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Review

-1hm ( The weak law of large numbers )
Let Xi , K2,

' "

,
Xn
,

" - be an i . i. d sequence of nu 's,

having a finite mean Then for any E > o
,

pf I Xit"jXn_ - µ Ise } → o as new
.

Thm ( The central limit Thm) .

Let Xi
,
' "

,
kn
,

' "

,
be an iii. d . Sequence of ru's , each

having finite mean µ and variance on
.

Then F A GIR
,

Pf *tYj-nM_ say → Earth oh
,

as n→ is
.



To prove the CLT , we state a result without

proof .

Leni . Let Zi
,

"

; Zn
,

' ' : be a sequence of nu's
with distribution functions Fzn

.
Let Z be

a v.v
.
with distribution function Fz

.

Suppose Mznlt) → MzCtl for all tete
as this

. ( Recall Mz Cti : = E
-

[ et 't] )
Then

Fzn (t ) → fzctt for each t at

which Fz is Cts
,
as n→ is

.

Pf of the CLT.
First assume fto , 82=1 .

Let zn=
Ht'"tXh_

, n -- 1,3 . . .
.

rn
Ket Z be the standard normal v. U .



TY.
Recall Mz (t ) - e ,

te IR
.

Hence we only need to prove for te IR
,

① Mzn ft ) → et%
as n→w

.

Notice that

"Zn A) = Ef et
. 4%147,

= JET, E[ etkihrn ]
= (Mytton ) )

"

,

where X- X'

To show ①
,
it is equivalent to show

③ n log Mxltrn ) → th as u→ is
.

For convenience
,
we write

Elt) = log Mxlt) .

Notice that Mitt Mutt - (14×6)'

L'its - Tifft, .
ius - --

Mut)
'



In particular

icos-YIY.IE?YI=u=o
b''go , = Mx

"

lol - Mxcol - Mx' lol! ELK't
-
-

Mx (o)
' I

= Vary) t EEXI
'

= I

Hence

linin.
n HEH = hi:p. LEI

Letty
'

*not
( tn ) d

=
lin's lofty
x.→ o x

-

b' Hopi tab 's rule
⇒ him k¥11

X.→ o 2X

= him I
x.→ o 2

= TI L' 'fo ) = t% .



In the general case,
Xi- M

X , tint In - htt g-
tint Xn-_M

←
=-
rn

~

Notice that Xi Ki-IN has mean o

and variance 1

Since XT
,

- -

; XT
,

- . .

.

are i. i. d with

mean o and variance I
,
the distribution

of
~I

,
tint Xn
- converges to the standardrn

normal distribution . pig,



Thin 3 ( The strong law of large numbers ) .

Let Xi
,

"

; Xn
,

- - -

,
be an i. i. d

. sequence of nu. 's
with a finite mean fu . Then with prob . I,

Kt"tnXj → µ as n→ co
.

In other word
,

pf this.
"

=µ } =L .

ytakeua.lu
Kem 4

.
Assume X is a non- negative nu with EEXI so

Then Pf X so } =L .

Pf . Pf X -- is } s pf Kzn } E Ett → o .

the

Pf of Thins ( SLIM) :



We will the thin under an additional assumption
E- [ Xi

"
? = Ksw

.

WLOG
,
assume fl - o .

Write Sn = X ,
t " - 1- Xn

.

We will estimate

E[Sn4I=E[ Hit " -+ Xn )
"
]

.

Expand ( X , t - " 1- Xn )
"
in terms of

Xi
,
Xixj

,
Xixj' , Xixjxr , Xixjxrxe
with distinct i. I

,
k
,
l

.

Notice that E[XiXj1=E[ kit EEXJI - o
E[XfXjXkI=E[Xi't EEXJIEEXKI

= O

E- [ Xixjxkxe1=0



Hence

EE Sn
"
I = E [ ( X ,

t - " t Xn )
" I

= rn EE Xi't

+ (7) GEE xixj't

= n E Exit -16171 E-Exit E
-

Lxi't

( Using an inequality
ECXI
'
E EE X't

( reason : Var ( X' ) = ELM - EEX't
'

Zo )

ELSE ] E n E Exit -1617 ) Ehxi't
= (ht 6.NYI ) K
= (3ns-2h ) K .



E son
-

K
.

4

E- [ Snf ? s ÷ .

Hence

⇐
,

EI
"I E EY

,
so

.

Thus
E. [ ⇐⇐141=57 ,

EIGHT so.

Let X= ¥7 ⇐It
.

Then X is a nu
, non-negative

( may take the value

b)
However E- [ X1 so

By Lem 4
,
Pf Haw } =L .

Hence pl EI "
so } - I

However

⇐ ⇐y4 so ⇒ Shy → o as n→w
.

Hence P{ him,.SI - o ) = I
.



Hence with prob .
I
,

she = XH"tnXn_ → o
.

If keto , then letting XT = Xn - te

applying the SLIM to ( Int ) gives

It ' ' . -11nF
my

→ o almost sure
.

⇐ Kit . . - then
-n → he almost sure

.

HE


