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Review
.

• Conditional distribution .

X
,
Y are jointly Cts .

① fxlycxls) : = 7%7, if fycsi so
③ pfXfA/y=y) i = FA f-

*µ
Gelb) dx

• Distribution of functions of nuts .

Setup : Xi
,
X. are joint Cts with density

Fx
, ,
*
("'k)

.
Let Gi

,
82 : IR
'

→ IR
.

Let Y, = GfK , K) , Yi JI Xi, K) .

Find out the joint distribution of Yi , Ya



Thin
. Assumptions : ① Ki

,
x. can be solved

in terms of Yi, Ya .

③ Gi
,
9. have ets partial derivatives

and

⇒ ×, : =/ IIT IIT
:*

. ÷!
=a÷,a÷

.

- Tex
. 's÷ .

*

Then Yi
,
Y, have a joint density

Fyi
,
y. Guk)

= fx.x.cxnxd.lJCK.nl?

Exert . X
,
Y have joint density

f-Cx , y ) - f Tyr , if x > I
,
y > I

o ,
otherwise

.

Let U=XY
,
V=X/y

.

Find out the joint density

of U and V
.



Solution : Let G.G.9) = XY and Gzlx , y ) -_x/y
.

Then

scary ;÷÷:T÷H÷ I'¥1
=

- I
y

By the thin,

f-↳ ✓ (un )
- fcx.gl . I Jcx, b) I

'

⇒

{ Fyi ¥×=¥y
it xx, ya ,

o otherwise
.

Notice that x- TUV
(
run ⇒ vote

Y=NuTv out > I⇒ vcu

U
,
V > o

.

Also notice that X
, y > I ⇐ U > I

,
Ts vs U

.

Heme fu,v(u,y= fufu ,
if u> l , Taku

o ,
otherwise

, ¥



Chap . 7
. Properties of expectations .

§ 7. I Introduction
.

Recall that in the discrete case

ECXI = § x pan .

In the Cts case
,

EIXI = If xfcxidx
The expectation of X is a weighted average

of the possible values of X .

Mmm



57.2 Expectation of functions of nu .

's

and sums of ru's .

Prop 2 . Let g : 1133 IR .

as If both X and Y are discrete with a

joint prob . mass function pcx , y ) , then

Efg (X , YH = IF gcxislpcx , y ,

If X , Y are jointly Cts with a density
fix , y )

,
then

Ef g (X, 411 = 1! If gcxislfcx , y) dxdy

Pf. Here we only prove under an additional

assumption that f Zo .

Recall that for a non- negative nu.

Z
,



E [ Z1 = f! Pf Z > t } dt .

Applying the above formula to G(X, Y) , we
obtain

EIGHTH = f! Pf Glx , y) at } dt

=%%!⇐.fi" " " d) It
F. i f! f!

""

fans, at) dxdy
= f: f: fairy) guy ) dxdy .

⇒

Corollary :3 . E [ Xt YI = EEXI t E [ YI
.

Pf . Assume that X , Y are jointly cts with a density
fcx , y ) .



0

Then by Prop .
2
, E[XtY1=fxtslfcxiyjdxdy
=L! xfcx , g) dxdy

+ ! yfex , g) dxdy

= f! ( f.! xfcxisldy) dx
+ f:( If y.fcx.us) dx) dy

w

= £! ×f*Cxidx t f yfycg) dy
-b

= EEXI t EEYI
. me

By induction , we have the following

E- [ X. t . . - * Xn ] = ¥
,

E[Kit
.



§ 7.4 Covariance
.

Recall the variance of a v.v. X is given by
Var (X ) = EE [ H-HII

,

where f- EEXI .

It describes how far is X fro in its mean .

Def. ( covariance)
Let X

,
Y be two v.v. 's

.

The covariance of X and Y,
denoted by Cov (X, Y)

,

is defined by

Cov (X , Y) = E- ( H - EH.) - ( Y - EEYHI
.

ummm

In particular, Cov (X, X ) = Van (X) .

Lem 4
.

Let X
,
Y be independent , and 8 , h : IR→ IR .

Then
Efgfxj .KYI = EIICHI . EEKYH .

Pf . We only prove it in the Cts case .

E- [ GLX) h(411 = %! gas host fcx , y) dxdy



= Igcxihcy-fycxifycyidxdy-ff.isgcxifxcxidx) host fyusid)
= E. [ WH - EEKYH

. .

Corollary 5. If X , Y are independent,
then Cov (X , Y) = o

.

Pf . When X
,
Y are independent, by Lem 4

,

Cov (X. 4) =E[4-EEXI ) ( Y- EEYH )
= E-LH-ECXIH.EE/Y-EEYII
= 0

EH



Remark : Cov (X , Y) - o doesnt imply
that X

, Y are independent .

Example 6 . Let X
,
Y be two nu. 's such that

① p{ * of =p { x= -i} =p { * I } = 'T

② Y= go if Xto .

I if X=o .
.

• A shortcut formula
Cov CX , 4) = E[ XYI - Efx 't ETA .

• E[XI = Trot # ' G) t IG) =o

pfXY= of = I ⇒ E[xy1= o . 1=0



Hence Cov ( X , Y ) - o .

But X
, Y are not independent .

Pf Ko, 'fo } =o

But p{ * of = }
p{y=o } -- Plato }

=p { x=iItP{x= -B
= %

Hence Pf X -- o , 'fo }¥p{*o } . p{ Yeo}

Therefore , X and Y are not independent .


