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Review

• E- [ X. t . . - + Xn ] = Eh
,
EE Kit

( linearity of expectation ) .
• For two v.v

.

's X and Y
,

Cov ( X, Y) = E- ( ( X- EH) . ( Y - EEYII ]

In particular, Cov( X , X) = Var ( X)
.

Remark : Cov ( X, Y) = E-[ XYI - EEXI.EE 'T ?
.

Pf . Write µ=E[XI , V - ETH .

Then Cov (X , Y ) - EI CX-KK 't- us]

= E- k XY - NY - uxt HUI

= ELEY? - HEH] - VEEXI tier

= EEXY? - MV
. he



• If X and Y are independent, then
Cov (X. Y) - o .

Prop 't . ch Cov (X, Y) = Comfy, X ) .

El Cov ( X , X) = Var (X)
.

(3 , Cov fax , Y ) = acovfx , Y)
,

AELR
.

(4) Couf Eh, Xi , ¥ ,
Yj )

= EIJI , Covlxi,Yj ) .

111,131,14 ) imply that Couf . . . ) is bi - linear
.

Pf . Let us prove (4) only . Write fei - E- [Kit
,

Vi = EEYJI
.

Then by definition,

coviE.xi.fi 's .)=Ef§ixi - E. nil .GE?Y;.E.iu..H



= EL Ei (Xi -nil ¥74. - Y'll
= EL Eh

, Ein ( Xi -Mi) ( Y; -y. it
By the linearity of E
= Ei

,

E 'Ll Xi -Hill Yi -Yi 't

= EYE? Cor ( Xi , Yj ) .
17h

Corollary 2
.
Var ( Ea

,
Xi ) = Et

,
Varda) t notkids!

Moreover if Xi
,

' ' '
. Xn are pairwise independent,

then

Var ( Eh
,
Xi ) = Ei Van (Xi )

.



Example I . Let Xi
,

' - -

, Xn be independent and
identical distributed

, having expected value µ
and variance 8 ?

Let I = ht Es
,
Xi ( sample mean )

s
-
= Et, (XinI ( sample variance )

Find out ① Var ( Xi )
.

② E [ 51
.

Solution : Var ( I ) = Var ( Ht""nt# )
= ht Var ( Kit - " t Xn)

( notice Xi
,

"

; Xn

= ht Eh , Var ( X;)
are independent)

= nh÷= % .



Recall that SI Fi, ¥55n- I
'

So

Cn- is 5 = Et , ( Xi -II
= E. ( (Xi -ul - E -nil'
= Eh, Xi -m)

'

-2 ( Xi - iukx- th(
+ * -ni)

= Eh
,
@ i -ul
'

-2 (I-ul - Eh, ( Xi -H
t n . (x-up

= FI
,
Ki -n )
'
- 2n ( x-th' th (Kyu)

'

= Eh , Hi -H
'

- n ( I-ni
.

Hence E [ChitsI = EIEICXI -HI
- n EEE - thy

= n . o
'
- n .I

n



= Chloe?

Thus EES't = 3
.

Examples . Define I as in Example 1 .

Show that Cov ( Xi -I , I ) - o

Pf . Cov ( Xi -I , I )
= Cov ( Xi , I ) - Cov (I , I )
=- Cov ( Xi

,

Xn ) - one
=L Eh ,

Cov ( Xi
, Xj ) - he

= ht ( Cov (Xi , Xi ) t ¥, Covlxi , Xj ))
- %

= f- Var ( Xi ) - % = one - 4=0 ,


