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p.287 Q2

(a) Let p(x1, x2) be the joint probability mass X1 and X2.

p(0, 0) =
8

13
· 7
12

=
14

39

p(0, 1) =
8

13
· 5
12

=
10

39

p(1, 0) =
5

13
· 8
12

=
10

39

p(1, 1) =
5

13
· 4
12

=
5

39

(b) Let q(x1, x2, x3) be the joint probability mass of X1, X2 and X3.

q(0, 0, 0) =
8

13
· 7
12
· 6
11

=
28

143
q(0, 1, 1) =

8

13
· 5
12
· 4
11

=
40

429

q(0, 0, 1) =
8

13
· 7
12
· 5
11

=
70

429
q(1, 1, 0) =

5

13
· 4
12
· 8
11

=
40

429

q(0, 1, 0) =
8

13
· 5
12
· 7
11

=
70

429
q(1, 0, 1) =

5

13
· 8
12
· 4
11

=
40

429

q(1, 0, 0) =
5

13
· 8
12
· 7
11

=
70

429
q(1, 1, 1) =

5

13
· 4
12
· 3
11

=
5

143

p.287 Q9

(a) Since f is non-negative and∫∫
R2

f(x, y)dxdy =

∫ 1

0

∫ 2

0

6

7

(
x2 + xy/2

)
dydx = 1

it follows that f is a joint density function.

(b) The density of X is given by

fX(x) =

∫ ∞
−∞

f(x, y)dy =

∫ 2

0

6

7

(
x2 + xy/2

)
dy =

6

7

(
2x2 + x

)
, x ∈ (0, 1)

and fX(x) = 0 elsewhere.
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(c)

P (X > Y ) =

∫∫
{(x,y):x>y}

f(x, y)dxdy =

∫ 1

0

∫ x

0

6

7

(
x2 + xy/2

)
dydx =

15

56

(d)

P (Y > 1/2 | X < 1/2) =
P (X < 1/2, Y > 1/2)

P (X < 1/2)

=

∫ 1/2

0

∫ 2

1/2
6
7
(x2 + xy/2) dydx∫ 1/2

0
6
7
(x2 + xy/2) dx

=
6
7
· 23
128

6
7
· 5
24

=
69

80

(e)

E(X) =

∫ ∞
−∞

x · fX(x)dx =

∫ 1

0

x · 6
7

(
2x2 + x

)
dx =

5

7

(f) The density of Y is given by

fY (y) =

∫ 1

0

6

7

(
x2 + xy/2

)
dx =

6

7

(
1

3
+
y

4

)
, y ∈ (0, 2)

and fY (y) = 0 elsewhere. Thus

E(Y ) =

∫ ∞
−∞

y · fY (y)dy =

∫ 2

0

y · 6
7

(
1

3
+
y

4

)
dy =

8

7
.

p.287 Q10

(a)

P (X < Y ) =

∫∫
((z,y):x<y)

f(x, y)dxdy =

∫ ∞
0

∫ ∞
x

e−(x+y)dydx =
1

2
.

(b)

P (X < a) =

{∫ a
0

∫∞
0
e−(x+y)dydx = 1− e−a a > 0

0 a ≤ 0

p.288 Q22

(a) The density of X and Y are given by

fX(x) =

{∫ 1

0
(x+ y)dy = x+ 1

2
0 < x < 1

0 otherwise
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fY (y) =

{∫ 1

0
(x+ y)dx = y + 1

2
0 < y < 1

0 otherwise

Since f 6= fX · fY , we conclude that X and Y are not independent.

(b) See fX(x) in (a).

(c)

P (X + Y < 1) =

∫∫
{(z,y):x+y<1}

f(x, y)dxdy =

∫ 1

0

∫ 1−x

0

(x+ y)dydx =
1

3

p.289 Q26

(a) The joint density of A,B and C is given by f(a, b, c) = fA(a) · fB(b) · fC(c). Thus the
joint cumulative distribution of A,B and C is

F (a, b, c) =

∫ a

−∞

∫ b

−∞

∫ e

−∞
fA(a) · fB(b) · fC(c)dcdbda = FA(a) · FB(b) · FC(c)

where

FA(t) = FB(t) = FC(t) =


1, t ≥ 1

t, 0 < t < 1

0, t ≤ 0

(b) Note that all roots of Ax2 +Bx+ C are real if and only if B2 ≥ 4AC.

P
(
B2 ≥ 4AC

)
=

∫∫∫
{(a,b,c)∈[0,1]3:b2≥4ac}

f(a, b, c)da db dc

=

∫ 1/4

0

∫ 1

0

∫ 1

√
4ac

db dc da+

∫ 1

1/4

∫ 1

0

∫ 1
4a
b2

0

dc db da

=
5

36
+

1

6
ln 2

where the second equality is derived by the following argument:

• If 0 ≤ a ≤ 1/4, then 4ac ≤ 1 always hold for 0 ≤ c ≤ 1, thus
√
4ac ≤ b ≤ 1.

