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(a) Let p(x1,z2) be the joint probability mass X; and X,.
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(b) Let g(z1,x2,x3) be the joint probability mass of X7, X, and Xj.
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(a) Since f is non-negative and

1 2
6
dxdy = = (22 2) dydz = 1
/RQf(x,y)l’y /0/07(96 + zy/2) dydzx

it follows that f is a joint density function.

(b) The density of X is given by

fx(@) = /_Z f(x,y)dy = /jg

and fx(x) = 0 elsewhere.
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1 x 1
P(X>Y)= // f(z,y)dzdy = / / 6 (2 + 2y/2) dydz = 15
{(@y)2>y} o Jo 7 56

P(Y >1/2|X <1/2) = P(X;plc/i’ 11//2>> =

1/2 2
fo/ f1/2 g (% + 2y/2) dydx

01/2 (2 +ay/2)dx

(e)

| Ot

E(X):/Oox-fx(x)dx:/olx-g(2x2—|—x)dx:

o0

(f) The density of Y is given by

fy(y):/olg(wany/Q)dm:g(%wL%), y e (0,2)

and fy(y) = 0 elsewhere. Thus
> 2 6/1 y 8
E(Y)Z/ y-f (y)dyz/ y-—(—+—)dy=—-
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(a) o |
P(X<Y)= // f(z,y)dzdy = / / @) gy — ©
((z9):z<y) 0 . 5
(b)
’ a<0
p.288 Q22

(a) The density of X and Y are given by

fol(m+y)dy:x+% 0<z<l1

fx(z) = {0 otherwise



oly) = fol(:v—l—y)dxzy~l—% 0<y<l1
0 otherwise

Since f # fx - fy, we conclude that X and Y are not independent.
(b) See fx(z) in (a).
()
1 -z 1
PX+Y <1)= // f(z,y)dzdy = / / (x +y)dydr = =
{(z,y):x+y<1} 0 Jo 3
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(a) The joint density of A, B and C'is given by f(a,b,c) = fa(a) - f5(b) - fo(c). Thus the
joint cumulative distribution of A, B and C' is

Fla,b,c) = /_ ' /_ /_ " (@) (b - fo(c)dedbda = Fa(a) - Fo(b) - Fo(c)

where
1, t>1
FA(t):FB(t):Fc<t): t, O0<t<l1
0, t<0

(b) Note that all roots of Az + Bz + C are real if and only if B? > 4AC.

P (32 > 4AC) = /// f(a,b,c)dadbde
{(a,b,c)€[0,1]3:62>4ac}

1/4 ib
/ // dbdcda+/ // dcdbda
V/ac 1/4

_2 o
36+6n

where the second equality is derived by the following argument:

o If 0 <a <1/4, then 4ac < 1 always hold for 0 < ¢ < 1, thus v4ac < b < 1.
e If 1/4 < a <1, then b*/4a < 1 always hold for 0 < b < 1, thus 0 < ¢ < b*/4a.

Alternatively,

P(8224AC’) :1—/// f(a,b,c)dadbdc
(a,b,c)€[0,1]3:02<4ac}

—1—// / deda db
b2/4 Jb2 /4a
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(a) Let gi1(z,y) =z +y and go(z,y) = z/y. Then

dg1(z,y)  9g1(z,y)

- 1 1 r+vy
|J(I7 y)| = 8gza(ac,y) 892(??:;5,7;) = ‘ 1/y _x/yZ = yg '
ox oy
Note that
{U:X+Y {ngg
X _ U
V=3 =7V

Hence the joint density of U and V is
fU,V(uaU> = f(xuy) ’ |J(C(3,y)|_1

uv u uv u
:f( ).‘J(U+1’v+1)

-1

v+1 v+1
ﬁ 0<;7<L0<iz<1
0 otherwise.
(b) Let gi(z,y) = = and ga(v,y) = v/y. Then
1 0 T
J ZL’, = — [
el =| 1, _ae | = |
Note that
{U:X {X:U
V== V=24

U% 0<u<1,0<%<1
0 otherwise.

(c) Let gi(z,y) =z +y and go(z,y) = ;. Then
1 1 1
senl=| o L=
@t9)?  (e+y)? T+y
Note that
U=X+Y X=UV



Hence the joint density of U and V is

fov(u,v) = f(z, )|J(I I

= f(uv,u —uv) - |J(u,u — uv)| ™

u O<ww<l,0<u—uv <1
otherwise.

p-291 Q5
Let f(x),g(y) be the densities of X, Y.

(a) Since the cumulative distribution of Z is

Fz(2) =P(X/Y <z)=P(X <Y2) / / f(z)g(y)dxdy,

then the density of Z is

h(z) = dFZ / s / " F@)g(y)drdy = /0 "y w2)ely)dy.

When z <0, h(z) = 0.

(b) Since the cumulative distribution of Z is

Fz(2)=P(XY <2)=P(X <z/Y)= / / f(z)g(y)dxdy,

then the density of 7 is

h(z) = dFZ / dz/ flz dwdy—/ooo if(g)g(y)dy-

When z <0, h(z) = 0.

If f(z) = Aexp(—Az),z > 0 and g(y) = nexp(—ny),y > 0 for some A, > 0, then

(a)

A
(z\ +n)?
0 otherwise.

A [ yemRetvdy = 2>0

h(z) =

o [y <o
0 otherwise.
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P X=nY=m)=P(X1+Xo=n,Xy+2x3=m)
min{n,m}
= Y PXi=n-kXy=FkXs=m—k)
k=0

min{n,m|
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