THE CHINESE UNIVERSITY OF HONG KONG
Department of Mathematics
MATHA4210 Financial Mathematics 2020-2021 T1
Assignment 3 Solution

1. Apply It6 formula to represent following (X});>0 as an Itd process, i.e.,
X, = Xo+ [} by ds+ [ o5 dB, for some (b, o).

Solution:
(a) X, =0+ [, dB,.

(b)X, =0+ [, 2B, dB, + [, dt.
()X, =0+ [, 3B, ds+ [, 3B? dB,.
(A)X; = 1+ [l oe= T+ 4B,

(e)X; =0+ fJ(M) ds + f(f cos(Bs) dB;

2

3. Let f:[0,7] — R be a bounded continuous (deterministic) function
n—1

and f,(t) = > a;l@,4,,,)(t) for some deterministic constants «; and
i=0

discrete time interval 0 = to<t1 <ty <..<t,=T. Let

T T
I, ::/O fa(t) dB, and I::/O £(t) dB,.



n—1

(a) Prove that I,, = ) a;(By,,, — By,) and
i=0
QNN(E)vaw /fﬁ dt).
2(l0,10)

(b) Assume that f, eI, f.

Prove that I, L) land [ ~ N(O fo dt>

(c) Compute the law of the following random variables (defined by
stochastic integration):

T T T
/ t dBy, / e’ dB;, / cos(t) dB;.
0 0 0

Solution:

(a)

T
I = /O £.(t) dB,

=Zlmn®wt

tit1
i Yt
= Z ai(Bti+1 - Btz)

Since (B, — By,) and (By,,,-p,, ) are independent for i # j and
(Bipys — Bi,) ~ N(0,tps1 — ti) , we have I, ~ N(0,> o (tis1 — t;))
and



OT])

(b)From g, Z0ID (which means fOT |fu(t) — F(®)]? dt]* — 0), one

has
bl / (alt) = F(0))? dt] = 0,

since f,, f are deterministic functions. Then, by It6 isometry,

EllL = I] = E[| | (falt) = f(t)) dBiJ"]

So I, — I in L*(Q). Since I,, ~ N(O, fOT Tn(t)? dt>, from Tutorial
7 P4, we have [ is a normal random variable with E[I] = 0, and
Var(I) = lz’m(fOT fn(t)? dt). By triangular inequality

| fllz2ory = I|f = fallezory < W fulle2ory < N flle2or) + 1f = fallzzom)

L2(] OT])

and fn
Var(I) = fo

f, we have lim,,_,«, fUT o) dt — fo 2 dt. Then

(c) Since f bounded and continuous on [0,7], f can can be approxi-
mated by some simple functions in L?([0,T]). From (b) we have

T T TS
/ t dB; ~ N(O,/ 2 dt) = N(0, —).
0 0 3

2T_1

T T e
/ e dB; ~ N(O,/ e* dt) = N(0, ).
0 0 2

/ " cos(t) dB, ~ N (0. / " cos(t) di) = N(0, LT S“;(m/ 2




