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Solution 3

p. 126: 3,4, 15

3.

15.

The right-shift operator is defined by R(a,) := (0, ag, a1, ... ). It is an operator that
satisfies || Rx|| = ||x|| both as £> — ¢ and (' — ¢'; it is 1-1 and its image is closed.
Note that LR = I # RL. Show that it is also continuous as R : £1 — (°°.

Solution. We only show that R : #* — ¢* is continuous. The other properties are
easy to check. Since [|x[|o < [|x[|; for any x € ¢*, it follows that

[ Rx[oo < [|Rx[]1 = [|x]1-
Hence R : ¢ — (> is continuous. <

The mapping T : ¢! — ¢, defined by T(a,) := (ag,a1/2,a3/3,...), is linear and
continuous. It is 1-1, and its image, denoted by ¢1 :=imT C ¢!, is not closed in '

Solution. Clearly T is linear and 1-1. Moreover, T is continuous since

oo :L‘n o0 -
ITx)| =>" — 1‘ <l = [Ix| for all x = ()%, € (.
n=0 n=0

Next we show that its image, ¢} := imT is not closed in ¢'.

Let x; :=(1,1/2,...,1/n,0,0,0,...) € £'. Then
Txe = (1,1/2%...,1/k*0,0,0,...) =y = (1,1/2%, ... 1/k*,1/(k+1) ...) in ¢},

since
o

1
|Txx =yl = ZE%O as k — oo.
n=k+1

However, y & imT', hence imT is not closed. To see this, suppose y = T'x for some
x € (', then x = (1,1/2,1/3,...) and contradiction arises since

(e 9]

1
Il = 3 = +oo.

n=1
<

Find, where possible, the norms of the above mentioned operators. For example,
104,]] =1 on C(X), and the Volterra operator on L*[0, 1] has norm 1.

Solution. Recall that d,, is a linear functional on C'(X) defined by d,,(f) := f(z0).
Clearly

020 ()] = £ @0)] < sup | £(@)] = [F e,
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which shows that ||d,,|| < 1. On the other hand, let g be the constant function 1 in
C(X). Then

1= 1020 (9)] < 10w l[llgllex) = 1100 -
Therefore ||d,,|| = 1.

Recall that the Volterra operator V is defined by

[

The Volterra operator V' is well-defined on L*°[0, 1] since V f is measurable and

swp VI < sup / F@ldzr < sup / 1l zwd = | fllz= < oo,

y€[0,1] a.e. yEOl a.e. y€[0,1] a.e.
so that V f € L*°[0, 1] also. The above inequality also shows that
IV [l < ([ £z,

hence ||V||z[o,1) £ 1. On the other hand, if we take f =1 on [0, 1], then || f||z~ =1
and

Yy
Vi) =/ dx =y,
0
so that ||Vf||L°° = SUPye0,1] ace. |y| = 1. Now
L= ||V fllgee < IV llzeepoull fllzee < [[V][Leoq = 1.

Therefore ||V| g0 = 1.



