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Review
.

• Let X
, Y be two v.v

.
's
.

The joint CDF of X, Y is

f- ( a , b) = Pf X Ea , YE b }
,

it a
, be LR

• Say X and Y are jointly Cts if I fi R'→ Rig
such that

Pf ( X , 4) EC } = Sf fax . yidxdy ,

for all
"

measurable
"
sets C e IR?

We call f the joint density of X and Y.

• Say X and Y are independent if

Pf XEA , YEB } =P { KEA 's PEYEB 's
,

t A, B E LR .

Equivalently
F-(a. b) = Fda ) Fy lb) , t a. be B .



Remarry

• Relation between joint CDF and joint density
.

Ffa , b) = Pf X sa , YE b }

= f. is f
.

! fcxiyldxdy .

In the case that f is Cts
,

then

2 Ffa , b )
TF

= f! fix , b) dx
2-Fca, b )
←

= fca , b ) ,

• Equivalent def of independence for v.v.
's

.

Lent
. Suppose X and Y are discrete

.

Then

X and Y are independent
⇐ pcx , y ) = Pxcx) Pycy) ④



Pf . Clearly X and Y are independent
⇐ Pf XEA , Yeo } = PIKA 's . PS Ye B }

.

Letting A- fact
,
B - { is } gives

pcx , y) = 4*4 ) Py Cy ) ..

Now suppose #I holds for all x , y ,
Then for given A

,
Be IR

.

Pf HEA , Ye B) = IE pcx . b)
XEAYEB

= I
XEA FEB Px Pycy ,

= ⇐a xan) ( Feisty")
= p{ yeah p{ YE Bb

. he,

Lene
. If X and Y are jointly continuous .

then X and Y are independent
⇐ fix , y ) = fxcxlfytsl .



Pf . X and Y are independent
⇐ F- (a. b) = Fx (a) Fy ( b ) ,

b- a
, be IR

⇒ ag7=dfx¥ .dk#db
i.e fca , bi = fxsa) fylb ) .

* * I
.

Now if **I holds , then

Fla ,b) = £! f! fix , y ) dxdy

= fab Iffy Cx ) fycsldxdy
= (f- b. fycyidy ) (f! fxcxidx)
= Fyi ) - Fxlal .

Hence X
, Y are independent . ¥



Example 't : Suppose X and Y have a joint

density

fcx , y ) = 24 xy , if osxsl , ocyslixxtyc !

Determine whether X. and Y are independent .

Solution : we first calculate the marginal
densities 5×41

, fycs ) .

Notice that
- is

£ Ca) = [
•

fears ) dy

= f
" - a

24 ay dy
O

= 24A YI ( to
- a

= Iza . ( I - a ) '

if osasl .



fylb ) = IF fcx , b) dx
= Jjb 24 * b DX
= 12 b ( I - b )' if ocbsl .

clearly f- Ca, b) ¥ fxlalfycb ) .
Hence

X
, Y are not independent .



A table is ruled with equidistant parallel lines a distance D 
apart. A needle of length L, where L D, is randomly thrown 
on the table. What is the probability that the needle will 
intersect one of the lines (the other possibility being that 
the needle will be completely contained in the strip 
between two lines)?

Example a
. Buffon 's needle problem .

s
.

F

t.y.int
!

#

Solution :
#

Let X be the distance from the center of the
needle to the nearest parallel line .

Let 0 be the angle between the vehicle line

and the needle .



parallel
Then the needle intersects a line

⇒ X e EL Caso

we may assume that X is men if dust on [o , I]

O is uh if dist on [ o , I]
and X and O are independent

Hehe fxcx , = f- for ocxs E

f-
①
co) = ¥ it or Oc IL .

Now

pf He ÷ cos o )
= fffxcxifo.co) dx do

{ xetcoso }
= fo't f! "" ¥,

dx do

= L
- . The
ZDTTI


