

2. Apply the QR algorithm with shift to the following matrix

B =
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Summary of Part 1

Singular value decomposition
1. The SVD of a matrix A = UXV* exists for any matrix A € C™*",
> Find eigenvalues 02 > 02 > .. > o2 to A*A.

> Find orthonormal set of eigenvectors {v1,..., vy} and build matrix V with

these as columns.
> Set u; = %Av,- and (add arbitrary orthonormal vectors) to build matrix U.

i
> Set X as the diagonal matrix with entries o1, ..., 0op.

2. SVD can be written as a sum of rank-one matrices
r
A= Zcf,-u,-vi*, where r = rank(A).
i=1

3. For large square matrices A, practical implementations of SVD can be
done by

> Reducing

(0 A” 2mx2m
(G ) e

to tridiagonal form.

> Apply Rayleigh quotient iteration to get eigenvalues and eigenvectors of H.

» Extract U, V and X from the eigenvalue decomposition of H.
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Summary of Part 1 - continued

QR factorization

1. The QR factorization of a matrix A = QR exists for any matrix
A e (men_

> Apply the Gram—Schmidt orthonormalization process to the columns of A
yields the reduced QR factorization.
> Apply Householder reflections to obtain the full QR factorization.

2. Both methods rely heavily on the notion of orthogonal projections.

3. A square matrix P is a projector if P2 = P, and it is orthogonal if and
only if P is hermitian.

4. For any matrix B € C™*", the orthogonal projector onto range(B) is
P = BB*.

Least squares problem
1. The least squares problem is to find the best vector x € C™ such that for
A € C™*" of full rank (m > n) and b € C",
[|b— Ax|l2 < ||b— Ay||2 for all y € C™.

2. The solution is given by the normal equation x = (A*A)~1A*b.
3. When A is full rank, use reduced QR factorization on A to compute x.
4. If A is rank-deficient, then use reduced SVD on A.
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Summary of Part 1 — continued
Eigenvalue revealing factorizations

1. Matrices A, B € C™*™ are similar if there is an invertible X € C™*™
such that B = X~1AX.

2. Similar matrices share the same eigenvalues and their multiplicity.

3. A€ C™*M is non-defective if and only if it admits an eigenvalue
decomposition A = XAX~1 with X invertible (columns are eigenvectors)
and A diagonal (with eigenvalues as entries).

4. The Schur factorization of A € C™*™M is A = QTQ* with Q unitary and
T upper triangular. Eigenvalues of A appear on the main diagonal of T.

5. Every square matrix has a Schur factorization.

Eigenvalue algorithms - Two step approach

1. (a) Transform A € C™*™ into upper Hessenberg form A (done in a finite no. of
steps),
(b) Generate a sequence of upper Hessenberg matrices B; = Q" Bi_1Q; with
B, = QfAQl which converge to an upper triangular matrix T (iterative
process)
2. Need to modify the Householder reflections in a suitable way for step 1!

3. For step 2, the QR algorithm is used to obtain all eigenvalues and
eigenvectors.

4. QR algorithm is equivalent to the simultaneous iteration (aka applying
Power iteration to multiple initial vectors simultaneously).

5. Performance accelerated by using the QR algorithm with shifts.
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