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. The net present value of investment plan 2 is

NPV; = —12000 + 3000(1.05) ! 4 6000(1.05) 2 + 7000(1.05) % + 8000(1.05)*
= 8927.80.

The net present value of investment plan 2 is

NPV, = —12000 + 7000(1.05)~" + 8000(1.05) 2 + 3000(1.05)~* + 6000(1.05)~*
= 9450.63
> NPV,.

Investment plan 2 is better.

. The net present value of the 15 year mortgage is

60
NPV = " 15000(1 + 0.03/4) "
=1

= 722600.60

Let A be her new monthly payment, then

360
NPV = A(1+0.04/12)"
=1

= 209.46 A

Thus, we have A = 722600.60/209.46 = 3449.81. The new monthly
payment is 3449.81.

. (" =1.0)The payoff of my friend’s offer is
B(0) =0

B(T) = —Q if S7 > 120
110+ Q — Sy if Sp < 120



Suppose we construct a portfolio with arbitrage opportunity as follows:
long a,b and ¢ call with strike 100, 120 and 140 respectively and long
d cash. Without loss of generality we may assume I1(0) = 0, i.e. d =
—60a — 45b — 35¢

Then, the values of portfolio is

11(0) =

(T) = a(S7 — 100)* + b(Sy — 120)* + (Sy — 140)* + 1.00d + B(T)
—60a — 45b — 35¢ + Q — Sy + 110 if Sy < 100
—160a — 45b — 35¢ + Q + (a — 1)Sy + 110 if 100 < Sy < 120
—160a — 165b — 35¢ — Q + (a + b) Sy if 120 < S7 < 140

—160 — 1650 — 175¢ — Q + (a + b+ ¢)Sr it Sp > 140

By considering the last inequality and ST — oo, we must have a+b+c >
0. Since the above system of inequality is piece-wise linear in S7, it
suffices to consider II(7") at the critical point, i.e. Sy = 100, 120, 140
and St — 120~. Thus, we have

(—60a — 450 —35¢ +Q +10 >0
—40a — 45b —35c+Q —10 >0

—40a — 45b — 35¢ — @) >0
—20a — 25b — 35c — @) >0
a+b+c >0

If (a,b,c) satisfies a + b+ ¢ > 0 and gives arbitrage profit, one may
always choose a smaller ¢. Thus, without loss of generality, we may
assume ¢ = —a — b. Then, we have

—25a —10b+Q+10 >0
—5a—10b+Q —10 >0
—5a — 100 — Q >0
15a + 100 — Q > 0

Thena =1,b = —1,Q = 5 satisfy above inequality and when S < 100,
I(T) > 0.



4. We construct a portfolio: long 1 chooser option at time t. Denotes
Ch(t) be the price for that option at time ¢. Then, the values of the
portfolio is

() = C()
Hl(T1> = maX{C’l(Tl, T2)7 Pl(Tl, TQ)}

G, ) it S(Th) > Ke =T

AT Ty)  if S(Ty) < Ke (=T
by considering the call-put parity

01<T1, TQ) — Pl(Tl,TQ) = S(Tl) — KG_T(TQ_Tl),

where C1(Ty,T,) and Py (T}, T3) denotes the price of European call and
put option with same strike K and same maturity 75.

Now, we construct another portfolio: long 1 European call option
with strike K and maturity 75 and long 1 European put option strike
Ke "(T2=T1) and maturity time 7} at time t. Denotes their prices by
Ci(t,T3) and Ps(t,T) respectively. Then, the values of the portfolio
are

I (t) = C1(t, Tz) + Py(t, T1)
y(T1) = Ci(t, Tp) + (Ke 1) — S(Th))*

_ Ol(ThTQ) if S( ) > Ker(T2=T1)
= C(Th, 1) + Ke"@=T) — §(Ty)  if S(T}) < Ke "(T2=T1)
(T3, 13)

_ G it S(Tl) > Ke—r(T2=T1)
where the last equality comes from the call-put parity. Since II;(7}) =

II5(Ty), we have 1I;(¢) = Ilx(¢) for all ¢ < T} by the replication argu-
ment. The assertion now follows.

eA—d  1.05-0.9
u—d 1.15-0.9

The risk neutral probability measure Q is given by

Q[S;, = uSo] = Q[f(t1) = fu] =06
Q[Si, = dSo] = Q[f(t1) = fa] =0.4.




Note S, = 100(1.15)? = 132.25, S,g = Sq. = 100(1.15)(0.9) = 103.5,
Sgq = 100(0.9)? = 81. To compute the price of a European put option,

we have

100 — 132.25)t =0
100 — 103.5)* =0
100 — 81)* = 19

= (
fud - fdu (
(
= (1.05)71(0.6 x 04+ 0.4 x 0) = 0
(
= (

fdd =

fd = (1.05)71(0.6 x 0+ 0.4 x 19) = 7.24
1.05)71(0.6 x 0 + 0.4 x 7.24) = 2.76.

The price of the European put option is 2.76.
The dynamic trading strategy is given by

0—7.24
—0.29
%0 = 100(1.15 — 0.9)
0—19
d
%) 100(1.15 x 0.9 — 0.92)
0—0

= = 0.
% 100(1.15% — 1.15 x 0.9)

The price of the European call option is given by

Cp=2S8y— Ke ™0 4 pg
=100 — 100(1.05)™2 + 2.76
=12.05



