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Announcement on Feb
.
3rd :

① Feb .
8th ( Mon . ) :

* Course lecture : 12:30pm- 2:15pm
The same zoom information

* Tutorial will be cancelled on this day
② Feb . zoth ( sat. ) :

* One added course lecture : 9:30am - 12:00pm

③ Feb . 22nd ( Mou )
* Course lecture will be cancelled

,
but

* Tutorial is on schedule

mum



Continue : 3rd computational issue :

N( y ) # the total no of times that

T the chain Xu Cn> 1) lists Y .

Mr
.

mm

i.e
.
at the positive time

* NHL E lo, 1 , z, -- - ) Ufos}

{ Ney) =o } = { chain Xu ( n> l) never mists y }

{ Ney)=k ) = ( chain Xu ( nm) visits y exactly
Kal , 2, 3, - - - for K times

}

( N 141=0} =/ chain Xn ( na ) visits Y
for infinite times

)

* Ney) = II 1, ( Xn ) ,

Iycxldehf
1 it x -- y

4pm ① otherwise

indicator function

arm

Prep .

① R
.
GaN 31 ) = l? (Tyco) IS

,

wept
.

: { Ney) > i } = { Ty Lo}



p p
Xu ( n? I) Xu visits Y
visits Y

at some finite
at least once

positive time

I? ( Ney) --o ) = t - Sxy

Pf . i r = ( OE Ney ) cos } U { Ney) -- b)
{ Nap -- o ) = { 1 ENCY) Ecs)

"

R
, ( Nanao) = L - R, ( is Ney) Ees)

= I - f
×Y . #

④ For
any

m> t, R, ( NCH>m) =L, Syym
"

R
. ( Nuku ) = 5×+5,5

'

Cl - Syy )

Pff m-- 1 : ok

m=2 : to show Px ( Ney) >2) = fxyfyy

{ NCY) 32) = U U { the chain from x visit

/ k> f n > y Y for the 1st time at

(disjoint time k
,

and after
chain Xu (MA )

union) then
,
the chain visits Yvisit y at least

twice again for the 2nd time

often n units of time .)
I

1? ( wana,z) = ⇐ ⇐p



flelaim by the Markov
PCANB)- PCA) PCBIA)

11
property

- met

R
,

ftp.HR/lTy--n)--fE..PxlTy--nJ.fEiP.lTy--nD--R.lieTysw
) R
,

< as )

= fxyfyy
.

#

m> 3 : Use the same idea ( Exercise ! )

For the 2nd identity ,
notice

{ Ney) -- m } = { N ly) > m ) - ( NH) >me}
- -

A B

.

.

.

PCN ) -- m ) Here : B - A

= PCA) - PCB )
-

"t ""

g.
,

'
- %
, SET

""

Fyi>m
ABO

= fxyfyym
"

( t - fyy )
. ⇒

CA-BIU B -- A
p✓-
disjoint

"
PCA-m =p CAI- PCB)B ( Ty's) -



Prep. E. ( Nys) = ⇐ Foxy , .
T✓
riv. : no of times Xu Cn> i ) visits y

{
xpecred no of times chain from X visits y

at positive times .

Note : It could Occur than

Ex ( Ney,) = es

Pf : E. ( Nex , )
=E*( ⇐ Iycxn, )

⑦ ⇐ E. ( Tyla ) 1,1*1=1 ! "Y
- Xnty

as

= E E . I? Hey)t.pe/Xnt-YDh--I

= ⇐ R, (Xix ) E . Fair

= II P
"

Cx , y ) . #

The following goal :

Use the previous to characterize whether

a state
y is recurrent / transient
- -

Ly -- i fyytt
.



theorem
.

Ci) Y is transient a:#

Py ( Ney) -- co ) = o
In case y is transient

,

E. ( Nan) = ,fy cos
,

TxES .

Pt . Note ?

(*) R, C Nan--o) = Lings P*(nm)

= lim G
m→ as

= ,
o

"f
if 4,4
yart

%y if fyy=p
(Y recurrent)

(i) Y is transient
det.
<⇒ Sy, s t

¥3 R
,
Carey,as)=o . {

¥7 ok

⇐ ok

More ore , if y is transient , then

I? Coveys -- co) E) o

Now

as

Ex ( Nen ) = I m R, ( Next = m )
m=o



as

I I m R
,
Cncykm )

m-
- I

was
= I m £

, 5¥
'

Cl- fyy )
m=L

the :( Exercise)
= &
,
Ci- fyy ) ⇐ m Syym

"

as

It
-

= It l Ith ) I Gfyy< t )m=0 O

p

⇐mt" = ⇐I =¥,
= fxyl ' - fyy ) a Y transient

= so
I - Syy

C fyy L t )

(Ii) Y is recurrent ist Py C Nacho) = 1
,

'
'

Sf Ey ( Nen ) = co .

Pf : Y recurrent

<¥ Syy = 1
⇒ ok

¥→ R
,
C Nuku ) = t (⇐ ok

E
,
( Nen) -- w

p f of Ctx) :

"

⇒
"

obvious
.

Ey ( NHL) 31 . R
,
( Wayles )
→

= es

⇐ to show :



Y is recurrent

otherwise
, y transient

then Ey (Num) =¥ cos

I-fyy
contradiction ! #

Remark : If y is recurrent, then VXES
,

E. ( Ney) ) =/
° it &

,
=o

* if fxy > 0
#

Corollary :
If S is finite, then the chain must have

whatleast one recurrent state
.

PI ' : otherwise
, Instates are transient .

( finite )

Then
, for any x, y ther are transient

,

as

[pncx , y) = E×( Non )
ran"ew# go

n=i I - fyy-

o

'

.

limp
"

G. Y ) = O
,

Vix , y E S
n-7 is Efim- te )



O = Ffs !;] pix. 's
-

finite
sum

= him Ffs Pncx , y)

= lim y C '
.

' p
"

: Markov
uses matrix

)

I 1 Contradiction ! #
I