• If 1/4 ≤ a ≤ 1, then b2/4a ≤ 1 always hold for 0 ≤ b ≤ 1, thus 0 ≤ c ≤ b2/4a.

Alternatively,

P
(
B2 ≥ 4AC

)
= 1−

∫∫∫
{(a,b,c)∈[0,1]3:b2≤4ac}

f(a, b, c)da db dc

= 1−
∫ 1

0

∫ 1

b2/4

∫ 1

b2/4a

dc da db

=
5

36
+

1

6
ln 2.
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(a) Let g1(x, y) = x+ y and g2(x, y) = x/y. Then

|J(x, y)| =

∣∣∣∣∣ ∂g1(x,y)
∂x

∂g1(x,y)
∂y

∂g2(x,y)
∂x

∂g2(x,y)
∂y

∣∣∣∣∣ =
∣∣∣∣ 1 1
1/y −x/y2

∣∣∣∣ = ∣∣∣∣x+ y

y2

∣∣∣∣
Note that {

U = X + Y

V = X
Y

⇔

{
X = UV

V+1

Y = U
V+1

Hence the joint density of U and V is

fU,V (u, v) = f(x, y) · |J(x, y)|−1

= f

(
uv

v + 1
,

u

v + 1

)
·
∣∣∣∣J ( uv

v + 1
,

u

v + 1

)∣∣∣∣−1
=

{
u

(v+1)2
0 < u

v+1
< 1, 0 < uv

v+1
< 1

0 otherwise.

(b) Let g1(x, y) = x and g2(x, y) = x/y. Then

|J(x, y)| =
∣∣∣∣ 1 0
1/y −x/y2

∣∣∣∣ = ∣∣∣∣ xy2
∣∣∣∣

Note that {
U = X

V = X
Y

⇔

{
X = U

Y = U
V

Hence the joint density of U and V is

fU,V (u, v) = f(x, y) · |J(x, y)|−1

= f
(
u,
u

v

)
·
∣∣∣J (u, u

v

)∣∣∣−1
=

{
u
v2

0 < u < 1, 0 < u
v
< 1

0 otherwise.

(c) Let g1(x, y) = x+ y and g2(x, y) =
x
x+y

. Then

|J(x, y)| =
∣∣∣∣ 1 1

y
(x+y)2

−x
(x+y)2

∣∣∣∣ = ∣∣∣∣ 1

x+ y

∣∣∣∣
Note that {

U = X + Y

V = X
X+Y

⇔

{
X = UV

Y = U − UV

4



Hence the joint density of U and V is

fU,V (u, v) = f(x, y) · |J(x, y)|−1

= f(uv, u− uv) · |J(u, u− uv)|−1

=

{
u 0 < uv < 1, 0 < u− uv < 1

0 otherwise.

p.291 Q5

Let f(x), g(y) be the densities of X, Y .

(a) Since the cumulative distribution of Z is

FZ(z) = P (X/Y ≤ z) = P (X ≤ Y z) =

∫ ∞
0

∫ yz

0

f(x)g(y)dxdy,

then the density of Z is

h(z) =
dFZ(z)

dz
=

∫ ∞
0

d

dz

∫ yz

0

f(x)g(y)dxdy =

∫ ∞
0

yf(yz)g(y)dy.

When z ≤ 0, h(z) = 0.

(b) Since the cumulative distribution of Z is

FZ(z) = P (XY ≤ z) = P (X ≤ z/Y ) =

∫ ∞
0

∫ z/y

0

f(x)g(y)dxdy,

then the density of Z is

h(z) =
dFZ(z)

dz
=

∫ ∞
0

d

dz

∫ z/y

0

f(x)g(y)dxdy =

∫ ∞
0

1

y
f(
z

y
)g(y)dy.

When z ≤ 0, h(z) = 0.

If f(x) = λ exp(−λx), x > 0 and g(y) = η exp(−ηy), y > 0 for some λ, η > 0, then

(a)

h(z) =

λη
∫∞
0
ye−(λz+η)ydy =

λη

(zλ+ η)2
z > 0

0 otherwise.

(b)

h(z) =

{
λη
∫∞
0

1
y
e−(λz/y+ηy)dy z > 0

0 otherwise.
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p.292 Q17

P (X = n, Y = m) = P (X1 +X2 = n,X2 + x3 = m)

=

min{n,m}∑
k=0

P (X1 = n− k,X2 = k,X3 = m− k)

=

min{n,m]∑
k=0

P (X1 = n− k)P (X2 = k)P (X3 = m− k)

=

min{n,m}∑
k=0

e−λ1λn−k1

(n− k)!
· e
−λ2λk2
k!

· e
−λ3λm−k3

(m− k)!

= e−(λ1+λ2+λ3)
min{n,m)∑
k=0

λn−k1 λk2λ
m−k
3

(n− k)! · k! · (m− k)!
.

6


