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Review
• Joint distribution of two v.v. 's
• Independence of two .

riv's
.

Remark : The above concepts can be generalized to finitely many
v.U .

's
.

Let Xi
,

"

; Xn be v.v.'s
.

① The joint CDF of Xi, . . .. Xn is

F- ( ai, " ; an ) = Pf X , Sai,
' "

s Xn fan }
,
ai
,

"

; an ELR .

③ Say that Xi, Xn are jointly As if I filR-s-o.is,
such that

Pf ( Xi
,

" ; Xn ) E C) = f! fcxi , ' ' ; xn) dx, - - - dxn

for all
"

measurable
" sets Ce IR"

.

③ Say Xi
,

" '

,
Xu are independent if

p{ X,
EA .

.

. . .

.
Xnt An } = PEX , EA, } - - - P { XnC-An }

#) for all Ai
,

"

; An e IR .



Also 1*1 is equivalent to

⇐*) flat , " ; an ) = Fx
,
Cai) ' ' ' Fxnlan )

,

t ai
,

' ' 'sane IR
.

56.33 Sums of independent v.v.
's
.

Q : Let X
,
Y be independent r. v.

'

s
.

How to determine the distribution of Xt Y?

I
.
The case when X

, Y are both continuous
.

Suppose X has
a

density fxcx' ,
Y has

a density fycy) .
Then X

,
Y have a joint density

fcx , y ) = fxcxifycsl .
For a EIR

,

Fxtycal = Pf Xt Yea} = fffxcxifycsidxdy
a-y { xxyea}

= ffffxsxsfycs , d xd y
O



= IF Fxfa- a) fyls ) da .

= : Fx * fyfal ①

( where g*h(a ) : = ffg la- b) handy . )
In particular
f-*year ⇒ dtdxatI-fjddaftxfa-yffycsidg-f.isfxca- g) fycsldy

= f× * fyla ) . ②

Example 1 . If X, Y are independent, and both unif . dist.
on [0,11

,
calculate the joint density of Xty.

Solution :

f-*y Ca)
- fx # fyca ,
= f: fda- y ) fycs) da



= fo 't f-*Ca-y) dy
⇐ faa
,
f-*Kidz .

If os AE I

fxty Cat = f! I de = a
If I - AE 2

fxty(a) = Sa! Idt = 2-a
If a so or a> 2

,

fxty (a) = 0
.

"e .

f.+ yea , = { ÷ if :L!!
otherwise .



Example z .

Let X
, Y be independent normal nu. 's

with parameters (0,1) and (o , o')
, respectively .

find the density of Xt Y .

Solution .

f×+yCai= fx # fyfe )

=L!fxca-yifycsids-f.fr#e-aa*..f.Toe'÷:b
=÷of! e- E'

"
- ÷.
. .

Notice that

a
+ ÷
.

. + Ein,
Hence



fxtycai-z.foe-II.fi e
- i

dy

Letty ⇐
iffy -AI( FL)

=÷r¥ e-TITI f : e-¥ de
= I

ruin
e'Eino .

Hence Xt Y is a normal nu
.

with parameters
( o , 041)

.

Remade : In general, if X , Y are ind.
normal no

.

's

with parameters ( th, oil, ( th, oil . Then

Xt Y is
anorm nu .

with parameters (tht th ,#ri.



2 . The case that X
,
Y are both discrete .

In this core

Pf Xt Y - k } = E P { X- k -y }p{ yes }
Y

= 2- pxck -b) Pyony

= § Pxcxipyck-x ) .

Examples . Suppose that X , Y are independent
Poisson nu 's with parameters A , she , resp .

Find the discs.tn' but in of XTY .

Solution : Notice that X
, Y both fake values

in o
,
I
, 3 . . .

.
Hence the range of Xt Y

is the set { o , I, 2, ' ' ' }
For N = 0

,
I
,
2
,
. . .

Pf Xt Y-- n} =E!P{x=k}p{ 'f- n- k }



= Ei
.

.
.anti e
"

- III,
-Xi-d2

=÷ . E
.

. ( "main
"-h

= e-
Xi-ik

Ty
. (ditty

"

.

Hence . XtY is a Poisson nu.

with parameter tithe .



§ 6.4.

Conditional distributions
.

I
.
Discrete case

.

Def . Let X , Y be two discrete ru 's
.

The conditional prob . mass function of X given

f- y is

Ray Gls) : =
PS X=x/Y=y}

= P { Ax , 'Ey )
-

p { Yes }
= opcx.by

opysy)
"

if psych to.



Example 4 . If X , Y are independent Poisson nu 's
with parameters di

,
da

.
Calculate the conditional

distribution of X given Xt Y = h .

Solution :

Pf X -- k I XtY=n }
= P { X - k , Xt 'f- n}
F

psi Xt Y -- n }

= P{X=k 's Pf 'f n- k}
-

psi XtY=n}
= e-"anti . e-Math

Cn-ni
-
-di"

Cathy
"

e
-

h!

= ( t.hn/fI*yhfIf*nY-h, for heon
, ;n.



Hence the conditional distribution of X
given Xt Y = n

is the binomial distribution with parameters
N and
Is
d ,-1dL

•


