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Solution 1

p- 100: 1,7, 8

1.

Prove that || - ||; and || - || are norms. Which axioms does || - ||, fails when p < 17

Solution. Consider the vector space KV. Let x = (21,...,2x),y = (Y1,...,Un) €
K" and o € K.

We first show that ||x||; := S0, |2;] is a norm on K.
(i) Clearly ||x][y > 0. Moreover ||x]|; =0 < |z;] =0V1<i< N &z, =0V1 <
1< N&&x=0.
(i) [laxly = 325, Jaws| = Jal S5, [l = ||l
(iif) flx +ylh = 3000 s+ yal < 3000 Jal + 205 Lyl = l1xlh + 11yl
Hence || - ||; is a norm on KV,
Next we show that ||x|| := max;<;<y |7;| is a norm on K.
(i) Clearly ||x||oc > 0. Moreover [[X[|oo =0 < |2;] =0V1<i< N & a; =0V1 <
1< N&&x=0.
(ii) [lox]loe = maxi<icn o] = [ maxicicn ] = [l

(iil) [|x + ¥ylloo = maxicicn |2i + vi| < maxicien(|zi| + [1i]) < maxicion 2] +

maxi<j<n [Y5] = [[X[oo + [[¥]]sc-
Hence || - ||o is @ norm on K.
We now show that || - ||, fails the triangle inequality, hence is not a norm, when

p < 1. For example, consider x = (1/2,0),y = (0,1/2) € R?. Then

1\? 1\ "\ /P 1y
evl=((5) +(5)) =2

while
1 p\ 1/p 1 p\ 1/p
—((= - — 9.
i+ = ((3) )+ ((3))
Now the triangle inequality fails since 2571 > 2 whenever p <1 <
The norms || - ||1, || - |2 and || - ||oe are all equivalent on RY since (prove!)

- lloe < -l < - Ml < N oo

But they are not equivalent for sequences or functions! Find sequences of functions
that converge in L'[0, 1] but not in L*[0, 1], or vice-versa. Can sequences converge
in ¢! but not in 7
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Solution. (a) Let x = (z1,...,2y) € RY. Using the identity (Zf\il ai> =
SN a2 42 > ic; @iaj, it is easy to see that

i!xiwz < (iw)z

i=1 i=1
Moreover,
N N N
max |z;]? < Z |z;|* and Z |z;| < max |z;| = N max |z,|.
1<i<N 1<i<N 1<i<N
i=1 i=1 i=1
Therefore,

1l < l1x[l2 < fIxls < N{[x][|oo-

(b) Recall that L'[0,1] := {f : [0,1] — C : fol |f(x)|dx < oo} with norm defined
by

1
1l = / F(@))dz < oo,

while L>[0,1] := {f : [0,1] = C : f is measurable AND Jc |f(z)| < c a.e. x}
with norm defined by

[flle = sup [f(x)]

x a.e.

On one hand, one can easily see that

1l = / 1 (@)|dz < / 1l = [ £l

so that convergence in L*[0, 1] implies convergence in L'[0, 1].

On the other hand, consider the sequence f,,(x) := xp 1) for n > 1. Then

n 1
an“L1:/ dr =— —0asn — oo,
0 n

while
[fnllLoe = sup [xo, 1] = 1.

Hence (f,,)n>1 converges to 0 in L'[0, 1] but does not converge in L>[0, 1].

(c) Suppose a sequence (x,) converges to x in £!. Write
X, = (e, 25, 25,...) and x=(xy,29,23,...).

Let € > 0. Then there exists N € N such that

o0
%, — x| := Z |z — xx| < /2 whenever n > N.
k=1
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In particular, for n > N, we have |z} — x| < D77, |af — x| < /2 for
k=1,2,..., and hence

%, — X]|¢e = Sl;p |z — x| <e/2 <e.

Therefore, the sequence (x,) must converge to x in ¢> also.

<

8. *Minkowski semi-norm: Let C be a convex set which is balanced, ¢?C' = C(Vf € R),
and such that U,-orC' = X. Then

||| := inf{r >0:2 € rC}

is a semi-norm on X.

Solution. (i) Since U,~orC' = X, ||z|| is well-defined and non-negative for any

(i)

(iii)

p. 106: 3

r e X.

Let x € X and A € C. First suppose A\ = 0. Since U,-orC' = X, we have
0 € rC for some r > 0, and in fact 0 € rC for all » > 0. Thus

0[] = flofll = 0 = Offj[].

Next suppose A\ # 0. Since C' is balanced, we have

A erCe|MNzrerCe e ﬁC, for all » > 0.
Then
{r>0:)\x€rC}:{r>O:xElLMC}:|A|{S>O:LI:EsC’},
and taking the infimum on both sides gives || Az||| = |A|[||z]|-

Let z,y € X. Suppose x € sC and y € tC. Then

r+yesC+tC=(s+t1) <s—it0+s—t{—tc> C(s+1)C,

since C' is convex. Therefore ||z + y|| < s+ ¢. Taking the infimum over s and
t gives
i+ ylll < Mzl + [yl

Hence ||-]|| is a semi-norm on X.

3. When X, Y are Banach spaces over the same field, so is X x Y (Proposition 4.7).
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Solution. Recall that X x Y is a normed space with norm given by
1@, y)Lxer = llzllx + llylly

It suffices to show that if X and Y are complete then sois X x Y.
Let {(zn,yn)}52; € X XY be a Cauchy sequence Then

10, Yn) = (s ym) [ Xy = Nl2n = Zmllx 4 1gn = Ymlly = llon — 2]l x-

Since the left-hand sequence converges to 0 as n, m — oo, we get ||z, —zn,||x — 0, so
that the sequence {x,,}2° ; is Cauchy in the complete space X. It therefore converges
to some point x in X. By similar reasoning, y, — y € Y. Consequently,

1z, yn) = (@, 9)llxxy = [lzn = zllx + [lyn —ylly =0 asn = oo,

which is equivalent to (z,,y,) — (x,y) in X x Y. Thus X x Y is complete, hence
a Banach space. <



