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Review
.

• Cov (X , 4) = E ( (X - EEXI) ( Y- EIYIH
.

= E- [ XY ] - EEXIEEYI
.

• It is bi- linear
.

• Cov (x, Y) = o if X
, Y are independent .

• If Xi, - in

,
Xn are independent, then

Var ( X , t' " t Xn) = Var (Xk )
.

§ 7.5 Conditional expectations .

Def . If X and Y are discrete
,
then

the conditional expectation of X given Y- y
,

is

E- [ XI 'FYI : = Ty x p{X=x/Y=y )

provided that p{ 'f- y } so .



Def . In the case when X and Y are jointly
cts with a density fcx , y)

,

the conditional

expectation of X given 4=4
,

is defined by
E [ XlY=y1 = I:X - fyycxl.si dx ,

provided that fy lb ) so
,

where

fxfylxly ) = tox
fycy ,

'

Example 1 .

Let X
, Y be jointly Cts with a density

far , y , = { e-
"'

- e-Ty if x. y so
,

o otherwise
.

Calculate EEXIY- YI
,

y so
.



Solution : fycy ) =L! fcx , y) dx
= f! e-

"' e'Yy dx

=
- e
-Hye-Yf

-

X> o

= EY
, if y > o

fxfycxly ) = fcx.by
fyly )

= e-
"'
ly if x. Y > 0

.

E[XH⇒I= xfxlylxlsldx

=)! × . e-
"'
ly dx

*

Int Part
x. . f- e-HY) ) !! *JI"'. dx

O

tb
= ot f - ye

""

)l*⇒
= y if y > o

.



Now write

EEXIYI as a function of Y by

Y te> EE XI Y=y1

E[ XI YI is a v.v.

,
the value of which depends on

the value of Y
.

Props . E[ X1 = EE EE XI YI ?

Pf . we only prove it in the discrete care .

EEE [XIYII = Tf EE KI Yost . Pylos ,

= § . Ex x - Pf X=x/Y=y } .
-

pyo ,

= E E x Pf f- x, 'f- y}
= I § xp { X=x ,

'f-y}
= Eg x p{X=x} = EEXI
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 A miner is trapped in a mine containing 3 doors. The first 
door leads to a tunnel that will take him to safety after 3 hours 
of travel. The second door leads to a tunnel that will return 
him to the mine after 5 hours of travel. The third door leads to 
a tunnel that will return him to the mine after 7 hours. If we 
assume that the miner is at all times equally likely to choose 
any one of the doors, what is the expected length of
time until he reaches safety?

Example 3
.

I

3-2,7 hours

solution : let X denote the length of time ( in hours )
until the miner reaches safety

.

Let Y denote the "doron that he choose in the first
time

.

By Prop 2,
E[ ×, = E [ E EXITIt

= E- [ XI Ye II. Pf 'fi }
1- E [ Xl 4=21 - p { 4=4



+ E [ XI 'f- 31 . p{ 4=3 }

=IfEExlY=i1 TECHY- H
t E [ XIY - 31 )

= If 3 t ( 5tE[X1 ) + ( 7tE[xH)
Solving this equation , we obtain

E[XI = 3-15-11=15 ( hours )
.

I#


